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Preface

NETWORK ANALYSIS is a fundamental course that involves the process of finding
the voltages across, and the currents through, every component in the network with
different techniques for calculating these values. It provides exposure and knowledge to the student
in solving alternating current (AC) electrical network circuit problem. The emphasis of this course
Is on using basic circuit theorems, Laplace Transform, Fourier Series and Two Port Network
Parameters.



Contents

(8 0T T o) =T PP 1
O O oL Y o = 1Y 2 LSRR 1
0 0 Y 1T o 1Y g = ] SR 2
I [ oI N gL 11 [T 14
1.1.3 SUPErPOSITION TNEOMEM ...c.uiiiiieiiiteeteste ettt sttt ebe s b e 28
1.1.4 Thevenin’s TREOIEIMS. ......c.ceiiiieiiie et ecteesee ettt e e eee e st e e st e e e taeesteeeteeessteesnsaeessseesnseeenseeesnsneanes 32
1.1.5 NOtON'S TREOTEMS ...ttt ettt ettt sttt e b e bt sae e st e et e et e e sbeesbeesanesabesabeebeennes 37

(O 0 F=T o) =T o USRIt 46
P ORI o - Tl =T 1) {0 o o o VR PRPP 46
2.1.2 INtegral defiNITION......ccueiiiiieeeeeee ettt sttt ettt 47

2. 1.2 TADIE <ttt b h e bbbttt a e b e nes 52
B R R 1 T=T T 1AV o] fo] o 1= o 4V T U TSP 55
2.2.2 TADIE .ottt b s 55

2. 1.4 First SNITETNEOTEIM ...ttt seenes 58
2.1.5 Derivatives and INTEGIalS.........couririririerieieieeeees ettt 64

2.2 Inverse Laplace TransfOrmM ... et e e e ebee e e e e abe e e e eeabe e e e e e nbaeeeeenneeas 66
2.2.1 PArtial frACTIONS ...ttt ettt b s 66
2.2.2 COMPIELING thE SQUANE ...eeveieeeieicteeeeee ettt ettt st e s teebe e besteesaebesanebesreennas 71
2.2.3 First and SECON AEIIVATIVES ......cocuiriiiiieieerie ettt e 79

2.3 Laplace Transform in RLC Circuit @NalYSIS .......cvcvecierereericeeiesiceeie et 91

2.3 Laplace Transform in RLC CIrCUIT.......ueiiiiiiie ettt e et e e e e e are e e e e ae e e e e eabee e e e enbeeeeeenreeas 91
(0 0 F=T o1 =T e J PR 100
3.0 FOUNIEI SEIIES ...ttt ettt et e e st e e st e e e s esb et e e s b et e e s amba e e e sambaeeesanbreeesannneeenas 100
3.1 TrigGONOMELIIC FOUTIEI SEIIES wuviiiiiiiiiiiiiiieiee e e eeriitte et e s e sttt e e e e s s s sbbtreeeeeessssabbtaeeeeesssssssssenaaeeesssnnas 101

3.2 Fourier series 0dd and @VeNn fUNCLIONS......coooiviviiiiiiieeeeeeeeeeeeeeeeeeeeeeeeee e 113


file:///C:/Users/User/Documents/PSA/YAAKUB/DH52/3.%20PENERBITAN%20DAN%20PENULISAN/BUKU%20NETWORK%20ANALYSIS%20(5).docx%23_Toc106359861
file:///C:/Users/User/Documents/PSA/YAAKUB/DH52/3.%20PENERBITAN%20DAN%20PENULISAN/BUKU%20NETWORK%20ANALYSIS%20(5).docx%23_Toc106359868

(01 0= = o RPN 126

4.0 TWO POrt NetWOrk PAramEters ....c...eeecuieeiiiiiiieesiee ettt sttt sab e st e siee e s b e s sareesaseesmeeesareeeans 126
4.1 Z-ParamMETEIS .oeeiiiiiie ittt ra e s arae s 127
Y e | = 1 L1 (=] TRt 132
4.3 N-Pal@MEEEIS ..eeeeeieiiie ettt ettt e sttt et s b e e s bt e e s bt e s bt e e bt e e s be e e e ab e e st et e ahte e s beeeenreesareesneeesreeeane 139

RETEIENCES ..ottt ettt et e st e st ae e sttt e s sae e abesebaes sbbesabe e sbesessbesamatesasbeseaebessbesennessenntesatbessnseens 148



Chapter 1

' 1.0 Circuit Analysis

1.1 The application of network analysis theorems to
AC circuits:
1.1.1 Mesh Analysis
1.1.2 Nodal Analysis
1.1.3 Superposition Theorem
1.1.4 Thevenin’s Theorems
1.1.5 Norton’s Theorems




Question 1

Analyze alternating current (AC) circuit for the Diagram 1. Determine the current through the

resistor 8Q using the Mesh Analysis.

8Q

I3 +
— @ 120V2120°
j2Q

“Tie ]
60120
Diagram 1

Answer:
Loop 1
(4+j2)1, - (-1, +01, =60£0°
Loop 2
—(=D1+(16-1-12)1,- (=121, =0
Loop 3

~(=j2)1,+(8- j2)I, =-120.£120°

Equations in the form of Matrix :

4+j2 j 0 T, 60.£0°
i3 Q2 |l=| o
0 j2 8-j2|1,| |120£300°



Value of Delta :

4+ j2 ] 0 [4+j2 |
A= ] i3 2 J J3

0 j2 8-j2| 0 j2

=[(4+j2)(13)8~12) +(1)(12)(0) + (0)() (1] -[(0)(13)(0) + (12)(12)(4+ j2) + (8- j2)(1)(1)]
— (24+ j108) — (—24— 6)

=0+ j114

Value of Delta I3:
4+ j2 j 60£0° [4+j2 j
Alz=| ] j3 0 j j3
0 j2 120£300°| O j2

=[(4+J2)(J3)(120£300°) + (})(0)(0) +(60£0°)(1)(J2)]-
[(0)(13)(60£0°) +(12)(0)(4+ J2) +(120£300°)(J)( )]

= (767.07658 + j1343.53829) — (60 + j103.923)

=827.07658+ j1239.615242

Value of current I3

Al, 827.07658+ j1239.6152
A 0+ j114

I3

=13.0719AL—-33.7114°



Question 2

Diagram 2 shows an alternating current (AC) circuit which consists of several components such
as resistors, capacitors and inductor. The circuit has two voltage source of 100Volt with a phase
angle of 90° and 220V with a phase angle of 0°. By using mesh analysis and Maxwell’s equation,

calculate the value of the current Is.

— W\ D00

3Q 40
I
150 15 Q
| S VAVAY ’ NN——o
I
+ ' o
100172907 +
K\J [j — ] I} f\}
2200 £0° 100 -
L
Diagram 2

Answer:

Applying KVVL to mesh 1, we obtain:

(5- j10)I, —(~ j10)I, —(15)I, = 22020°
Applying KVL to mesh 2, we obtain:

—(~ j20)I, + (15— j10)I, - (15)I, = -100.£90°
Applying KVL to mesh 3, we obtain:

—(15)1, - (15)1, +(33+ j4)I, =0



From equation 1, 2 and 3, we use Maxwell’s equation to get current I3, l2and I3,

15-j10  jl0 = -15 I, 220./0°
jlo  15-j10 -15 |1, |=|-100.90°
~15  -15  33+j4|l, 0
15-j10 jl0  -15| 15-j10  j10
A=| j10 15-j10 -15| jl0 15-j10
~15  -15 33+j4 -15  -15

= (15— j10)(15— j10)(33+ j4)+(j10)(-15)(-15) + (-15)(j10)(-15)
—[(-15)15—- j10)(-15) + (-15)(-15)(15— j10) + (33 + j4)(j10)(j10)]

= (5325— j4900) — (3450 — j4900)

=1875+ 0 atau 1875/£0°

15— j10  j10  220.0° | 15-j10  j10
Al,=| j10  15-j10 100,270 j10 15— j10
~15 ~15 0 ~15 ~15
= (15— j10)(15— j10)(0)+ ( j10)(100.£270°)(—15) + (220.£0°)( j10)(~15)
—[(-15)(15— j10)(220.£0°) + (~15)(100.£270°)(15— j10) + (0)( j10)( j10)]

= (~15000 — j33000) — (—34500 + j55500)

=19500- j88500 atau 90622.8448/—77.5741°

Al, 19500— j88500
A 1875.0°

I, =

l,=104-j47.2 atau 48.33£-77.57°



Question 3

Diagram 3, shows an alternating current circuit (AC). This circuit has two voltage source

E, =20VZ0" and E, =40V£60". By using Mesh analysis, determine the current through the
resistor R.

