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PREFACE

The purpose of this e-book is to provide concepts and theories of signals and
systems for the topics of Laplace Transform, Z-transform and Fourier Analysis for
continuous and discrete signals that required in almost all fields of electrical
engineering and in many other engineering and scientific disciplines as well.

This e-book is intended to be used as an additional learning material developed in
electronic form to facilitate access to users. It is also in line to apply the latest
technology in line with the changing times.

The concepts in this e-book are topical in each chapter and followed by sample
guestions and solutions for all the questions given. At the end of each chapter will be
given a set of tutorial questions to test the user's level of understanding.

Chapter 1 exploring transformation techniques for LTI system analysis. The Laplace
transformation and its application to continuous time LTI system. In addition, this
chapter also touches on the Z-transform and its application to discrete time LTI
system. Chapter 2 discusses Fourier Analysis, Fourier Transform and Frequency
Response of signals and systems, example questions and solutions for continuous
time signals and discrete time signals.

It is hoped that students will be able to complete the tutorial questions given at the
end of each chapter by referring to the examples of solution questions that have
been given.



ACKNOWLEDGEMENT

We would like to express our deepest appreciation to all those who have helped us
throughout the writing of this e-book.

First of all, thanks to the co-author Dr. Marlina binti Ramli and Pn. Emy Satira Azrin
binti Mohamad Hakke where they have also completed part of the topic of this e-
book. Not to be forgotten are the friends who gave encouragement and shared ideas
and opinions in producing this Signal and System e-book.

Secondly, thanks to the Future Instructional Technology and Academic Centre
(FITAC) which has provided many ideas and insights to produce an e-book that is
useful to all parties, especially to students.

We are also very indebted to the management of Sultan Salahuddin Abdul Aziz
Shah Polytechnic for giving us the opportunity to produce this e-book and always
provide support and encouragement for the production of this e-book Signal and
System.

Next, unwavering appreciation to the Director of Sultan Salahuddin Abdul Aziz Shah
Polytechnic who has created a culture that actively promotes the learning, research,
and intellectual development of lecturers on current technological needs.

Finally, it is hoped that the e-book Signal and System can fully benefit students in
particular and others in general.



CONTENTS

Introduction &

Z Transform —— % —
Z Transform Pairs = 39
4 Propertiesof ROC 43

Introduction

Laplace Transform for

Inverse Z Transf o 47
R 'Wn

Common Signal 7

Region of Convergence 9
Properties of Laplace

Transform e 17
Inverse Laplace

Transform e 24

Introduction ‘. B3
PeriodicSignal -~ “ 54

System Function 29 | |
' Complex Exponential Fourier

Series e B8
TrigonometricFS — = 87
Discrete Fourier Series - S8
Fourier Transform - = @2
Properties of Fourier

Transform o o7
Frequency Response 70



W8 B

57

LN

"\\E\/‘«///W’VN//::

¢/

%

Q

AP —

Zia®

B =it

L



TOPIC1

INTRODUCTION

LAPLACE TRANSFORM

continuous signals that includes

variable s: frequency).

The Laplace transform is a generalisation of the Fourier transforms fcj\
sinusoids
increasing amplitudes in the set of basis signals. The Laplace transform
converts a differential equation (real variable t: time) into easier to

manipulate and solve algebraic equations (function of complex

with exponentially

v

Y

Algebraic equation _— (s +aY(s) =§
| ]J
Solving for roots _— Y(s) =§ i_ﬁ)
Figure 3.1
Laplace Transform in Real
World Problem —
 —

v
Inverse Laplace Transform

Differential equation ——» i-y(t) +ay® = bul®): ult) =a() yl) =0

Applying Laplace Transform

Laplace Transform

yO =20 -0 t20




TOPIC1 LAPLACE TRANSFORM

The Laplace Transform is a frequency domain to time domain
mapping.

Time domain

x(t)y —»| ~h(t) pP—> y(t) = h(t)*x(f)

| | t

Inverse

-4 aplace ‘4 aplace .4aplace

| v |

X(s) —»| H(s) —> Y(s) = H(s)-X(s)

Figure 3.2

The Re|ationship Between the Frequency domain
Time and Frequency Domains

A function's Laplace Transform, y(t), is defined as:

X(s)=

The two-sided (Bilateral)

figure 3.3 Laplace transform:
Bilateral Laplace Transform




TOPIC1 LAPLACE TRANSFORM

W(t) —e— Y ()

Symbols
for
ariginal function

Symbaols
for
Laplace Transformed Funct

“y(t)dt

1

I

Definition
of
Laplace Transformed Function

Figure 3.4 The one-sided (unilateral) Laplace
Unilateral Laplace Transform transform

[( Example 3.1 H

Find the actual exponential signal's Laplace transform,
x(t) = e “u(t)

Utilizing the Laplace change definition, we get

Solution
X(s) =f e‘“tu(t)e_“dt=j e~ e~Stdt
—0o0 0

:j e—(s+a)tdt
0

- _ 1 e—(s+a)t|

S+a 0
: 1
Thus, we obtain = Re(s) > —a

s+a .



TOPIC1 LAPLACE TRANSFORM

Example 3.2 ]

Calculate the Laplace transform x(t) = —e % u(—t)

<olutio) Utilizing the Laplace change definition, we get

X(s) = Joox(t)e‘“dt = Joo—e‘“tu(—t)e‘“dt

0
0
= _j e~ Uo—Stqr = _j e~ (s+a)t gt
0
1 1
We obtain: = — [_ e—(3+a)t] —
S+a w S+a

LAPLACE TRANSFORM PAIRS FOR
COMMON SIGNALS

n

Table 3-1 lists the Laplace transforms of several typical signals.
We can refer to such a table and read out the desired
transform instead of having to re-evaluate the transform of a

given signal.




TOPIC1 LAPLACE TRANSFORM

Table 3-1 Laplace Transform Pairs

x(0) X(s) ROC
o(1) 1 All s
u(?) 1 Re(s) > 0
—u(—1) % Re(s) <0
tu(t) Slz Re(s) > 0
k!
* u(r) F Re(s) > 0
1
e~ u(f) T+ a Re(s) > —Re(a)
1
—e~a y(—1) T a Re(s) < —Re(a)
1
te % u(t) o+ a)? Re(s) > —Re(a)
1
—te” u(—t) 5+ a)? Re(s) < —Re(a)
s
cos W tu(i) R Re(s) > 0
0
in O,fu(t) % Re(s) > 0
sin O tu e(s) >
° st + oF
s+ a

e~ cos m,tu(r) Re(s) > —Re(a)

(s + a)* + W3

W,

e~ sin ®,tu(t) Re(s) > —Re(a)

(s + a)? + 3

Noted. Adapted from Signal and System, by Hwei, 2010, p. 101. The
McGraw-Hill Companies, Inc. owns the copyright to this work.