0P

60 80
Diagram 3
Answer:
R; R
AV MW

30

40
+ +
2017 £0° @ g Xugm D @ E, =40V./60°
Rs
AN

4Q

b
Il

I;

[+19) 8Q 6



Applying KVL to mesh 1, we obtain:

(5— j) Il—(j5) I, +( j6) I, =20£0°

Applying KVL to mesh 2, we obtain:

—(j5) I, +(8+ j5) I, —(4) I, =40.2240°

Applying KVL to mesh 3, we obtain:

(i6)1,—(4)1,+(10+j2)1,=0

From equation 1, 2 and 3, we use Maxwell’s equation to get current Iy, land I3,

5-j —j5 j6 |[1,] [ 20z20°
—j5 8+j5 -4 | 1,|=|402240°
j6 -4 10+j2 1, 0

5-j -j5 j6 ] 5-j -j5
A=|-j5 8+j5 -4 | -j5 8+j5
i6 -4 10+j2| j6 -4

=[(5- 1B+ j5)A0+ j2) + (- J5)(-4)(j6) + (j6)(~ |5)(-4)]
—[(i6)(8+ 15)(i6) + (-H(-4)(5~- J) + 10+ j2)(-J5)(-5)]

= (176 — j260) — (—458 — j246)

— 634+ j506
20400 —j5 j6 | 20200 -j5
Al =|40,240° 8+j5 -4 | 40,240° 8+ j5
0 4 10+j2] 0 -4

=[(20£0")(8+ j5)(10+ j2) +( j5)(~4)(0) + (j6)(40.£240")(-4) ]
—[(0)(8+ j5)(j6) + (~4)(—4)(20.£0°) + (10+ j2)(40£240°)(-j5)]
= (568.616 -+ j1800) — (—1612.0508 + j653.5898)

=2180.6668+ j1146.4102



| _ Al _ 21806668+ j1146.4102
bOA 634+ j506

= (568.616 -+ j1800) — (—1612.0508 + j653.5898)

=2180.6668+ j1146.4102

Question 4

Diagram 4 shows an alternating current circuit (AC). This circuit has two voltage source
E, =40V£60° and E, =20VZ0°. By using Mesh analysis, evaluate the current through the

resistor Ry.
' R1 XL1

W ~000-

40V £60

Diagram 4



Answer: R

60

Rz

A"

40

o3

T 401 260°

4 62 R
Xiz %59
L I
.
E; @ ) E:
200200 T

S

+

Applying KVL to mesh 1, we obtain:
(6+4+ 8- j6)1,—(4)1, —(-6)I, =0
10+ j2)1, - (4)1, +(j6)l; =0

Applying KVVL to mesh 2, we obtain:
— (41, +(4+4+j5)1,-(j5)1,-40-£60" =0
—(4)1,+@+ 91, -(j5)1, =40-60°

Applying KVL to mesh 3, we obtain:
—(=j6)l, = (j5)1, = (5+ j5— j6)I, +20£0° =0
(j6)1, —(j5)I, +(5- j)I, = 20.£180°

From equation 1, 2 and 3, we use Maxwell’s equation to get current Iz, loand I3

10+j2 -4 j6 I, 0
—4 8+j5 —j5|1,|=| 40260°
i6 —j5 5-j|1,| |20-180°



Value A

10+j2 -4 j6 10+j2 -4
A= -4 8+j)5 —-j5 -4 8+j5
j6 —-j5 5-j j6 -j5

=[10+ j2)8+ iB)E - J) + (-4)(-i5)(i6) + (i6)(-4)(~ i5)]
-[(i6)(8+ j5)(i6) + (- jB)(-5)(10+ j2) + (5~ j)(-4)(-4)]

= (176 — j260) — (—458— j246)
=634+ j506

Value Aly

0 ~4 6 0 —4
Al =|40£60° 8+j5 —j5 40.60° 8+ j5
20,180° - j5 5-j 20.180° - j5

— 0@+ jB)(B - J) + (~4)(~ j5)(20.£180") + ( 6)(40.£60°)(~ j5)]
—[(20.180°)(8 + j5)(j6) + (~ jB)(~ i5)(0) + (5— j)(40.£60")(~4)]
= (600 + j639.2304845) — (61.4359 — j1572.8203)

or

= (876.7073.2/46.8132") - (1574.01974./ - 87.76311°)
=538.5641+ j2212.0508

or

= 2276.668625.76.31652°

| _ 5385641+ j2212.0508
' 634 + j506

I, =2.22001+ j1.717234
or

= 2.8066 AL37.7229°

10



Question 5

Diagram 5 shows an alternating current circuit having voltage source E; =12V.Z64°  is connected
with a number of electronic passive components. Evaluate alternating current (AC) circuit,

evaluate the current through the resistor Rz = 10 Q using the Mesh Analysis.

R, = 10Q
M
L
R; =20Q XC{(= —J’IJQ '_d-"r
A0
I\ X =716Q
@ v’ L =
E, =12/64 _ v_--
-1 R:=8Q X =250
Diagram 5

Answer:
Applying KVL to mesh 1, we obtain:

(28— j15)I, —(8)1, +(j15)1, =12.-/64"

Applying KVL to mesh 2, we obtain:
_(8)|1 "'(8_ j9)|2 _(j16)|3 =0

Applying KVVL to mesh 3, we obtain:
(j15), - (j16)1, + 10+ j)I, =0

11



From equation 1, 2 and 3, we use Maxwell’s equation to get current Iz, l2and I3,

28— j15 -8  j15 [1,] [12264°
-8 8-j9 —j16|1,|=| O
j15  —j16 10+ I, 0

28— j15 -8  jl5| 28-j15 -8
A=| -8 8-j9 -j6 -8 8-j9
j15 —j16 10+j| j15 —-ji6

=[(28- j15)(8— j9)(10+ )+ (-8)(~ j16)(j15) + ( j15)(-B)(- j16)]
—[(j15)(8 - j9)(j15) + (- j16)(- J16)(28 — j15) + (10 + j)(-8)(-8)]

A = (2578 — j3631) — (—8328 — j5929)

atau

A = (4453.1163£ —125.3746) — (10222.946 /144.5516)

A =5750 — j9560
atau
A =11.1550kZ — 58.9746°

12,64° -8  j15| 12.64° -8
Al,=| 0 8-j9 —ji6| 0 8-j9
0 —j16 10+j 0  —jl6

— [12264°)(8 - j9)(L0+ j) + (-B)(~ j16)(0) + (j15)(0)(~ 16)]
~[(0)(8— j9)(J15) + (~ j16)(~ j16)(12./64") + (10 + j)(0)(~8)]

Al, = (1352.5937 + 528.5548) — (~1346.6762 — j2761.0953)
atau

Al, = (1452.1983./21.3441°) — (30722 —116°)

12



Al, =2699.2699 + j3289.2699
atau

Al =4255.3327 £50.6299"

Al;  2699.2699 + j3289.2699

I, =

A 5750 - j9560

I, =1-0.127982 + j0.3593
atau

|, =0.3814.£109.6045

13



Questionl

Analyze the alternating current (AC) circuit shown in Diagram 1. By using Nodal analysis,

determine the nodal voltage V1.

Vi X2 Vs R1
/666\ * AN
5Q
| R» 20 E:
(D 1042200 p—
Xc 40 30KV Z£10°
X1 g 6Q
°® ®
Diagram 1

Answer:
For nood V1
I, +1,+1,=0
~10220" + Vl_ +A _‘VZ =0
2+ ]6 15

14



1_ +_i Vi- i V2=10£20
2+ )6 |5 J5

(0.05- j0.35)V1+(0+ j0.2)V2=10220°

(0.35364 —81.8699° )v1+ (0.2490" )v 2=10,20°

For nood V2
I, +1, +1, =0

V,-Vy Y,V -(30410)
i5  —ja 5

__ivﬁ _i__iJrl V2=30410
j5 15 j4 5 5

(0+ jO.2)V, +(0.2+ jO.05)V, = 6.410°

0

(0.22£90° )V, +(0.2062.214.0362" )V, = 6.£10°

Using cramer rule :

0.05-j0.35 0+j0.2 |[V,] [10220°
0+j0.2 02+j0.05|V 6.£10°

2|

_[0.05-j0.35 0+j0.2 ]
| 0+j02 0.2+j0.05



=[(0.05- j0.35)(0.2+ 0.05)]-[(0+ j0.2)(0+ j0.2)]
=0.0675— j0.0675

=0.0955/—-45

_[102200  0+j0.2
' 1 620 0.2+ j0.05

=[ (10£20°)(0.2+ j0.05) | [ (6.£107)(0+ jO.2) |
=1.9168— j0.0279

=1.9170.£-0.8334"

v AV 19170208334
LA 0.0955/ — 45°

V, =14.3986 - 13.9857
atau

V, =20.0733£44.1666°

16



Question2

Diagram 2 shows an alternating current circuit with the connection of several components
resistors, capacitors and inductors. This circuit having a voltage source E, =30V £50" and current
source | =0.04V ~£20° . By using Node Analysis, evaluate the value of the voltage at node V1.

Rl F:E |{ I,?'::,
*
M * X || 4@
iQ
I
Er |+
@ X;,@ 6 R; § 20 (D
3017230 00447200
' &
Diagram 2
Answer:
W1 Y2
00447208
Nilai Voltan V1
For nood V1
I, +1,+1,=0

Vl_E+_i+V1__V2 _
5 6 -j4

0

17



O VN (0 VPP
5 J6 —J4 -4 5

(0.2+ j0.08333)V1+(0— j0.25)V2=6.50°

(0.2167422.61986° )v1+ (0.254 —90° )v 2=6./50"

For nood V2
I, +1, +1, =0

V,-V, V
2 _14-°2_004220°=0
- j4 2

(_i}l N [1 i} _0.04.220°
j4 2 j4

(0-jo.25V, +(0.5+ j0.25), =0.04.£20°

(0.25.£-90° v, +(0.5590.£26.5651° v, =0.04.£20°

Using cramer rule :

0.2+ j0.0833 0-j0.25 TV, | [ 650"
0-j0.25 05+ j0.25|V,| |0.04.,20°

[0.2+j0.0833 0-j0.25
| 0-j025 05+j0.25

—[(0.2+ j0.0833)(0.5— j0.25)]~[(0— j0.25)(0— j0.25)]

= (0.079175 + j0.091665) — (—0.0625+ jO)

=0.1416675+ j0.091665

=0.1687369..32.90461407°

18



6,50° 0- j0.25
AV, = )
0.04,20° 0.5+ j0.25

=(6.450°)(0.5 + j0.25)|- [(0.04£20°)(0 - j0.25)|

= (0.779296 + j3.2623) — (0.00342 — j0.0093969)

= (16.77051.£76.5651° )~ (0.01£ - 70°)

=0.77588 + j3.27171

=3.36245..76.6589"

v AV, 3.36245.76.6589°
A 0.1687.32.9046°

V, =14.396789 + j13.78401

atau

V, =19.93154/43.7543°

19



Question 3

Diagram 3 shows an alternating current circuit with the connection of several components
resistors, capacitors and inductors. This circuit has a 40V voltage source and a source current of
5A with a phase angle of 30°. By using node analysis, calculate the value of the voltage at node
V1.

Vi I
I\ ise
8Q j4Q 6Q
+ O
5/30° A
2Q p—
T4020V -2Q
Diagram 3
Answer:
I
L
-i5Q
8Q
|::| 2 +ij4Q |::|6-j20 <T>5A430'
40V-20
Z1=8Q
Z>=2+j4Q
40V 20




Apply KCL at point V1 :

It +12 +13=0

407207

V1-(4040°) V1 V1-V2
R S =0
z1 72 73

Vi-(4020°) V1  Vi-V2
+ + -
8 2+j4 (- j5)

V1 4040 V1 V1 V2_0

— -t =
8 8 2+J4 5 |5

\Y 1+L_+L_ +V2 i :%
8 2+j4 (-j5) j5 8

V1(0.225.20° }+V 2(0.2£-90°)=5.0°

V1(0.255+ jO)+V2(0— jO0.2)=5+ jO

21



Apply KCL at point V2 :
Is+14-15 =0

VZ_V1+\£—5A430=0
Z3 Z4

V2-Vl V2
—j5  6-j2

-5AZ30" =0

£+\(_1+_v2_ =5AZ30°
-5 5 6-]2

\Y i V2__—1+ l_ =5A~/30°
j5 5 6-j2

Equation 2

V1(0.2£-90° }+V 2(0.291./59.036° ) = 5./30

V1(0- jO0.2)+V2(0.15+ j0.25)=4.33+ j2.5

Using Cramer Rule

0.225£0° 02£-90° | | 5£0°
0.2£-90" 0.291.59.036° 5£30°

A 0225200 0.2£-90
0.2£-90° 0.291./59.036°

(0.225.20°0.291./59.036° ) (0.2.£ ~90" f0.2£ 90"

(0.0655./59.036° ) (0.04.2180°)

0.0926.£37.311°

AV1[540° 0.2/ -90° }

5£30° 0.291.259.036°

22



(5.0°0.291.£59.036° )~ (5.£30" f0.2£-90°)

(1.455./59.036° ) - (1260
(0.749 + j1.247)—(0.5— j0.866)
2.128./83.292°

0.2485+ j2.1136°

~15.9696 + j16.5274

_AV1
A

V1

~0.2485+ j2.1136°
~0.0926.,37.311°

= 22.9822/45.9834°

23



Question 4

Diagram A2(d) shows an alternating current (AC) circuit with the connection of components
resistors, capacitors and inductors. This circuit having a current source |, =2AZ0° and

I, =3AZ45°. By using Node Analysis, evaluate the value of the voltage at node V.

Xo =430

I, =2420° I, =34.,45

Diagram A2(d)

Answer:

24



For Nood V1

-0, +i,+1,=0
I, =1, +1,

—240"+\%+V1 __VZ =0

j4

\'A 1+_i -V, i =-2£0°
5 J4 14

(0.2-j0.25V1-(0- jO.25N 2 =20
or
(0.3202./ -51.3402) V1-(0.25/ ~ 90N 2 = 2/0°

For nood V2

i, 1, +1;=0



VZ__V1+ V% —3/45 =0
j4 - J3

VEARVESE R
14 14 33

—(0-j0.25V1+(0—- j0.0833\ 2 =3,45°
or
(0.25£90) 1+ (0.0833£90) 2 = 3£45°

In matrix form

0.2-j0.25  0+j25 ] [V,] [2z0

0+j0.25 0+j0.0833| |V, | |3,45°
02-j0.25 0+ j25

0+j0.25 0+ j0.0833

=[(0.2— jo.25)0+ j0.0833)]-[(0+ j25)0+ jO.25)]
=(0.020833 - j0.016667)—(—0.0625 + jO)
or
= (0.02668.238.6598) - (0.0625./180°)
A =0.083325 + j0.0166667
or
A =0.08497 /11.3098°

220 0+j25
' 13245 0+ j0.0833

=(220)0+ j0.0833)—(0+ j25)3245)

—(0+ j0.16667)—(—0.5303 + j0.5303)
or

—(0.16672—90° )~ (0.75.2135)

AV, =0.5303+ j0.3637
or
AV, =0.6431/ —34.4445°
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Nilai V1

v _ AV, _ 087582 -52.7346

" A 0.08497.11.3098

V, =5.2806 + j5.4216
or
V, =7.56934 —45.7543"
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Question 1

Analyze the alternating current (AC) circuit shown in Diagram 1, using Superposition Theorem.

Calculate the current I passing through the 10Q resistor. Given that the current passing through the

10Q resistor, considering current source 2A~0°is 0.83A148".

(=)
2420\
20Q
¢ M\
—j12Q '
+ 10Q2
@ 30Vz45° 501290
Diagram 1
Answer:
Step 1
Considering the effect of the 30V source:
L] [
20Q j5Q
M\

r
——-j12Q Iy I2 jl10 Q
+ 10Q
@ 301245
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Find total resistance Rt

R, =[10//( j5+ j10)]+ (20— j12)

_{10x j15

+(20- j12
10+j15} (20-112)

R, =26.92—j7.38

R, =27.92Q0/-15.34°

30445
T 27.92/-1534°

I, =0.53+ j0.93
|, =1.07A~60.34°

_ 1.07AZ60.34" x j15
10+ j15

| =0.89./94.03°
I'=-0.062+ j0.89

Step 2

Considering the effect of the 50V source:

] @
20Q 15 Q
AN 400
r
——j12Q I l2
10Q
o

T

j10 Q

+

@ 5017290
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Find total resistance Rt

R; =[10//(20— j12)]+(j5+ j10)

_[10x@0-12) ] 1o
10+ (20— j12)

R, =7.13+ j13.85

R, =15.57Q/62.77°

_ 50/90°
T 1557Q/62.77°

I; =2.86— jl1.47
I; =3.21AZ27.23

 321A£27.23 x (20— j12)
20+10— j12

|'"'=2.32A/18.07°
1'"=2.2+j0.72

Given the current through the resistance 70 with source 2AZ0°is 0.83A/148".

R
2A70\_/

20Q 15Q

|
—j12Q Iy D j10 Q
10
[ ]




I""'=0.83A£148°
I =1+1"+1"

| = (-0.062+ j0.89) +(2.2+ j0.72) + (0.83A148")

| =2.5.54.98°
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/ 1.1.4 Thevenin’s Theorem
. SC 'va‘v T4 )

Question 1

Diagram 1 shows an alternating current circuit having a current source I, =0.5AZ60" g

voltage source E, =120v£0° , IS connected with a number of electronic passive components.
Analysis the circuit using Thevenin Theorem to calculate the voltage Thevenin (VH), when the
load resistance is opened at terminal a-b.

+ Ri=10Q Xo=10Q %

@ E, =120£0¢ %XE =30 CT) I, =054.60 | ZL
*

*
Diagram 1
Answer:
Using Superposition Theorem
v
* R1=10Q Xe=10Q l L
@ E, =120/0° X =30 — Em

Value of ETH:
- E x X,
™R+ X,
. (120£0) % (j3)
ETH =T~ 45

10+ j3

32



E., =9.9083+ j33.0275
or

E.,., =34.4817./73.3008°

Value of Ety

X =30 I, =0.54/60

ETH " :VXL +ch

. R x X

" R, x X
B =1, x| Xe +| =—+
TH 1 |: C [R1+XLJ:|

E, =05/60° x| — jl0+| 1043
10+ j3

Eq,"=3.3448 - j1.4544
or
Eq, "= 3.6473/ - 23.5006°

Value of Eth:
Em = Em +Eq "

E,,, =(9.9083 + j33.0275) + (3.3448 — j1.4544)
or
E., =(34.4817.£73.3008°) + (3.6473 — 23.5006°)

E,, =13.2531— j31.5731
or
E,, =34.2418./67.2294°

33



Question 2

Diagram 2 shows an alternating current circuit having a voltage source E; =120A£30° and current

source |1 =0.4v £20°, is connected with a number of electronic passive components. Analysis the
circuit using Thevenin Theorem to get the current I, flowing through the load Z,.

R; Xc|
a - 1
AVAYAY, %o—»'—o
=
6 Q2 8§ Q
E; R 920 1

+

@1 20V.£30°

p vy
%a«v
()
_/

_ X; 120 0447200
O L 4
4_77 ________________ d
Zr
Diagram 2
Answer:
R Xc H
_ + _ + a
6 Q + 88
* R 9Q
LT
? X 120
L 4 O_
b

Z1 Z3 Zl =60

Z,=9+j12
7
Z,=-j8
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Value ZtH :

ZTH

ZTH

L
atau
Ly

L
atau
Ly

=(z,11Z,)+Z,

:(6x(9+ j12)

-j8
6+9+ j12 J+( 19)

=4.5366 + j1.1707 — j8

= 4.6852/14.4703 +8.£90°

= 4.53659 — j6.8293

=8.19875 —56.40448°

[ ]

L
71

CEE

Value V1n :
KVL

TH

Viy =

Vi
atau
Viy

3 E, xZ,
Z,+7Z,

 120./30° x9+ j12
6+9+ j12

= 66.8686 + ]65.6435

=03.7043£44.4703

Zm

Z; =8.19875.2—56.40448

Ermg

)

Epy =93.7043.£44.4703

)
N
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_ 93.7043./44.4703

Z " 8.19785./ —56.40448

I, =-2.1562 + j11.22385
Atau
I, =11.42909.£100.8748°
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Question 1

Evaluate the total value of Norton impedance and Norton current, when the elements between
points a and b are removed in Diagram 1. Using the Superposition Theorem, calculate Norton
current (In).