TOPIC1

THE REGION OF CONVERGENCE

LAPLACE TRANSFORM

(ROC)

for the Laplace transform for which is not zero.

transform converges is referred to as region of convergence (ROC).
Convergence Region The ROC is significant because it determines the
area in which the Laplace Transform can be found. In the complex
plane, the ROC is usually represented as a separating line/curve. The
contour between the regions of convergence and divergence in a
continuous summation, such as the Laplace transform or the Fourier

transform, is a straight line. The lines are parallel to the imaginary axis

The range of values of the complex variables s for which the Laplacx

Figure 3.5

The ROC for the Laplace transform
is indicated by the shaded regions.

Jw

Re{s} > -a




TOPIC1 LAPLACE TRANSFORM

POLES AND ZEROS OF X(S)

X(S) __ N(s)—> zeros

a D(s) —» poles

where D is the denominator polynomial and N is the numerator
polynomial.

The pole-zero plot of X(s) is a graphic display of X(s) through its poles and
zeros in the s-plane (s). Conventionally, each pole is represented by a "x,"
while each zero is represented by a "o." This is seen in Figure 3-3 for X(s)

provided.

X(s) has one zero at s = -2 and two poles at s = -1 ands = -3 with scale
factor 2.

X(s) is usually a rational function in s; that is, \

~
15

M

NN

nQ

N\

Figure 3.6

An illustration of in the s-plane
X(s) =(2s+4)/(s 2 + 4s + 3).

Qy

10
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| Example 3.3 H

Determine the Laplace transform X(s) and plot the pole-zero with

the ROC for x(t) = e 2tu(t) + e 3tu(t)

solution ' rrom table 3-1

-2t R )
e u(t)l—>s+2 e(s) >
e 3tu(t) - 1 Re(s) > -3
s+ 3
1 1 S+3+s+2
x(s) =

+ =
s+2 s+3 (s+2)(s+3)

5
2s+5 2(S+7)

=S Gizmid)  GidGr3 e > -2

X(s) has two poles at s = -2 and s = - 3 and one zero at

S=- g that the ROC is Re(s) > - 2, as plotted in

Figure 3.6(a)

11
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jo

¢

wX

Figure 3.6 (a)

Example 3.4
[ |

Discover the worth the Laplace transform X(s) and plot the pole-zero
with the ROC for x(t) = e 3*u(t) + e?tu(—t)

Solution From table 3-1

e 3tu(t) » Re(s) > -3

s+ 3
1
e’tu(—t) » ——— Re(s) < -2
s—2
1 s—2-s-3
s+3 s—2 (s+3)(s-2)
5
(s+3)(s—2)

X(s) =

12



TOPIC1 LAPLACE TRANSFORM

X(s) has two poles at s = 2 ands = - 3 and no zeros,
that the ROC is - 3 < Re(s) < 2, as plotted in Figure
3.6 (b)

Figure 3.6 (b)

13
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PROPERTIES OF THE ROC

1)

3)
4)
5)

There can't be any poles in ROC. \

A pole is defined as a point where H(s) is infinite. H(s) must be finite in
order to converge. As a result, there can't be a pole in ROC. The values for
s where D(s) = 0 are called poles.If x(t) is absolutely integral and it is of
finite duration, then ROC is entire s-plane

If x(t) is a right sided sequence, then ROC: Re{s} > o,

If x(t) is a left sided sequence, then ROC: Re{s} < o,

If x(t) is a two-sided sequence, then The ROC is the result of combining

two regions.

14
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LTI SYSTEM CHARACTERIZATION

CAUSALITY:

For a causal continuous-time LTI system, we have

h(t) =0 t<0

As h(t) is a right-sided signal, H(s) must have a right-sided ROC.

Re(s) >0 .,

In other words, the ROC is the s-plane region to the right of all of
the system poles. In the same way, if the system is anticausal,

h(t) =0 t>0

and h(t) is left-sided. Thus, the ROC of H(s) must be of the form

Re(s) <o i

In other words, the ROC is the s-plane region to the left of all of

the system poles.

13
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STABILITY:

7

We stated that the stability of a continuous-time LTI system is

BIBO (bounded-input/bounded-output) if and only if

joo |h(t)| dt < o

CAUSAL AND
STABLE SYSTEM:

Because the ROC is of the form Re(s) > max and the jw axism
included in the ROC, all the poles of H(s) must be in the left half of
the s-plane; that is, they must all have negative real values if the

system is both causal and stable.

Figure 3.7 summarises the characterizations of LTI systems.

16



TOPIC1 LAPLACE TRANSFORM

Stable+Causal | | Unstable+Causal | |Stable+Noncausal
o
) X
Figure 3.7 X > 4] 0
Laplace Causal and Stability i 1
Condition ) X

PROPERTIES OF THE LAPLACE
TRANSFORM

A. Linearity:

x,(0) < X (s) ROC = R,
x,() <> X,(s) ROC = R,
ax (f) + a,x,(t) <> a X (s) + a,X,(s) R DR NR,

The set notation A > B means that set A contains set B, while A m?
denotes the intersection of sets A and B, that is, the set containing
all value from both A and B. The ROC of the resulting Laplace

transform is at least as large as the region in common between R1

and R2, according to this equation. Figure 3.8 shows how this

performs. lﬂl
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jo
N
Figure 3.8 N 7
ROC of a,X,(5) + a,X,(s) T -

x(t) < X(s) ROC =R
x(t—ty) <> e 0 X(s) R'=R

x(t) < X(s ROC =R

eVx()e X(s—s,)  R'=R+Re(s,

18
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jo

—.
[

7 / ? ;
%% %%/'W

i
N
N

||‘
)

:‘ 7
Figure 3.9 %/

%%f %%

(b) ROC of X (s - s¢)- :

=

D. Time Scaling:

x(t) == X(s) ROC =R

AP (I R'=aR
ja| \a

N

Scaling the time variable t by the factor a results in an inverse
scaling of the variable s by 1/a, as well as an amplitude scaling of X

(s/a) by 1/|a|. Figure 3.10 shows the ROC effect of the

corresponding effect.

19
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jo

/

a;(/// /%u aa% %’au
ST | ), ///// “‘

(b) ROC of X(s/a).

E. Time Reversal:

x(f) <> X(s) ROC =R
(- X(—s) R =-R

In the s-plane, time reversal of x(t) results in a reversal of both the

a- and jw-axes. Setting a = -1 easily obtains the equation above.