R

X
E@B 15V 210° 71 (‘D

- R< 90 044207
b {
Diagram 1
Answer:
R Az
AN 0
40 Yo | 20 80
E |+ p——
@ 157210

Z1 Z3

73
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Value Zn :

Z, =(2,112,)+2,

(4x(-]2)) .
ZN_[4+9—j2 j+(18)

Z, =2.7977— j0.1850+ j8
atau

Z, =(2.8038£—-3.7826) + 8490
Z, =2.7977— j7.8150

atau

Z, =8.3007.£70.3032°

Value In’
I, '=0.4AZ20°
] - - <
L @( «
a
! I,'=0.44220 (D
? 0442208
b
Value IN”’

E;

@ 157 £10° + I’

Z,=2,+(2,11Z,)
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Z. -4+ 9- !2)><-18
9-j2—)8

Z. =4+(4.923077 — j7.717948)
atau
Z. =40 +(6.818777.£43.781125")

Z, =8.923076— j4.717948
atau

Z, =10.093579£27.8670°

E

T

Z

IT

| 15./10°
T 10.093579.,27.8670°

I, =1.41442 - j0.455946
Atau

I; =1.48609£—-17.8670°



Question 2

Diagram 2 shows an alternating current circuit having a voltage source E, =20V £0° and current

source | =4A~20°. Analysis the circuit using Norton’s Theorem to get the total Norton’s
impedance (Zn) and Norton’s current (In), when a terminal a-b of the load Z, is opened.

Y o f
AAAY *
20 ; sall

, I
o “ ®
200.£0°
_ Xe % 70 44720°
} b
|

L 4
Diagram 2
Answer:
Z1 . 7
+ I a l
[ ]
Z3
®
| |
Z,=2Q
Z,=-j5
Z,=9+ )7
Value Zn :

2. =2,11Z,+Z,)
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, :(Zx[(—j5)+(9+j7)]j
™ 2+(-j5+9+j7)

Z.., =1.6480— j0.0640
atau

Z.., =1.64924./2.22396"

Value I’
> 7, > )& Z
A J I
Er| + + 9 a
[ ]
20720
[ ]
- _ e b
A 4
I _E
y ==t
Zl
| 2020
N54j0
|, =4AL0°
Value IN
71 %( < z < <
Y A J
+ ¢ a I
[ ]
VA
9
— &b 44720°
Y A J
" IxZ,
Iy =
Z,+27Z,
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| 4220 x(9- j12)
N j8+9— j12

|, =6.0143— j0.9706
atau

I, =6.0921/-9.1676°
Nilai In

Iy =1y +1°

I, =4AZ0° +16.0921/ —9.1676°
I, =10.0143 - j0.9706

I, =10.0612A L —5.5359"



Question 3

Analyze alternating current (AC) circuit for the Diagram 3. Evaluate the total value of Norton
impedance and Norton current, when the elements between points a and b are removed. Using
the Superposition Theorem, calculate Norton current (In).

R1 XC

M0 L

Rz 10

El(’\j) 20V20° Z <T>

Xe 120 0.44£20
b /T\
Diagram 1
Answer:
Nilai Galangan Norton Zn
Z;
— +
.. I, I+ i
Z h—j12

Z,=2,0Z,
_ (6+j8)(9-j12)
6+ j8)+(9- j12)
= 9.3361+ j2.4896
= 9.6623./14.9314°
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Nilai Arus Norton Zn
Guna terom tindihan :

Analisa terhadap punca bekalan E;x

Z3
— +
1.
E1 +
Z 9—j12
2020
Nilai I
o _E
N Zl
2040
N6+ j8
=1.2- j1.6

|, =2/ —53.1301"

Analisa terhadap punca arus

Z;

Z| 9-j12

0.4AZ20°

O

Nilai I”
I =1=04,20°

Iy =1y +1y
= (24 -53.1301°) + (0.4.£20°)
=1.57587 — j1.46319
=2.1504A/ — 42.8765°
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Litar Setara Norton :

I,
2.1504 4

—42.8765"

Z,
9.662

%}414.93 14

2+ j4

L
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Chapter 2

2.0 Laplace Transform

2.1 Laplace Transform using:
2.1.1 Integral definition
2.1.2 Table
2.1.3 Linearity property
2.1.4 First shift theorem
2.1.5 Derivatives and integrals

2.2 Inverse Laplace Transform using
2.2.1 Partial fractions
2.2.2 Completing the square
2.2.3 First and second derivatives

2.3 Laplace Transform in RLC circuit analysis
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Question 1

f@®) = 1fort = 0.

Answer:

Question 2
f@® = efu(®)

Answer:

/v'-

H®=EU@}=£6

‘7’ ‘/ /s

~Stf(t)dt

=f e st 1dt
0

1
=——e
s

1

—st

[0¢]

= —— [e_s(oo) — e—S(O)]

s
1

= —<[0-1]

1

N

F) = L@} = [ e re
0

L{e'} =f et et dt
0

(o]
= [ et e
0

T G-D

T s-1)
1
s—1

[(e—(s—l)(w)) — (e—(s—l)(o))]

[0-1]

/4 2.1, 1 Integral definition
X

47



Question 3
f@®) = e tu®

Answer:

Question 4
f@® = e *u(t)

Answer:

F) = L@} = [ e rode
L{e™t = fooe‘“.e‘t dt

— fooe—(s+1)t dt
0

1

TG+
1

- (s+1)
1

=(s+1)[0_1]
1

[0¢]

0

—(s+1)t

[(e—(5+1)(°°)) — (e-(s+1)(0))]

s+1

FEs) = L) = | e f@e
0

[ee]

L{e %} =j e St ey (t) dt
0

— fooe—(sﬂz)t dt
0

-1
- (s+a)
-1
(s+a)

e—(s+a)t o0

[(e—(s+a)(oo)) _ (e—(s+a)(0))]

:(s+a)[0_1]

1
T s+a
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Question 5
f@®) = e ?u(t)

Answer:

F(s) = L@} = f e~ F()dt

L{e™?Y} =f e St.e7%t dt

0

zj e—(s+2)t dt
0

-1
“(G+2)
-1
(s+2)
1
T s+2

[0¢]

0

—(s+2)t

[(e—(5+2)(°°)) — (e—(5+2)(0))]

Question 6
f@) = 2e"u(t)

Answer:

F) = L@} = [ e rode
0

[ee]

L{2€0'5t} :j e—stlzeO.St dt
0

=2 fme'(s'o's)t dt
0
—2
~(s—05)
)
(s—05)

e—(s-0.5)t| ®

[(e—(s—O.S)(oo)) _ (e—(s—O.S)(O))]

~(5-05) [0—-1]

2
s—0.5




Question 7

f@) = e"*u(=t)
Answer:

F) = L@} = [ e rode
L —atl — * —St_ —at _ d
{e %} J; e e " %u(—t) dt

o-
— f e —(s+a)t dt

-1
- (s+a)

-1
- (s+a)

0-—

— 00

e—(s+a)t

[(e—(5+a)(0)) _ (e—(5+a)(°°))]

- (s+a)
-1

T s+a

[1-0]

Question 8

f@) = —e®u(-t)

Answer:

FEs) = L) = | e f@e
0
Lfe—at) = _ 00—st_ aty(—t) d
fe=} f =5t ety (—t) dt

o
—— [ e

1
=(s+a)

1
(s+a)

0-—

— 00

—(s—a)t

[(e—(s—a)(o)) — (e-(s-a)(w))]

1
=(s+a)[1_0]
1

Ss—a
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Question 9

f (t) =4t using the integral definition.

Answer

f@) = 4tu(t) F(s) = LUF@®)} = [, f(t).e™ dt
L =4 .e~St d
{t} fo t.e t

b b
fudvzuv—jvdu
a a

u:
du
E—l
du =dt

a —S
e—St e—St e—St
:f dt = = >
—S —S.—S S
—st e st o
=4t g + 2| 0
e_s(oo) e_s(oo) e—S(O) e—S(O)
=4 (o + — (0 +
[()_S Sz] O —+—
1
:45—2



\ > '
A'/.,:.
2.1.2 Table

Questionl

Determine the Laplace Transform of the following function

t
f(t)= 0.255in(\/0.25)t +4t%e 2 by using Laplace Transform table.

Answer:

t
f (t) =0.25sin +/0.25t + 4t3e 3

t
F(s)=0.25 L™ &in+/0.25t(+ 4 L™ {t3e3}

1 0.25 3
F)= 4{(5—0.5)2 +(J0-25)2}4 s+’
3

Question2

Determine the Laplace Transform of the following functions by using the table of Laplace
Transform.

t
f(t) =0.25sin(/0.25 )t + 4t% °

Answer:

t
f (t) = 0.25sin +/0.25t + 4t% °

t% 3

F(s)=0.25 ;1 §in0.25t, , L_l{ }

25[ J0.25 } +4 3

(s-0.5)* +(~/0.25)° 1.
F(s)= (5+3)
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1

8 N 24
(s—0.5)% +(+/0.25)? (S+1)4
3

{ 0.125 } 24
(s—0.5)% +(~/0.25)? (S+1)4
3

Question 3

Determine the Laplace Transform of the following functions by using the table of Laplace
Transform.

f (t) =9sin %t +0.3e77t°

Answer:
1 sty 3
f (t) =9sin §t +0.3e77't

F(s) =9 i {sin §t} 103, {efsttB}

1
a I
of 9 liogd 2
(s+5)™"

_81s"+1 | (s+5)
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1 1.8
F(S):sz +(1JZJ{(S+5)4}
9
F(s) = 1 , 18 :
(81s°+1) (s+b5)
Question 4

Determine the Laplace Transform of the following functions by using the table of Laplace
Transform.

f (t) = e (4cos5t +3sin5t)

Answer:

F(s) = L{x(D)}

L{e?(4cos5t + 3sin5t)} = 4L{e * cos5t} + 3L{e *‘sin5t}

(s+2) 5
:4((s+2)2+52>+3((s+2)2+52)

_ 4(s+2) N 15
T (s+2)2425 (s+2)2+25
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Questionl

Determine the Laplace Transform of the following function f (t) = 3sin5t —2cosh 3t , by using
the linearity theorem.

Answer :
f (t) = 3sin5t —2cosh 3t

F(s) = 3¢ {sin5t} — 2 {cosh 5t}

5 S
- 3{ RV I

2s
s? +25 529

F(s) =

Question2

Determine the Laplace Transform of the following function f (t) = 5(t) + 2u(t) —3e™ by using
the linearity property theorem.

Answer :

f(t) =5(t) +2u(t) —3e™

F(s)= £ {5} +207 u@)}-3c7 )
2 3
PO =152
s’ +s+4
s(s+2)

F(s) =
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Question3

f)=0- g™ )2, using linearity property theorem.
Answer:
f(t)=(1—e")
_@-e?)@a-e®)
=@1-2e"" +e™)

F(S): L {1}- 2 L {e*S‘}+ L {e—lot}

F)=t-—2 , 1
s (s+5) (s+10)

Question 4

Determine the Laplace Transform of the following function
1
f(t) = 2t% 9% —10e? sin /5t
by using Linearity Property Theorem.

Answer:
L
f(t) =2t% " —10e? sin /5t

1
F(s)=2L{%e ™ |-10 L{eZ‘ sin ﬁt}

L}m
(s+0.5)** (5—1J2 +(\/§)2

F(s)= 2{

F(s)
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Question 5

Determine the Laplace Transform of the following function
f(t)=0.3t"e " ée 02 cosht

by using Linearity Property Theorem.

Answer:

f(t) =0.3t%e > éeo'z‘cosht
F(s) = 0.3C(t% °2t)+%§(e°'2‘ cosht)

a1 (s+0.2)
F(s) = 03{( 02)“”}3[(“0.2)2—(1)2}

72 (s+0.2)
FO=Gr027 3(s+0.2)" +1]

Question 6
Determine the Laplace Transform of the following function

f (t) =e 2 (5c0s/2t —3sint)
by using Linearity Property Theorem.

Answer:

f (t) =e 2 (5c0s/2t —3sint)

f (t) = e (5cos+/2t —3sint)
f (t) =5e % cos/2t —3e ¥ sint)

f(t)=5¢ [e‘” cos \/Et] —3§[e‘2t sin t]
B (s+2) B 1
fo _5{(s+2)2 +(\/§)2} 3{(5—1—2)2 +12}

(- 56+2 3
(5+2)2+(2)? (s+2)°+71°
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Question 1

Determine the Laplace Transform of the following function f (t) = 2sin3tsinh 7t by using the

First Shift Theorem.
Answer :

f (t) = 2sin3tsinh 7t

According to Hyperbolic function :

sinhx = %(eX —e‘x)
Then :
sinh 7t = %(e7t —e‘")
by writing :

2sin3tsinh 7t = sinh 7t f(t)
Where :

f(t) =sin3t
F(s) = ¢{sin3t}=

s® +3?

by using the First Shift Theorem :
H H 1 Tt —7t
¢{2sin3tsinh 7t}:§(e —e T )E(t)

! 3 3
20 (s=7)?+3" (s+7)°+3°

3 3
(s-=7)?>+3° (s+7)*+3°
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Question 2

Solve the following Laplace Transform function f (t) = %ea cos 6t , using first shift Theorem

Answer :
1
ft)= Ee cos 6t

We know that £ {cos 6t} = %
(s”+67)

With s replaced by (s +3)

f(t) :%e‘3t cos 6t :% L {e’3t cos 6t}
1] (s+3)
2| (s+3)° +6°
—_ S+3
2s® +12s+90
Question 3

Determine the Laplace Transform of the following functions
f (t) = 2cos 4t cosh 3t
by using First Shift Theorem.

Answer:
f (t) =2cos 4t cosh 3t

F(s) = ¢ {2c0s 4t cosh3t}

According to Hyperbolic function :

cosh x :%(eX +e’x)
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Then :
cosh3t = %(es" +e )

by writing :
2cos4tcosh 3t = 2cosh 3t f (t)
Where :
f (t) = cos 4t

F(s) = ¢ {cos 4t}
s
VL

by using the First Shift Theorem :

2¢ {cos 4t cosh 3t}=% (e3t +e ™ )f (t)

_21 (s=3)  (s+3)
120 (s-3)% +4%  (s+3)2+47

(s-3 (s+3)

T (-3 447 (543 +4

Question 4

Determine the Laplace Transform of the following functions
f (t) =0.5sin 2t cosh 6t
by using First Shift Theorem.

Answer:
f (t) = 0.5sin 2t cosh 6t

F(s) = £{0.5sin 2t cosh 6t}
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According to Hyperbolic function :

cosh x :%(eX +e’x)

Then :

cosh 6t = %(e6t +e )
by writing :

0.5sin 2t cosh6t = 0.5cosh 6t f(t)
Where :

f(t) =sin2t

F(s) = ¢ {cos2t}
2
2422

by using the First Shift Theorem :

0.5¢ {cos 2t cosh 6t}:% (eGt +e )f (t)

20'5{3( 22 2 22 2)}
2\ (s—=6)"+2° (s+6)°+2

it 1
2| (s-6)°+4 (s+6)°+4
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Question 5

Determine the Laplace Transform of the following functions

f(t)= %cost cosh ot

by using First Shift Theorem.

Answer:

f(t)= %cost cosh ot

F(s)=¢ {% cost cosh Qt}
According to Hyperbolic function :

cosh x :%(eX +e‘x)

Then :
cosh ot = 1(egt +e™*)
2
by writing :
1 1
—cost cosh9t = =cosh ot f(t)
4 4
Where :
f (t) = cost
F(s) = ¢ {cost}
s
s% 4+1°

by using the First Shift Theorem :

%{{cost cosh 9t}:%(e9t +679t) (1)
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1
| 2

o

(s-9)

(s+9)

(s—9)* +1°

(s-9)

(s+6)° +1°

(s—9)* +1°

(s+9) j

(s+6)* +1°

|
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Question 1
For the following functions, determine the Laplace Transform For f (t) =t®sinat using
frequency differentiation.

Answer:
f(t)=t*sinat

We know that £ {sinat} :[L}

(s* +a%)
a
L tesinat; = (-1) —| ———
{ } = )ds((s +a)J
du dVv
7_U7
U_"dt —dt
V V2
V =s%+a?
Vo
ds
U=a
w_,
ds

_( ) (7420 ~a(2s)
(s* +a%)?

—2as
Ve

_ 2as
(s* +a%)?
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Question 2

For f(t) =cos3t using the integral definition.

Answer :

1. . .
cos 3t = E(eﬁt + e_13t)

L{cos 3t} = %[L(elét) +L(e—f3t)]
1 1 1

_2(s—j3+s+j3)

_1(s+j3+(s—j3))
2\ (s —j3)(s+/3
_ S

52432
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Question 1

Determine the following Inverse Laplace Transform function F(s), in the form of parctial fraction

and then determine inverse laplace for following function.

2

F(s) = S +6s+62

(s+1)(s+2)

Answer:
2
F(s) = S +65+62
(s+D(s+2)
$%°+65+6 = A B c

+ +
(s+1) (s+2) (s+2)

$?4+65+6=A(s+2)* +B(s+1)(s+2)+C(s +1)

Gantikan s=-1,
(-1)2+6(-1) +6 = A(-1+2)?
A=1

Gantikan S=-2,
(-2)%46(-2) +6=C(-2+1)
c="2_7
1

Gantikan s=0,
(0)*+6(0) +6=12(0+2)+B(O0+1)(0+2)+2(0+1)
6—6

B=—"=0
2

s’ +65+6 1 2

(s+D(s+2)? (5+1) " (s+2)°
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a1 [ 2
F) =4 {(s+1)}+£ {(s+2)2

f(t)y=e'+2te™

Question 2

s?+12

Fis)= s(s+2)(s +3)

Answer:

s?+12

Fs) = s(s +2)(s +3)

s? +12 _é+ B N C
s(s+2)(s+3) s s+2 (s+3)

A=SF(s) . sz
s=0 (s+2)(s+3)
s* +12
B=(s+2)F(s)S:_2: s(s+3)|s=
s?+12
C=6TIFE) _ 5= s(s+2)s=

s? +12 2 8

|

Y
s=0 (2@
_ 4412

—2 -2
_ 9+12

-3 (-3)(-1)

7

s(s+2)(s+3) - s s+2 (s+3

f(t)= £ {3} gL1 {i} L
S S+2

f(t)=2-8* +7e™*

1
(s+3)



Question 3

Use the method of partial fractions to find the given inverse laplace transforms.

L‘l{ s+3 }
s2+4s—-5

Answer:

We can factor the denominator to obtain
s?+4s—-5=(s—1)(s+5)

The partial fractions decomposition is of the form

s+3 4 B
(s—l)(s+5)_(s—1)+(s+5)

Using the cover-up method we obtain A and B as follows

_ s+3 2
C(s—=1D(s+5)|s=1 3
B = s+3 1
(=D +5|[s=-5 3
e - e )
s24+4s—-5) 3 (s—=1)) 3 (s+5)
2 1
_ %t~ -5t
3¢ +3e

Question 4

Use the method of partial fractions to find the given inverse laplace transforms.