~

20
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x(1) <= X(s)

dx(t)
dt

<~ sX(s5)

x(f) < X(s)

dX(s)

[t ds

x(t) < X(s)

[ g L
. 5

LAPLACE TRANSFORM

ROC = R

R'DR

ROC =R

R'=R

ROC =R

"= RN {Re(s)> 0)
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If integration is the inverse operation of differentiation, tm
Laplace transform  operation corresponding to time-
domain integration is multiplied by 1/s, as can be seen in
the equation above. The form of R' follows from the possible
introduction of an additional pole at s = 0 by the multiplication by

1/ s.

. Convolution:

x,(5) < X (s) ROC =R,
Xx,(8) <> X,(5) ROC =R,
x,(8) xx,(8) < X (5)X () R' DR NR,

The features of the Laplace transform described in this section are

summarised in Table 3-2.

22
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Table 3-2 The Laplace Transform attributes

PROPERTY SIGNAL TRANSFORM ROC
x(1) X(s) R
x, (1) X,(s) R,
x,(0) X,(s) R,
Linearity ax,(f) + a,x,(0) a, X,(s) + a, X,(s) R'DR NR,
Time shifting x(t—1t,) e % X(s) R'=R
Shifting in s %' x(1) X(s—s,) R'=R+Re(s;)
1
Time scaling x(at) ﬁX(a) R'=aR
a
Time reversal x(—1) X(—s) R'=—R
. . dx(t)
Differentiation in ¢ 7 sX(s) R'DR
dX
Differentiation in s —tx(7) d(s) R'=R
s
: 1
Integration f x(T)dt - X(s) R'DRN{Re(s) > 0}
- s
Convolution X, (1) = x,(1) X, (s) X,(s) R'DOR NR,

Example 3.5 1

In Laplace, rewrite the following signals:
a x()=u(t-5)
b. x(t) = e>tu(—t +3)

‘@tio) a. x(t) = u(t—5)

X(s) = f T rDestdt

(00}

= e Stu(t — 5)dt =f e Stdt
5
_ _1r _stqoo _ 11 ___5
_—S[es]s— S[ e S]
—-5s

e

We obtain, = R,>0 .
y 23




TOPIC1 LAPLACE TRANSFORM

b. x(t) = e tu(—t + 3)

X(s) = joox(t)e‘“dt

X(s) = j e>tu(—t + 3)e Stdt

1
s—5 —

3
=f e~ (578t = —

We obtain, = _ﬁe—g(s—s) Re(s) <5

INVERSE LAPLACE TRANSFORM

Inversion of the Laplace transform to find the signal x(t) from its\\
Laplace transform X(s) is called the inverse Laplace transform,

symbolically denoted as

x(t) = L7H{x(s)}

24
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[ Example 3.6 l

|dentified the inverse Laplace transform of the following X(s).

Solution

a) X(s)= i , Re(s) > -1

b) X(s) =;11, Re(s) < —1
c) X(s) = f Re(s) >0

d) X(s) =

From Table 3-1, we find:

a) x(t) = e tu(t)

b) x(t) = —e tu(—t)

c) x(t) = cos 2t u(t)

d) x(t) = e tcos 2t u(t)

[ Example 3.7 I

Solve the inverse Laplace transform of the following X(s):

25+ 4
(a) X(s)= ———  Re(s)> —1
s+ 45+ 3
25+ 4
(b) X(s)= ———  Re(s) < =3
s+ 45 4+ 3
(c) X(s) s+ 4 3
c) X(s)= Trass3 - < Rel(s) < —1

25



TOPIC1 LAPLACE TRANSFORM

2s+4  2(s+2)

luti — — —
N a) X(S) S2+4s+3 (s+1)(s+3) Re(s) >—1

Using partial fraction,

A B

= s-I-_1+§ = A(s+3)+B(s+1)

Replace s = —1 Replace s=-3
A(s+3)=2(s+ 2) B(s+1)=2(s+ 2)
A(—1+3)=2(-1+2) B(—3+1)=2(-3+4+2)

24 =2 —2B = =2

A=1 B=1

1
X(s) =Tqt 5

Re(s) > —1,x(t) from Table 3 — 1, we obtain
x(t) = e tu(t) + e 3tu(t)

b) Re(s) < -3 N
x(t) = —e~tu(—t) — e 3tu(-t)

c) —3 <Re(s)<-—1
x(t) = —e tu(—t) +e” 3tu(t)

26
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| Example 3.8 H

Solve the inverse Laplace Transform of:

S%+65+7
X(s) = T Re(s) > -1
Solution Using long division:

]
$2+3s+2 | s2+65+7

—s24+3s+2
3s+5
3s+5
X =1
(s) +52+35+2
3s+5 3s+5

s2+35+2 (+DGE+2)

Using partial fraction,

Sfl+S+Z=A(S+2)+B(s+1)
Replace s=-1, Replace s = -2
3s+5=A(s+2) 3S+5=B(s+1)
3(k1)+5=4(-1+2) 3(=2) +_51==1_3é_2 +1)
2=A P
X(s) =14+ —— b —
s+1 s+2

From Table 3-1, we obtain:

x(8) = 8(8) + 2e~tu(t) + e~2tu(t).

27
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| Example 3.9 H

Calculate the inverse Laplace transform of:

I (mmers)
S2425+5

Solution \\e solve the squared to produce a shifted sine or cosine

form because the denominator expression cannot be
factored into linear terms.

S (arars) S
s2+4+2s+5 s24+2s+1—-1+5
_ S
" [s242s+1]-1+5
_ S
~ (s+1)2+4

Replace s=s+1,

_ (s+1)-1

 (s+1)2+4
s+1 1

- (s+1)2+4 N (s+1)2+4
s+1 1 2

= X
(s+1)2+22 2 (s+1)2+22

From Table 3-1, we obtain:

—e~tcos 2t u(t) —=e~tsin 2t u(t)
2 28



TOPIC1 LAPLACE TRANSFORM

A continuous-time LTI system's output y(t) is equal to the
convolution of the input x(t) with the impulse response h(t); that is,
y(€) = x(t) * h(¢)
We get the following result by using the convolution property.

Y(s) = X(s) + H(s)
where Y(s), X(s), and H(s) are the Laplace transforms of y(t), x(t),
and h(t), respectively.
The system function (or the transfer function) of the system is the
Laplace transform H(s) of h(t).

Y(s)
X(s)

H(s) =

The ratio between the Laplace transforms of the output y(t) and
the input x can also be defined as the system function H(s) (t).
Because the impulse response h(t) entirely characterizes the
system, the system function H(s) completely classifies the system.

The connection H(s) = Y(s)X(s) is depicted in Figure 3.11.

29




TOPIC1 LAPLACE TRANSFORM

ey [ L)

x(t) y(t)=x(t) = h(t)
Figure 3.11 X(s) Y(s)=X(s)H(s)

His)

System function and impulse response.

Example 3.9

x(t) = u(t) h(t) = y(t) = 2e > u(t)

A continuous-time LTI system's output y(t) is discovered to be
2e73tu(t) where x(t) is equal to u (t).

a) Find the input response h(t) of the system.
b) Find the output y(t) when the input x(t) is e "u(t).

Solution 2 y(0) = 2e-3tu()
Using Table 3-1;
1
Y(s) = ZE Re(s) > -3
x(t) = u(t)

Using Table 3-1,
1
X(s) = -

30



TOPIC1 LAPLACE TRANSFORM
O
_rS) 543
19=%w =1
S
u _ o 2S
(s) = s+3 S_S+3
Using long division;
H(s) =2 0
> s+3
From Table 3-1, we obtain;
h(t) = 25(t) — 6e"3tu(t)
b) x(t) = e tu(t)
Using Table 3-1;
1
x(s) = p— 1Re(s) > —1
Y(s)
H(s) = X0s)

Y(s) = H(s) x X(s)

Y(s) = —

s+3

1

S+1

25+ 3

- (s+3
Using partial fraction;
2s =A(s+1)+B(s+ 3)
Replace s=-1

2(—1) = B(2)
B=-1

s+ 1)

Replace s =-3
2(=3) = A(-2)
A=3 31
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From Table 3-1, we find:

(O = 3e3tu(t) — e~tu(t) -

[ Example 3.10 “

Consider a continuous time LTI with a relation between input x(t)
and output y(t).

y'(@)+y'(t) = 2(y) = x(0)

a) Solve the transfer function of the system, H(s).

b) Identified the impulse response h(t) for each of the
following three cases:
i. The system is causal

ii. The system is stable
iii. The system is neither causal or nor stable

Solution y'(t) +y' () = 2() = x(¢)

Taking the Laplace transform of the question 3.10, we have
s?Y(s) + sY(s) — 2Y(s) =X (s)
(s2+5s—2)y(s) = x(s)

32
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a)  H(s) = 1)

T X(s)
1
T S245-2
th !
e answer: =
(s—1D(s+2)
b)  H(s) = 1
— (s—1)(s+2)
1=A(s+2)+B(s—1)
Replace s = -2 Replaces=1
1=B(-2-1) 1=A4@3)
B - 1 A =l
H(s) = 1 1 1 1
Y T35-1 3s5+2
1
h(t) = §(et e™2t)
i) System causal Re(s)>1, we find
1 1 v
h(t) = —etu(t) — =e ?tu(t)
3 3
ii) System causal -2< Re(s)<1, we find
1 1 e
h(t) = —§etu(—t) — ge_Ztu(t)

ii) Neither causal or nor stable  Re(s)<-2, we find

h(t) = — %etu(—t) + %e_Ztu(—t)..
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Supplementary
Proplems

1. Calculate the Laplace transform of the following x(t)
a)  X(t) =sin w, tu(t)
b)  x(t) = cos(wyt+ P)u(t)
c)  X(t) = e?tu(t) — e?tu(-t)

2. Solve Inverse transform function of
F(s) = 6s2 +10s + 2
s3+3s2+ 2s

3. Solve the inverse Laplace transform of:

i j-1 s+1
s2 —6s+ 13

4. A continuous-time LTl system's step
response is provided by (1 — et) u(t). The
result y(t) is observed to be for a given
unknown input x(t). (2 - 3e, + e3t)u(t). Find
the input x(t).

/







TOPIC 2 Z TRANSFORM

The z-transform is the most basic concept for discrete-time series
transformation.

The Laplace transform is a more general concept for continuous
time process transformation.

The Laplace transform, for example, can be used to convert a
differential equation and its associated initial and boundary value
problems into a space where the equation can be solved using
standard algebra.

Operational calculus is the process of switching spaces to convert
calculus equations into algebraic operations on transformations.
The most essential methods for this are the Laplace and z

transforms.
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TOPIC 2

Z TRANSFORM

A sequence of x[n] has a Z-transform defined by :

=  Two-sided z-transform:

"  One-sided z-transform (for causal system):

LAPLACE VS Z TRANSFOM

Laplace
transform

Z transform

Definition

X(s) = [*_x(t)e~stdt

Xlz] = Yn=—oox [n]z™"

Purpose

Integral-differential
equations are
converted to
algebraic equations.

Differential
conditions are
changed over to
arithmetical
conditions.

>
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TOPIC 2 Z TRANSFORM

I Example 3.11 H
Find the z-transform of these sequences:

x[n] = {5,3,—-2,0,4, —3}

Solution -

X(z) = z x [n]z™"

I
]
=
2
N

2

n=-2

= x[-2]z% + x[—-1]z* + x[0]z° +
x[1]z™t + x[2]z7% + x[3]z~3

We obtain; =5z2+4+3z—2+4+4z"%—-3z"3

[ Example 3.12 H

Take a look at the x[n] sequence in the table below.
21314 |5 | n>5

n n<-—11—=11]1011
x|n] 0 0 21416141210 0

(00]

Solution X(z) = Z % [n]z-"

We obtain; A
X(z) =2+4z7 1+ 6z72+4z3+2z7%
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Z TRANSFORM PAIRS

TOPIC 2

Table 3.3 The z-transform pairs

Z TRANSFORM

The z-transforms of some common sequences are in Table 3.3.

x[n] X(@) ROC
S8[n] 1 All z
1 z
u[n] -z 7z—1 [z]>1
1 ! = <1
u[—n—1] -7 721 Iz|
O[n—m] zm All z except 0 if (m > 0) or e if (m < 0)
1 z
a"uln] l—az' ' z—a [z] > |al
1 z <
— —_— 3
a"ul=n=1] 1—az' z—a |21 < lal
az™' az
. =
na™uln] (l—az_])z (z—a}z |zl lal
az” az
_ B —_— <
na’u[—n—1] (l—az_])z (Z—a}z [z] < |a|
2
: : : 21> lal
(n+1)a"u[n] l—az)|z-a
2
z°— (cos )z
cos Q nuln L > 1
( ol z2— (2cos Q)z+1 Izl
R (sin Q,)z
Q >
(sin £2omuln] 22— (2cos Q,)z+1 I21>1
2
72— (rcos Q )z
n Q 1] }
(r" cos Qynuln] Z'—(2rcos Q) z + 1 21> r
o (rsin Q;)z
(r" sin Q n)uln] = (2roos Q,) 2+ 7 lz]|>r
a" 0=n=N-1 l—a"z7
{ ) —_— [z] >0
_0 otherwise l—az