1 { s+1 }
(2s—D(s+2)
Answer:
The partial fractions decomposition is of the form

s+1 _ A B
(25—1)(s+2)_(25—1)+(s+2)
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Using the cover-up method we obtain A and B as follows

_ s+1 _3
“2s—-1(s+2) s:%_s
B = s+1 _1
S (2s—1D(s+2)[s=-2 5

L {(25 —51;(1, T 2)} - %L_l : (" %L_l {(s i 2)}

Question 5

Write the function in the form of partial fractions and then construct the Laplace Laplace
Inverse for the functions.

6s® +8s+3
F(S)=————
S(s” +2s+5)

Answer:

6s” +8s+3
F(S)=—F——
S(s“ +2s+5)

6s’+8s+3 A Bs+c

- - = e —
S(s°+2s+5) s s*+2s+5

65 +85+3=A(s* +2s+5)+Bs*+Cs

Constant



We equate coefficients :

2

S : 6=A+B
S : 8=2A+C

A=
Gantikan 5 dalam persamaan 1
6=A+B
B=6-> =2

5 5

A=
Gantikan 5 dalam persamaan 2
8=2A+C
C-g- 2@ _

5 5

2 £S+%
6s°+8s+3 3 5 5

s(s?+25+5) 5s (s+1)%+2?

ot 7, e
f(t)= p-1 [5s) .5 p-1 ((s+D)°+2°

f(t) :g—%et cosZt+1e’t sin 2t

|

!
+10 01

|

2

(s+1)%+2°

|
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/ 2.2.2 Completmg the square
VN U X7 V-2 5o

Question 1

Convert following expression function F(s) in the form of partial fractions and then determine
their Inverse Laplace.

F(s) = s—2

s?-2s5+5
Answer :

By completing the square, we get

Formula: s?+2s+5
x*+bx+c=0 5 2\? 2\
x +2x+(—) =—5+(—)
x? +bx = —c 2 2
2 (s+1)?%+4

) b\? b
X +bx+(§) =—C+(§) s242s+5=(s+1)2+4

s—2  (s+1)-3
s2+25s+5 (s+1)2+4

s+1)-3  (s+1) 3
s+1)%+4 (s+1)%+4 (s+1)?%+4

( G+D 3 2
=L 1{(s+1)2+22}_§L 1{(s+1)2+22}

_t 3 _t .
=e cosZt—Ee sin 2t
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Question 2

By using completing the square, value the Inverse Laplace following expression function,

1

FGS)=—5———
®) s —4s+7

Completing the Square:

s2—4s+7

4\? 4\?
ey 7ol
X X + > >
(s—2)?%+3

s2+2s+5=(s—2)2+3

1 B 1
s2—4s+7 (s—2)2+3

— LL—l {L}
V3 (s—2)2+3
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Question 3

By using completing the square and partial fractions, value the Inverse Laplace following
expression function,

2
F(s) = S +233+5
(s—2)(s"+8s+22)

Answer:

2
E(s) = S +23s+5

(s—2)(s"+8s+22)

Method 1:

s?+3s+5 A Bs +C

(5-2)(s’185+22) s—2 s +8s+22

s +3s+5=A(s* +85+22) +(Bs+C)(s—2)

S +3s+5=A(s*+85+22)+B(s* —25) +C(s - 2)
We equate coefficients :

2 : 1=A+B

S : 3=8A-2B+C
Constant : 5=22A-2C

S

o
I
o~ Ow g N
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Method 2: Kaedah gantian
$°+3s+5=A(s* +85+22)+(s—2)(Bs+C)

Gantikan s= 2

$°+3s+5=A(s* +85+22) +(s—2)(Bs+C)
(2)? +3(2) +5= A((2)*+8(2) + 22)
9-12+5=A(9-6+2)

2= A(5)

A=
5

Gantikan s=0
S*+4s+5=A(s*+2s+2)+(s+3)(Bs+C)

(0)* +4(0) +5= %((0)2+2(O) +2)+(0+3)(B(0)+C)

4
5=—+3(C
c +3(C)

sc-5-2
5

3C:£'><1
5 3

c-1
S)

Gantikan s=1

$°+45+5=A(s*+25+2)+(s+3)(Bs+C)

D> +40)+5= % (D*+2(D) +2) + 1+ 3)(BQ) + g)
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2 7
14+5:§(1+2+2)+(B+§J(4)

4B:10—2—§
5
B:Exl
5 4
B>
5
2
F(s) $°+3s+5

T (5-2)(s2+85+22)

2 35 7
$+45+5 5 55
(s+3)(s°+2s+2) s+3 s*+25+2

Using completing the square:

(o3 (3
(23] (3

(s+1)?=-1

(s+1)?*+1=0

_ 04  06s+14
s+3 (s+1)°+1

04  06(s+1)+08
s+3  (s+1)%*+1

04 0.6(s+1) 0.8
= + +
s+3 (s+1D*+1 (s+D*+1




0.4 {0.6(s+1)} { 0.8 }
ft)= ;-1 {m} ep-t L6+DP+1) oo [(5+D)7+1

f(t)=0.4e* +0.6e ' cost+0.8e " sint

Question 4

By using completing the square and partial fractions, value the Inverse Laplace following
expression function,

652 +8s+3

Fi)= s(s® +2s +5)

Answer:

6s? +8s+3

Fls)= s(s® +2s+5)

6s+8s+3 A Bs+C

- = NI —
s(s°+2s+5) s s*+2s+5

Method 2: Kaedah gentian

6s” +8s+3= A(s* +25+5) +(Bs+C)(s)

Gantikans=0
6s” +85+3=A(s* +25+5) +(Bs+C)(s)
6(0)* +8(0) +3 = A((0)* +2(0) +5) + (B(0) + C)(0)

3=A(5)
PR
5

76



Gantikan s=1
6s” +85+3 = A(s* +25+5) +(Bs+C)(s)
6af+&D+3=gwf+2m+5w«mn+cxn

17:2—;'+B+C

B+C:6—1
5

Gantikan s=-1
65> +8s+3= A(s* +25+5) +(Bs+C)(s)

6(-1)°+8(-1)+3= g (<)% +2(-1) +5) +(B(-1) +C)(-))

1-2.8c
5
B—C=—'
5

Persamaan serentak

B+C=6—1
5
B-C=—
5
a2 o 3
5 5

6s’+8s+3 A  Bs+C

s(s?+25+5) s S2+25+5

3 27S 34
6§+8s+3__5+‘§’+1§
s(s°+2s+5) s s°+2s+5
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Using completing the square:

(3] -
2] o (3

(s+4)* +2°

27 7
—(s+)+—
3 ¢ D+

+—
5s  (s+1)?*+2°

7

27
—(s+1
5( ) 5

+ +
5s  (s+1?+2* (s+1)>+2°

27
i €(3+1)

7

5

+
5s  (s+1)*+2°

27
i €(5+1)

+—
5s  (s+1)*+2?

’
= +§X 2
2

27
—(s+1
- (5+1)

{i} (s+1)% + 22
f()= p1 15s) 4 1

f(t) =§+ze‘l c032t+1e‘t sin 2t
5 5 10

(s+1)°+2°

2

(s+1)°+2° )

+L~

’
;10

|

2

(s+1)?+2°

|
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Question 1

Determine the first derivative time domain equation below by using the Laplace Transform :
+4v(t) +SI vdt = 4e ™

given at v(0) =1,

Answer :

S —

Dimana

[V (s)— v(O)]+4[V(s)]+8[ (S)} e

8
[SV (S) —1] +4V (S) + gv (S) = m

V(s)

V(s)

s+4+§}=i+1
s| s+2

(s +45+8| 4+5+2
S S+2

s+6 S
s+2 s°+4s5+8

B s’ +6s
(s+2)(s* +4s+8)

s? +6s A

dv(t)

4

Bs+C

(s+2)(s* +4s+8)

+ 2
S+2 S°+4s+8

79



s° +65 = A(s” +4s+8)+(Bs+C)(s+2)

Gantikan s=-2,
s*+6s=A(s*+4s+8)+(Bs+C)(s+2)
(-2)? +6(-2) = A(-2)* +4(-2) +8)

A=-2
s?: 1=A+B
S 6=4A+2B+C
pekali : 0=8A+2C
Gantikan A= -2, dalam persamaan s?
1=A+B
1=-2+B
B=1+2
B=3
Gantikan A =—2, dalam persamaan pekali
0=8A+2C
0=8(-2)+2C
2C =16
C=8
s® +6s -2 35+8

= +
(s+2)(s°+4s+8) s+2 s*+4s+8

Melengkapkan kuasa dua

s3] =3
S+—| +c—| =
2 2
e
2 2
(s+2)?*+8-4
(s+2)*+4
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3s+8 2

V(s)= —
) (s+2)2+2% s+2

3(s+2)+2 2
(s+2)2+2% s+2

S B G N S (R S WYY (i 5
o522 el

R R ERREY

v(t) =3e* cos2t+e *sin2t—2e™

V(s) =

Question 2

Transform the first derivative and second derivative time domain equation below by using the
Laplace Transform:

dy

Y ay(t)+3[ y(z)dr =6e
Y | y(r)dz =

givenatt=0,x=-1

Answer:

i. 3—¥+4y(t)+3_[; y(r)dr =6e* givenatt=0,x=-1

L {%} +4L {y(t)}+3 L {J.(: y(r)dz}=6L {e’Zt}

Dimana

6

[5Y(5) - y(O)]+ 4Y () + 2 (5) =——
S S+2

sY(s)+1+ 4Y(s)+§Y(s) :L

S S+2

sY(s)+4Y(s)+§Y(s) :i—l
S S+2



Y(s)_s+4+§}zi—(s+z)
s| s+2 (s+2)

Y (s)

S 542
B s(4-5)
T (s+D(s+2)(s+3)

_sz+4s+3}_ 4-s

Y (s)