Noted. Adapted from Signal and System, by Hwei, 2010, p. 141. The

McGraw-Hill Companies, Inc. owns the copyright to this work. 39



TOPIC 2 Z TRANSFORM

Example 3.13 ﬂ

Calculate the z-transform of:

a) x[n] = a™u|n]

b) x[n] = u[n — 1]

c) x[n] = —a"u[—n — 1]
[n]

x[n] = a™u[n] Using Summation Formula;
Solution -
— 1 Z
X@) = ) xlnlz = Tar %7
n=-—oo _z
> z—a
X(z) = Z a™u[n]z™"
n=-—%°
— z atz~"
n=0
= z(az"l)"
n=0
Solution b) x[n] =u[n—-1] Using Summation Formula;
(0] 3 Z—l ;
X(Z): z X[Tl]Z_n _1_Z_1xz_
n=—oo 1
T z-1

X(z) = Z uln —1]z™"

n=—0oo

= i (z=H)"
n=1



TOPIC 2 Z TRANSFORM

@tio) c) x[n]= —g"u[—n — 1]

N Change
= — a z .
Z polarity
n=—oo -
=—(-D= ) a7
n=0
- 1
=1- Z(a"lz)" = 1-—
a ~“zZ
n=0
—a 1z —a
= X
1—alz —a
We get; __Z
Z—a

@tio’ d)  x[n]=au[-n-1]

X(z) = Z x[n]z7"

n=—oo

Change
polarity

41



TOPIC 2 Z TRANSFORM

(0]

1
=Z(az)"—1= 1
1—az

n=0
_1—1+az
T 1-—az

1
az a
"1

a

1-—az

REGION OF CONVERGENCE

Convergence Region The ROC is significant since it determines t@
area in which the Z-Transform can be found. The z-transform should
be represented as a rational function.

X (Z) _ @ —— /eros
Q(z) —— Poles

where P(z) and Q(z) are polynomials in z.
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TOPIC 2 Z TRANSFORM

PROPERTIES OF THE ROC

1) Inthe z-plane, a ring or disc centred at the origin.

2) ROC cannot contain any poles .

3) Finite duration sequences : The ROC is the entire z-plane
except possibly z=0 or z= oo

4) Right sided sequences (Causal ): From the outermost finite

pole in X(z) to z = ==, the ROC spreads outward.
Im[z]
Causal: x(n) =0and n< 0
Iz

0 Re[z]

5) Left sided sequences (anti-Causal ): From the innermost

nonzero pole in X(z) to z = 0, the ROC extends inward.
Im(z]

AntiCausal: x(n) =0 and n >0

Re[z]




TOPIC 2 Z TRANSFORM

6) Two-sided sequence : The ROC is a ring with no pom

inside it, bounded by two circles passing through two

poles.
Im[=]

Two-sided = Anticausal + Causal

Example 3.14 ﬂ

Calculate the z-transform X(z) and sketch the pole-zero plot with ROC
for

2

( . From Table 3.3;

qutlo)

- 1\" VA
) uln]

N ol —2 e > 2
3 uin| — é YA 3 44




Z TRANSFORM

TOPIC 2

z=0, z=5/12 and two poles

shown in figure below

z=1/2, z=1/3 . That

ROC is | |>

| e

| T
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TOPIC 2 Z TRANSFORM

S°|”ti°“ From Table 3.3;

1\" z 1
(g) u[n]—>: |Z|>§
3
1 n
<E> ul-n—-1J] » — 1 |Z|<§
z=3
1 1
7 7 VA Z—7 —Z\Z g
el =" Iy, 1
VA 3 Z 2 Z 3 YA >
1,

We see has one zero : z=0 and two poles z=1/2, z=1/3 . That ROC is

1 1 e
3 < |z| < >, as plotted in figure below

lméz)

K

v

)/

&
|-
)
£

\
&@%
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TOPIC 2 Z TRANSFORM

INVERSE Z TRANSFORM

The inverse z-transform is the inversion of the z-transform to gh

the sequence x[n] from its z-transform X(z).

zln) = Z7H{X(2)} = 2_’71TJ j{jX(z)z”ldz

An inverse Z Transform can be done in numerous ways:
O Partial fraction expansion
O Long division
O Power series expansion

Example 3.14 ]

Find the inverse z transform of the following signal using the power

series expansion technique.

1
z| <5

X(z) = >

2z2 -3z +1

47



TOPIC 2 Z TRANSFORM

1
. Since the ROCislzl< 5, x[n]is a left-sided
Solution
seguence

1
z] <5

X(z) =
@) =5 73,71 2

2+322+722 +152° +---

1—3z+22%z
z— 322 +27°
372 —27°
3z - 92° + 67°
727 — 67
722 —217% +147°
157%...
Thus,
x(z) =+ 15z*+ 723+ 322 +z

And so by definition we obtain

x[n] ={--,15,7,3,1,0}

Example 3.15 |

Find the inverse z transform of the following signal using the partial
fraction expansion technique.

X(Z) ~ z(z-1

Z

)(z—2)?

| z| > 2
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TOPIC 2 Z TRANSFORM

Solution  Using partial-fraction expansion,

7 1
X(Z)=Z(Z_1)(Z_2)2 X | z| > 2
x(z) 1

Z z(z—1)(2 — 2)?
A B C

=z—1+z—2+(z—2)2
1=4z—-2)*+B(z-1)(z-2)+C(z-1)
1=A(z2—4z+4)+B(z2=3z+2)+C(z— 1)

Replace z=1;
1=A41-44+4)+B(1-3+2)
1=A
Replace z=2;
1=BMA4—-6+2)+C(2—-1)
1=C
Solve zZ;
A+B=0
1+B=0
B =-1
Thus

x(z)_ 1 1 1
{7_12—1_2—2+(z—2)2

() = A A N A
S — (z — 2)2

bz

Since the ROCis |z | > 2, x[n] is a right-sided sequence, and from Table 3-3

we get

x[n] = u[n] — 2™u[n] + n2" u[n]
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TOPIC 2 Z TRANSFORM

Example 3.16 ﬂ

Solve inverse z transform of the following signal

1-z 14272
1-2z71)(1-2z"1)(1-z"1)

, 1<z<?2

x(z) = (

- - 3
1-z" 147272 z

X
1—%2_1)(1—22_1)(1—2‘1) 73

Solution x(z) = (

z3 —z2+1 1
X(z) = T X —
(z—7>(z—2)(z—1) z
X(z) z2—z1+2
z (z—%)(z—Z)(z—l)
) L _A B
Z2-z+l = 1 z-2 z-1
2

We obtain,

Thus, x(z) [ 1 2 . 27,
z Z_l z—2 z-—1 z

x(z) = 1_z—2+z—1

2
Since the ROCis 1< 1z 1> 2, x[n] is a right-sided sequence, and from Table 3-3

we get \"
x[n] = (—) uln] — 2(2)™"u[—n — 1] — 2u[n]
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Supplementary
Problems

1. Transform the x[n] signal into an x-domain signal.

~ Thomas CWLHLe ~

No pressure,
no diamonds

(1, n=-1
2, n=20
x[n] =< -1, n=1
1, n=2
0, otherwise

2. When x[n] is known to be causal, find x[n] from

X(z) below using partial fraction expansion. X[n]
. =0 for n<0

‘h\ x(z) =

3+2z71
2+3z71 42772

" 3. Solve the inverse z transform of the
following signal

F(z) =

1
(1-0-5z71H)(1-0.75z71H)(1—-2z71)

4. Consider a discrete-time system with a
causal relationship between the output y[n]
and the input x[n].

5
ylnl = 2yln— 1]+ 2yln - 2] = x[n

a) Find its system function H(z).
b) Calculate its impulse response h[n].