A N B N C
(s+1) (s+2) (s+3

s(4-5s) =

S(4-s5)=A(s+2)(s+3)+B(s+D(s+3)+C(s+D(s+2)

Gantikan s=-1,

D@ -(-D)=A-1+2)(-1+3)
-5

T2

A

Gantikan S =-2,
(-2)(4-(-2)=B(-2+D(-2+3)
B=;%§=16

Gantikan s=-3,
(-3)(4—-(3) =C(3+1(-3+2)

c_—-2
2
s(4-5) =5 N 16 21
(s+D)(s+2)(s+3) 2(s+1) (s+2) 2(s+3)
2s+1 5 3

512)(5+3) (543 (5+2)

_r-1 -5 -1 16 -1 21
o)=L {2(3+1)}+L {(s+2)} £ {2(s+3)}

f(t)=—25e" +16e > —10.5¢™™
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Question 3

The following is an analysis of the second-order differential equations. Analysis of the second-
order differential equations Transform second derivative time domain equation below by using

the Laplace Transform:

d’i) , , dL(tt) +5i(t) = 2¢

dt?
given at 1(0) =1, m =2
Answer:
d%i(t di(t .
L {—d:E )} +aL {%} +5 L {i(t)}=2 L)
Dimana

2 i(0)—i i _o 1
[s21(s) — si(0) =" (0) |+ 4[s1 (s) —i(0)]+ 51 (s) = 2L+2}

[s21(s) —s(D) — ()] +4[s1 (s) — )] +51 () = é

52I(s)—s—2+4sl(s)—4+5|(s):é

2
1(s)| s°+4s+5|=———+5+2+4
()[ ] S+2
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2
I(s)|s°+4s+5|=——+5+6
()[ ] s+2

2  s+6
S+2 1
_ 2, (s+6)X(s+2)
S+2 1 (s+2)
_2+(s+6)(s+2)
- S4+2
_ 2+57+8s5+12
S+2
_ s°+8s+14
S+2
s? +8s+14
1(s) = S+2
(s) s?+4s5+5
_s'+8s+14 1
S+2 s’ +4s+5
_ s°+8s+14
(s+2)(s*+4s+5)
s? +8s+14 A Bs+C
I(s)=

(s+2)(s.2 +4s+5) " (5+2) i (s? +45+5)
s? +85+14 = (A)(s? + 45 +5) + (Bs + C)(s+2)
Gantikan s=-1,

s? +85+14 = (A)(s? + 45 +5) + (Bs +C)(s+2)
(=2)* +8(-2) +14 = (A)((-2)* + 4(—2) +5)

2=AQ)
A=2

Gantikan s=0,
s +8s+14 = (A)(s® +45+5) +(Bs+C)(s+2)

(0)? +8(0) +14 = (A)((0)* +4(0) +5) +(B(0) +C)(0+2)
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14=5A+2C
14=5(2)+2C
2C =14-10

C==-=2

N

Gantikan s=1,
s? +8s+14 = (A)(s® +45+5)+(Bs+C)(s+2)
@7 +81) +14 = (A((D)* +4(1) +5)+(B(1) +C)(1+2)

1+8+14=A(10)+(B+C)3

3B=23-20-6
B-—3_1
3
1(s) = s?+8s+14 2 L (5+2)
(s+2)(s’+4s+5) (s+2) (s*+4s+5)
1(s) = 485414 2 (s-2)
(s+2)(sz+4s+5) (s+2) (s*+45+5)
1(s) = 485414 2 (s+2)-4
(s+2)(52+4s+5) (s+2) (s+2)2+1%)
1(s) = s*+8s+14 2 (s+2) 4

Gunakan kaedah melengkapkan kuasa dua

(4]

s?+4s+5 ==> a=1 b=4, c=5

4] o4

(s+2)* +5-4
(s+2) +1

(s+2)(s°+4s+5) (5+2) (5+27+F) (s+2+1)
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Taking the inverse laplace transform:

o=t 2| 1) (42) | q) 4
=1L {s+2} £ {(s+2)2+12} £ {(s+2)2+12}

i(t)=2e* —e? cost —4e ' sint

Question 4

The following is an analysis of the second-order differential equations. Analysis of the second-
order differential equations Transform second derivative time domain equation below by using the

Laplace Transform:

i@, , d;(tt) +5i(t) = 26

dt?
i oo 910 _
given at i(0) =0, ot 2
Answer:
d it di(t . ”

L {#ﬁ)} +4L {%} +5 L {i()}=2 L™}

Dimana
2 (0 i i 1
[s21(s) — si(0) = i"(0) |+ 4[s1 (s) —i(0)]+ 51 (s) = 2L+2}

[5°1(5) ~5(0) - )]+ 4[s1(5) - O] +51(5) =

S21(s)— 2+ 4sl (s) +51(s) = —2—
S+2
2

I(s)[s2 +4s+5]—2 =512

|(s)[s2+4s+5]=ST22+2
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2+25+4

®) s +4s5+5

23+6>< 1
s+2 s’>+4s+5

I1(s) =

25+6
I1(s) = 5
(s+2)(s” +4s+5)
I(s) 25+6 A Bs+C

T (5+2)(s2+45+5) (5+2) (s’ +4s+5)

2s+6=(A)(s* +4s+5)+(Bs+C)(s+2)

Gantikan S =-2,
2s+6=(A)(S* +45+5)+(Bs+C)(s+2)
2(-2) +6 = (A((-2)* +4(-2) +5)

A=2

Gantikan s=0,
2s+6=(A)(s* +4s+5)+(Bs+C)(s+2)
2(0) +6 = (A)((0)* + 4(0) +5) + (B(0) + C)((0) + 2)

6-10=2B

Gantikan s=1,
2s+6=(A)(S* +4s+5)+(Bs+C)(s+2)

2(1) +6=(2)(()* + 4D +5) + (-2 +CYHD +2)
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8=20-6+3C

3C=8-20+6
C=-2
25+6 2 25—2

1(s) = (5+2)(s? + 45 +5) B (s+2)_(52+4s+5)

Gunakan kaedah melengkapkan kuasa dua
b\’ b\’
S+—| +c—| =
2 2
s?+4s+5 ==p> a=1 b=4, c=5

4] (4

(s+2)* +5-4
(s+2)* +1

__ 2 2As+y) 2
T (s+2) (5+2)%+1 (s+2)%+1

1(s)

Taking the inverse laplace transform

_ 2 2(s+2) N 2
T (5+2) (5+2)%+1 (s+2)2+1

1(s)

o1 2 pen) 8% | g 2
i(s)=L {s+2} £ {(s+2)2+1} £ {(5+2)2+1}

i(t) =2e ™ —2e ™ cost +2e* sint



Question 5

The following is an analysis of the second-order differential equations. Analysis of the second-
order differential equations Transform second derivative time domain equation below by using

the Laplace Transform:

d?v
dt

® 5 d‘(;it) +6v(t) =10e™

v _
dat

given at v(0) =2, 4

Answer:

4?2 d
L {dt;’} +5L {d—\t/}+6£: f()}= £ 10e )

Dimana
[s2V (5) - sv(0) — v (0) |+ 5[sV/ (5) —~ v(0) ]+ 6V (5) = Sl_fl
[52V (s) — S(2) — (4)] + 5[sV (s) — (2)] + 6V (s) = Sl_fl
S2V (s) — 25— 4+ 55V (s) ~10 + BV (s) = O
s+1

V(s)[s? +5S+6]:£+25+l4
s+1

2s? +16s + 24

V(s)[s +55+6|= (5+1)

2s? +16s + 24
(s+1)
s2+55+6

V(s) =

2s% +16s + 24 y 1
(s+1) s*+5s+6

V(s) =

V(s) = 2(s+6)(s+2)
(s+D(s+2)(s+3)

V(s) — M
(s+D(s+3)
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2(s+6) A N B
(s+D)(s+3) s+1 s+3

2(s+6)=(A)(s+3)+(B)(s+1)

Gantikan s=-1,
2(-1+6)=A(-1+3)
A=5

Gantikan s=-3
2(-3+6)=B(-3+1)
c-2 __3
2

Gantikan s=0,
(0)*+6(0) +6=12(0+2) +B(0+1)(0+2)+2(0+1)
B=2"%_p
2
2(s+6) _ 5 3
(s+D)(s+3) s+1 s+3

1) 5 1) 3
Fo) =4 {(s+1)} L {s+3}

f(t)=5"-3te™
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Question 1

Diagram 1, shows the connections of several electronic components. By using Mesh Analysis,

evaluate the circuit to fine the current i(t), using Laplace Transform. Assuming zero initial

condition.
f “
4 -
m
y IH
+ +
@ 1V g?ﬁ 4e7%¢ @
L
Diagram 1
Answer:
1
==
Cili=7
C{IH)=sL=s
1 1 1 1 4 4
¢ 4 } sC (1 s “s7s
4 4
4
472( -
g”{ ° } S+2
Loop 1
(Lz)ul_(z)lz:l
Loop 2
—(2)1 +(s+2)|2:_—4
' sS+2

Persamaan serentak

91



we use Maxwell’s equation to get current I1 and I

1
s

252+4 2 M, )
L,| | -4

-2 S+2 -
S+2

2s+4
A= 2
-2 S+2

:(2“4)(“2)—(—2)(—2)

-2

_(2s+4)(s+2) _
s

A 4

2
A:w_[“ﬂ

s
_ 25°+8s+4-4s
S

_2(s*+2s+4)
s

A

Nilai Al,

2s+4 1
S S

Al,

I
7\
N
w
@ |+
I
N
7\
1
+

S
N—
I

I

N
A
7\
w |
N
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Al,

6

l,=—5———r
2 2(s*+25+4)

s
6 S
__X—
s 2(s*+2s+4)
B -3
(s* +2s+4)

Gunakan kaedah melengkapkan kuasa dua

2 2
el
2 2
s?+2s+4 ==> a=1 b=2, c=4
2 2
R
2 2
(s+1)" +4-1
(s+1)2+3

i, (t) = —/3e ' sin</3t Amp
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Question 2

Diagram 2, shows the connections of several electronic components. By using Mesh Analysis,

evaluate the circuit to fine the current i(t), using Laplace Transform. Assuming zero initial
condition.

v i

VMV NN

10 40
=

10V(1) GED L;%%&f?