FOURIER
ANALYSIS OF
CONTINUOUS-
TIME

AND
DISCRETE-TIME - NN
SIGNALS & S
SYSTEMS oo




TOPIC 3 FOURIER ANALYSIS OF CT & DT SIGNAL

INTRODUCTION

Understanding the behavior of signals and systems requires the use of Fourier
analysis. Sinusoids are Eigenfunctions of linear, time-invariant (LTI) systems, hence
this is the case. This means that when we run a sinusoid through an LTI system,
we get a scaled version of the same sinusoid on the output.

Fourier transform of a function s(t) (which is not shown) Transform of the periodic summation of s(t)
aka “Fourier series coefficients”
[ T
S(f) , S(k)
Fourier
s(t) <= S(f)
=l 1
B B /P > -
L] o
| | ‘ | ‘ |
0 0
Transform of periodically sampled s(t) Transform of both periodic sampling and periodic summation
aka “Discrete-time Fourier transform” aka “Discrete Fourier transform™
. T
S (f) vr Sy (k)
8 8 FFT
= =t
£ £
L] o
| I ‘ L ‘ L1l
0 1]

frequency frequency

We can redefine signals in terms of sinusoids using Fourier analysis; all we have
to do is figure out how any given system affects all available sinusoids and we
have a comprehensive knowledge of the system. We may also transform the
passage of any signal through a system from convolution (in time) to
multiplication (at the same frequency) since we can define the passage of
sinusoids through a system as multiplication of that sinusoid by the transfer
function at the same frequency (in frequency).

3

(4 ™
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TOPIC 3 FOURIER ANALYSIS OF CT & DT SIGNAL

PERIODIC SIGNAL

A continuous-time signal x(t) to be periodic if there is a positive nonzero value
of T for which
x(t+T)=x(t)forall t

The fundamental period To of x(t) is the smaller positive value of T and
1/To = fo is referred to as the fundamental frequency

Real sinusoidal signal x(t) = cos(wot + %)
The complex exponential %(t) = eiwit

signal

Fundamental angular _ _
frequency Qo = 2n/To = 2xnfo

A

7 N

“Fear and pain should be treated as signals not to
close our eyes but to open them wider”
~Nathaniel Branden~
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TOPIC 3 FOURIER ANALYSIS OF CT & DT SIGNAL

COMPLEX EXPONENTIAL FOURIER SERIES

The complex exponential Fourier series representation of a periodic signal x(t) with
fundamental period To is given by

EXPONENTIAL FOURIER SERIES

The complex Fourier coefficients, Ck, are defined as follows:

| .
c,=— [ x(t)e kot dt
Tl.'l fTu

Where [10 denotes the integral over any one period and 0 to To or —To/2 to
To/2 is commonly used for the integration. If k=0

1
o= ?“fnx(r}df

Which means Co is equal to the average value of x(t) across time.
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TOPIC 3 FOURIER ANALYSIS OF CT & DT SIGNAL

[ Example 4.1 ]

Determine the complex exponential Fourier series representation for each of the
following signals:

(a) Xx(t)=cos wot Py ..g‘
s Wgmd

(b) Xx(t)=sin wot >
By S

To evaluate the complex Fourier Coefficient, Ck, using Euler’s

. formula,
O|Ut|0)

1 I 1 N
COS ayf E[r.ﬂw b o .qu.fj Er Jugd ;E,M.r E i'lf"“w
. fae

Thus, the complex Fourier Coefficient for cos wot

| I
Cy E C_g E Cy U.|k| |
In similar -
sin L‘{e*-"‘“' e ) i_r 4 LI:**""“' E X i
2j 2j 2j [t
F
Thus, the complex Fourier Coefficient for sin wot
| |
£ = — Cy==— e = 0, k| #1
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TRIGONOMETRIC FOURIER SERIES (FS)

A periodic signal x(t) with fundamental period To has a trigonometric Fourier
series representation given by

4G o .
x(t)= 7 + Y (a,cos kgt + b, sin kwyt)

k=1

Where ak and bk are the Fourier coefficients given by

2
%= x(1)cos kgt dt ODD SIGNAL

EVEN SIGNAL

If x(t) is an even periodic signal, then bk = 0 and the Fourier series
contains just the cosine term.

H -
x{a‘]=?u+ Y a, cos kawgt @ =
k=1 [

If x(t) is an even periodic signal, then ak = 0 and the Fourier series
contains solely sine terms.

x(r) = Z'bkﬁi"kmnr ‘ﬂu_?
=1 o
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DISCRETE FOURIER SERIES

A discrete time signal x[n] to be periodic if there is a positive integer N

x[n + Ny]| =x[n]

No 1 . 27r
x[n] = 2 cpelkton Q, =
k=0

where Ckare the Fourier coefficients and given by

1 No-‘l
cr=— 2. x[n]e k2
x N(.'l n =10

. — Ak
C—k_CN,,-k_Ck I-_'

What is real? How do you define real? If you're
talking about what you can feel, what you can
smell, what you can taste and see, then real is

simply electrical signals interpreted by your brain.
~Lana Wachowski~
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[ Example 4.2 W

Determine the Fourier coefficient for the periodic sequence x/n] shown in figure below.

.."
JIHHE Tt T, . - o ¢
4.3 2 10 1| 2 3 4 5 6 7 n . M..‘

OIUtlo) The periodic extension of {o0,1,2,3} with fundamental period No = 4

2n - - B .
ﬂu _T and P 1%y = e jixid =g jmiz _ j

The discrete time Fourier coefficient Ckare

1| W

3
Cq =&2 x| =%{{1+1+2+3}=

Fi =)

I g N

r‘_EnE“II"” j) ——(U jl=2+ j3) EUE
] 3 | ]
2= .n=-ﬂ—l+2—3 = —
“ 4.,2{] w3 I} 4 ) 2

_"'E

1| —-

3
. | . .
> xlnl ()" =7 O+j1-2-j3)=-
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[ Example 4.3 H

Consider the following sequence.

x[n] = Z 5[n — 4k]

= <@
a) Sketch x[n]
b) Find the Fourier Coefficients, Ck of x[n] @, '
o %%

a) x[n] is the periodic extension of the sequence {1,0,0,0} with
olutio period No — 4.

x{n)

® LI

Y

-4-3-2-10 1 2 3 4 5 6 7 8
(a)

b) 3 3

i{laid p(x/2
x[n) E c, e** o E e e (x/2)m
£=0 k=0 /\/

- 1 1
x[n)e HEEEW = _ 2 [0]= — all k
Y «ln) 0= ¢

Since x[1] = x[2] = x[3] = 0, the Fourier coefficient of x[n] as
shown in Figure below:
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[ Example 4.4 H

Determine the discrete Fourier series representation for each of the followin

sequences: 4
- o o2

x[n] = cos ..2

| S o

o

o %%

The fundamental period of x[n]is No = 8, and Qo = 21/No = 7/4.
qutio) By using Euler’s formula, Fourier coefficients Ck

™ 1 1 1
CcOs —N = _{fﬂrrﬂﬂrr + E‘-j(#;"nﬂ} — _E;ﬂurr + __f—jlh,n
4 2 2 2

Q/ Thus, the Fourier coefficients for x[n] are G = V2, C-2 = Ca+8 = (5 =13,

and all other Ck = o.

Hence, the discrete Fourier series of x[n] is

w =
x[n] =cos—n = —e/M" 4 —g/"0"

4 2 2

]
=
I
N
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FOURIER TRANSFORM

The Fourier transform is a mathematical approach for decomposing a
Magnetic Resonance signal into a sum of sine waves with various

frequencies, phases, and amplitudes.

A mathematical procedure converting a

signal s(t) in the time domain to a complex
number S(w) in the frequency domain

Any periodic signal s(t) may be expressed as a sum of sine waves of variable
amplitudes, frequencies, and phases, according to Fourier.

s(t) = a, + a, sin(wt + ¢,) + a, sin(Zwt + ¢,) + a; sin(3wt + ¢3) +

If the amplitudes are ¢, the phase shifts are is, and the
fundamental frequency.

Harmonics are higher order frequencies such as 2, 3, and
SO on.

The Fourier expansion of a square wave, for example,
may be represented as

1 1 1
s(t) = sin(wt) + §5in(3mt) + gsin(Smt) + = sin(7wt) + -
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FOURIER TRANSFORM

1

On the left, the square wave's time domain signal, s(t), is depicted.

On the right, the so-called frequency domain representation, S(w), is
presented. The Fourier transform of s(t) is known as S(w).

S(w) is a complex-valued function that is made up of harmonic frequencies,
phases, and amplitudes derived via the Fourier expansion.

FT
Time Damrain Frequency Domain
s(t} 5wl
— —iwi ] os )
S(@)= [ s(t)e™dt ()=t f S(@)e” do
== W
Fourier Transform Inverse Fourier Transform
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FOURIER TRANSFORM

==

X(w) = f m.r(r} e /vt dt

FOURIER TRANSFORM VS LAPLACE TRANSFORM

==

— — TEC

X{m}=fmx[r}e_f""dr I X (s)= [ x(e)e = o
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FOURIER ANALYSIS OF CT & DT SIGNAL

PROPERTIES OF FOURIER TRANSFORM

T Signal

Properties of the Fourier Transform
PROPERTY SIGNAL FOURIER TRANSFORM
x{r) X
x,(1) X, ()
xy1) X
Linearity ax (1) + ax,(t) a X, + o.X,@)
Time shifting alt=ty) e ~10% X(m)
Frequency shifting el™' x(f) Xo- o)
- e
Time scaling xlar) ] \a
Time reversal =1 X0
Duality X1 2nx(-w)
Time differentiation ? JjoX()
1
Frequency differentiation (=jt)x() M
dw
Integration r (1) dt :r)f{l])ﬁ(tfr]+,L X(w)
i o
Convolution (1) xy(1) X, (@)X, (o)
Multiplication x,(0x(1) 2%: X, (0)* X,(®)
Real signal o) = x(0 +x,(0 X() = Al) + jB@)
X(—a) = X*w)
Even component x1) Re{X(@)} = A
Odd component x(1) jIm{X(@)}= jBl@)

Parseval’s relations

| xx, ) dh=[” XAy, (h) dh
o i
" oo ar :EJ--X' (0)X,(-0) do

- { e ,
L' [ dt g L| () do
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Y CT Signal

Common Fourier Transforms Pairs

x(1) X(w)
(1) 1
8t — 1) et
1 270 (w)
e oot 270 (w —w,)
cos @, ! a[d(w —w,) +d(w + w,)]
sin @, 1 = jald(w —w,) = d(w + wy))]
u(r) 78(@) + ——
Jo
u(—1) ndw) — L
Jw
e “u(t),a>0 l
jw +a
te “u(t),a=0 : =
(jo +a)
e_"l'l, a>0 24
a’ +w’
1
-alw|
= e
a*+1r*
e—a[z a>0 Jgp—w2/4a
L] a ¥
1 |t|<a sin wa
(1)=
Pa {0 |t|>a e wa
sin at p, (@)= 1 |o|<a
xt 0 |w|>a
2
sgnt —
jo
% A 2n
S 8¢~ k1) 0, ¥ d(@ — kag)wy ===

k==c0 S
< 66
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FOURIER ANALYSIS OF CT & DT SIGNAL

Properties of the Fourier Transform
PROPERTY SEQUENCE FOURIER TRANSFORM
x[n] X(Q)
x,[1] X,(9)
xn] X,(@)
Periodicity x[n] X(Q+2)=X(Q)
Linearity ayx,[n]+a,x,(n] a X, (Q)+a,X,(Q)
Time shifting x[n—ny] e 20X(Q)
Frequency shifting e’IﬂD"x[n] X(Q-9Q,)
Conjugation x*[n] X*(-Q)
Time reversal x[—n] X(-Q)
Time scaling X1 = falml  dn=in X(mQ)
0 if n# km
dx(Q
Frequency differentiation nx[n] j%
First difference x[n]—xin—1] 1-e™)x(@)
fl
|
Accumulation p x[k] aX(0)8(Q) + = X(Q)
|Q|=xn
Convolution x,[n]% x,[n] X (Q)X,(Q)
1
Multiplication x,[n]x, [n] e X, (Q)®X,(Q)
Real sequence x[n]=x, [n]+x [n] X(Q)=A(Q) + jB(R)
X(-Q)=X*(Q)
Even component x,[n] RelX{Q)} = A(Q)
0dd component x [n] jIm{X(Q)} = jB(Q)

Parseval's theorem

PROPERTIES OF FOURIER TRANSFORM A DY IESY| gn al

S [l ) =_2‘; [ X(@X,-9)d0

ilx[n]|1=2—ir-fh|xtﬂ|2dﬂ

=0
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TOPIC 3

G DT Signal

Common Fourier Transform Pairs

x[n) X(Q)
dln] l
&(n — ny) e~ /m
x[n]=1 2né(Q),|Q|=n
e /R 2n3(Q2 Q) 121,12, |=n
cos Qn no(Q-Q,)+d(Q+Q)LIQIQ | =n
sin Q1 — Q- Q) -8(Q + Q) I1QLIQ, =7
uln] né(Q) + : — |Q|=n
1-¢ /2
—uf=n~—1] (@) +—— . |Q| =7
1—e/@
a"uln],|a| <1 I
| — qe /2
~a"u[=n=1],|a|>1 : =
| —age™’
(n+1)a"uln,|a] <1 T
(l—ae_m)
a" la|<] I-d*
1-2acos Q +a*
L [s]=w, sin[Q(N +1]]
x[n]= 0 |n|>N| L]
sin(Q/2)
' =|Q|=
smWn’0<w<n X(Q)=l 0=1Q|=W
nn 0 W<|Ql=sn
Y 6in—kN, ] Q, Y 5Q-k2,)Q, == C
k= —co * Ok—-w : ? NO 68
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From table 5.2, identified the Fourier transform of the following signals:
a) x)=1 d) x(t) = cos wot
by =x(t) = elwlt e) X(t) = sin wot <@

) xl(t) = eiwlr :
= -

TABLE 5.2 Common Fourier Transforms Pairs

=) X(ow)
S(r) 1
S(r — 1) e Jvfo
e S 275 (w —awy)
cOs m, ! wlSlw — ;) + Sl + @, )]
sin w, t — JwlSlw — w, ) — Slw + w )]
wit) () ++
F o
w(—1) S aw) — —‘l
oy
e “u(t).a=>0 :
Jw + a
te “wu(t),a>0 —e
(Jjw + a)”
e _a>0 __2a
a2 + a2
1 e—alml
& T
P—ul‘ a >0 £ -m:JJﬂ
) a
-
pan={1 lr1=a i
0 III = a wa
1 w|<<a
sin oart pa(m’_ I I
e 0 |w|=a
sgn 2
Jw
= — 2x
&(r — kTN) @, 2 S(w — kmw ), = =

&’ =—u
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FREQUENCY RESPONSE

Y(w)=X(w)H(w)

The frequency response of the system is Y{ (e :'

denoted by H(). H(m} = X{ m}

The discrete Fourier series representation of a periodic sequence
x[n] with fundamental period No is given

M-l »
x[n]= E c,e"‘o"" Q =N—
k=0 0

A periodic signal x(t) with fundamental period To has a complex exponential
Fourier series representation given by
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[( Example 4.6 ]

A causal discrete time LTI system is describe by

y[n] = 3y[n—1]) + zy[n = 2] =x[n] . ®, -’
The system's input and output are x[n] and y[n], respectively. .: 4 =

a) Determine the frequency response H( Q) of the system
b) Find the impulse response h[n] of the system

y . ) (o] Taking the Fouricr transform of Eq. (6.143), we oblain
Solution

*

f{ﬂ]—%c"“ F[ﬂ}+%e"'mﬂﬂ}= X5

(1— %{P +%r'f’-“)rm} - X(Q)

Thus,

gy _ 1
H
P l—]c‘ﬂ+ -0 [ ".ﬂ][|__,_.-.ﬂ)
4

{#} Using padial-fraciion cxpansions, we have

Hin) - I .2

I _ | . 1 -
—_ Ji — M — i — JEE
[] —E-E' ](l d_e ] | —2:! [ —44:

Taking the invrcersc Fouricr transfoon of H(L3 ), we obiain

s [{4] -2 o

¢ Fourier and z-transforms are related through

7= eij
— n | z Seguence z - transform
XI:.".‘)=ZI:(.‘: } = R r— 1 6[n] 1
e l—az Z=da 2 e -
3 hn =
|zPa| =
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{ Example 4.7

Consider a discrete time LTI system is describe by

y[n] = zy(n = 1] =x[n] + 3x[n = 1]

a) Determine the frequency response H( Q) of the system
b) Find the impulse response h[n] of the system

qutio)
a) ¥(2) —%e“fnf(ﬁ)u X))+ %e*-'“x{m

i -
¥(Q) _ o

HE = %o 1o

LS

e 73
x‘:ﬂ, I_Ef-'n

K52y

b) 1 1 e

The inverse Fourier transform of H(QY),

1Y TN I \
#[n]—{i) u[n1+5(5) = 11= (l) .
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{ Example 4.8

Show that the frequency response of the discrete time system

y[n-2] + gy[n-1] + 6y[n] = 8x[n-1] + 18x[n]

iy C 4
s pe ) =S +18 ® Cogt
{ (e )24 507246

<olutio) y[n-2] + 5y[n-1] +6y[n] = 8x[n-1] + 18x[n]
Convert to Laplace Transform

s2Y(s) + 5sY(s) + 6Y(s) = 8sX(s) + 18X(s)
Y(s)[s% + 5s + 6] = X(s) [8s + 18]

Y (s) 8s + 18

X(s): s+ 5s+6

H(s) =

Substitute the s =, —ja

_ g8e 14 18
] —
Hle -O) (e 12+ 507246

Sometimes the signs and signals of the non-
language speaking world are not very clear.
Then we must walk in trust, move forward step
by small step, until we are sure of the proper
path.
~Elaine Seiler~
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TUTORIAL

Q1. Consider the difference equation for a three-point moving-
average discrete-time filter.

y[n] =-{x[n] +x[n-1] + x[n - 2]}

(a) Find and sketch the impulse response h[n] of the filter.

(b) Find the frequency response H(Q) of the filter.

(c) Sketch the magnitude response |H(Q)| and the phase respor&
0(QY) of the filter.

Q2 . Consider a causal discrete-time FIR filter described by the
Impulse response

h[n] = {2, 2, -2, -2}

(a) Sketch the impulse response h[n] of the filter.
(b) Find the frequency response H(Q) of the filter.
(c) Sketch the magnitude response |H(Q)| and the phase response
6(Q )of the filter. o2®
.1
.. .. 4
@
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e

TUTORIAL

Q3. Determine the discrete Fourier series representation for

each of the following sequences:
(a) x|n]= cos%n

b4 .
b) x|n]=cos—n+sin—n
( [n] : 7

(c) x[n]= cos> (%n)

Q4. Let x[n] be a real periodic sequence with fundamental

period No and Fourier coefficients ck = ak + jbk, where dx

and Dk are both real.

(a) Show that & k= ak and b k= -bk.

(b) Show that Chowz is real if No is even.
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