Diagram 2
Answer:
10
£10f= 5
CH}=sL=s

Loop 2

3 a5+ 3, =0
4 4

Persamaan serentak

(£
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efezho

we use Maxwell’s equation to get current Iz, l2and I,

4+5s S

R AL
4 4 [ﬂz ?
_E 4+§ |2 0
4 4
4+s s
4 4
A=
_i 4+§

(s
4 4 4\ 4
_ 64+20s+16s+5s° s?

A -2
16 16

Ao 4s® +365+64  4(s® +9s+16)
16 16

s +9s5+16
4

A

Nilai Al,

A|2= 4 S
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|, = 2
2 s?249s5+16
4
5 4

=—x

| -
2 2 s?4+9s+16

- 10
> s249s+16

Gunakan kaedah melengkapkan kuasa dua

4 <y

s?+95s+16 ==> a=1 b=9, c=16

2) 4
- 10
? ( 9]2 17
S+—| +=
2) 4
i, (t) =10¢ ! a
{( 9)2 ( 17] J
S+— | +| .
2 4
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=10

=10x

2 1
\/1—75

9
1, (t) zﬂe 2 sinh

17

Question 3

Diagram 3, shows the connections of several electronic components. By using Mesh Analysis,
evaluate the circuit to fine the voltage Vo(t), using Laplace Transform. Assuming zero initial

condition.

Answer:

9

0 30
’ "M ’ M
+ .2 P’ .
rll "\ 5 . 5
v L] ]
~) HiE ;
I
." ‘l.'-I
= L
L »

—tA
2

— NN, .

1
uft) @ C =§F p—

R; =1IQ

R; =5Q

Diagram 3
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Loop 2

0=—I1(§j+ Iz(s+5+§j
S S

Jadikan I tajuk rumus pada loop 2

Yol
()l
e )
R
e 0)

1_, {s +8s2 +18$}
2

1

2_5 s3 +8$ +18s
3

- s(s? +8s+18)

Dapatkan nilai Vo(s)
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Vo(s) =1, xs
3
1= 777 an Ao <3
s(s® +8s+18)
B 3
s’ +8s+18

Gunakan kaedah melengkapkan kuasa dua

Gantikan I dalam persamaan |2

b’ b’
S+—| +c—| =
(3] v (3
s?+85+18 == a=1 b=8, c=18
2 2
(s+§j +18—(§J
2 2
(s+4)* +18-16

(s+4) +2

A Y

V,(t) = ie’4t sin~/2tv

J2



Chapter 3

3.0 Fourier Series

3.1 Trigonometric Fourier Series

3.2 Fourier series odd and even functions

3.5 The Fourier sine and cosine series for odd and
even functions

3.6 Fourier half range of sine and cosine series
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Question 1

Diagram 1, shows the square wave. Evaluate the Trigonometric Fourier Series expansion of the

waveform to find coefficients of a,, a, and by,

ftt) 4

Diagram 1

Answer:

The function is described:

2 O<t<1l
F(t) = )
0 1<t<?2

Since T =2, a)0=2_”=2_”:
T 2

Coefficients of a,,a, and b,.

1 e7
ao=?j0 f(t) dt

=%U012 dt+j120 dt}

=%2t|g

v
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1
- E[2(1)—2(0)]

1
==[(2-0
[2-0]
=1
Nilai an

2 (T
a, = ?L f (t) cos na,t dt

zg[fzcosnnHW}
2170 !

- J: 2cosnszt dt 4

1
=isin nm‘o N 2n

Nz

—2 sin nz(l) ~ 2 sin nz(0)
nz nz

2 . 2 .
=—sInnz——sIinnz

Nz Nz
:i(O)_i(O) I sin ax dx = lcosm‘ + C
nz nz J e
=0 I cos ax dx "ls'mm' + C
J a
Nilai by

2 (T .
b, = ?L f (t)sin na,t dt

- ;[Zsin nzt dt M

_ g[flzsin nzt dt}
5[ Jo A

= 2[ sinnat dt1 /\ / N
AUA

2
=——cCosnst
Nz

T

__2 [cosnzz(1) —cosnz(0)]
nz

[(-D)-1]

__2
Nz
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4

4 -
=—|(-D)"-1|={nz’
nﬂ[ } (;T n =even

n=odd

Question 2

Diagram 1, shows the square wave. Evaluate the Trigonometric Fourier Series expansion of the

waveform to find coefficients of a,, a, and by

ﬁr) A

L

-1 0 1 2 3

Diagram 1

Answer:

The function is described :

0 O<t<1
f(t)=
(t) {4

1<t<?2
Since T =2, a)0=2—7r=2—”=
T 2

Coefficients of a,,a, and b,.

1 et
aO:?L f(t) dt

=%U010 dt+f4 dt}

:%4t‘f
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1
= 5[4(2) —4(1)]

23[8—4] ‘ sin ax dx = lccr:f.a.‘( +C
2 / a

=2

1
| cos ax dx ";s'mm' + C
Nilai an

2 (T
a, = F.[o f (t) cos naw,t dt

) 2
=—|0co tdt+j 4cosnrt dt}
2 1

2
- L 4cosnzt dt A

:isin nst

nr 2n

= isin nz(2) —isin nz(2)
nz nz

=isin n;z—isin n0

nz nrz
1 1
-=(0)-—()
nz Nz
=0
Nilai by

2 (T .
b, = ?L f (t)sin na,t dt

= %[Osin nzt dt w

= g[_|'24sin nst dt}
211 A

= 4j14sin nzt dt2 / \ /

=——cosnxt
Nz

v

= —{i cosnz(2) - 4 Ccos n;z(l)}
nz nz
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8
]
0, n =even

n=odd
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Question 3

Diagram A2 (c) shows the waves in an even symmetry. Evaluate the Fourier coefficients series
of the wave.

fw,
i

L4

Diagram A2 (c)
Answer :

The function is described as :

1 O<t<
f(t) = <t<nx
-2 T<t<2r

_2_7r_27z

Siner T=2n L _5

=1

Value a
a, = % [ f ot
_ %[ [t [ (—2)dt}
- WG -]
1

-2 [z -0]-[2(27) - 2]}

=i[7z—47z+27r]
27
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Value an :

2(" § d
a, =7 IO (t) cos(mnt)dt

- % U: cos(nt)dt + f:ﬂ cos(nt)dt}

_1]fsin nt|z Jsin nt 27
P n |0 n T

= %[sin 7 —sin(0)] - 2[sin 2 7 —sin 7]

=0
Value by :

2 T .
b, =~ jo f (t)sin(e, nt)dt

_2Z [ sin(ntydt + [ (- 2)sin(nt)dt
27[ 0 n

_1 H— 1 cos(nt)} " F cos(nt)} 2”}
V4 n 0 |n V4

_ ni - cos(nz) + cos(0)] - 2[- cos(x) - cos(27)]}
T

— - {u+1]-2l-1-1)
_ 6

nrz

S = odd(ganiil)
b Nz

n

0, n = even(genap)

1 &6 .
f(t :——+§—sm nt , n=odd
® 2 Tinrx
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Question 4
By referring to Figure 10:

1) Write an analytical equation for the waveform {03

i) Calculate the Fourier Series coefficients o

f 80,8, andb,.

Answer

f@)
2
-5 4 -3 -2 -1 lo 1 2 3 T
Figure 10
The function is described :
2(1-1), O<t<l
£(1) = @a-t) <t<
0, I<t<?

Since T =4,
2t 7«
0)0:—:—
T 2
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Since T =4,
2 (172
a0=?j0 f (t) dt

2 ¢l
=% jo 2(1—t)dt
2 1
{3
2 0

A @ | O
-0-ZHo-Z

=0.5

Since T =4,

4 ¢7/)2
a,=— jo f (t) cos(w,nt)dt

4 1 nzt
= ZJ.O 2(1—t) COS(Tjdt

2 (T .
b, = ?jo f (t)sin na,t dt

=0

Fourier Series equation f(0)

1 & 8 Nz nst
f(H)== 1-cos| — |cos| —
® 2*%#{ (2j (2)}
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Question 5

Referring to Figure 2:
1) Write an analytical equation for the waveform (1),
ii)  Calculate the Fourier Series coefficients of o +@» andb,.

iii)  Produce the Fourier Series equation T (t) for N=1t03.

A/
-2 -1 0 1 2 3t
Figure 10

Answer
1) The function is described :

1 O<t<l1

£(t) = <t<
0 l<t<?2

Since T =2, a)0=2_|_—ﬁ:7z

i) Coefficients of 2o & and by

1 et
ao=?j0 f(t) dt

17 et 2
:E[Iol dt+jlo dt}
1
_ 1,
2 ‘O

1
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i)

2 (T
a, = ?J'O f (t) cos naw,t dt

=z[jllcos nzt dt+rOcosn7zt dt}
217 1

1
= isin Nt
nz

1 .
=—sinnz =0
nz

2 (T .
bn:?fo f (t)sin naw,t dt
AN 2 .
:—U 1sin nat dt+f Osinnnt dt}
2170 1

1
=—cosnat
Nz

n

= _i(cos nz-1), cosnz=(-1)
nz

2
1 n — = 0dd
- =p-o]={n "T°
nz 0, n=even

Fourier Series equation f(t)

n=1
“tpony) =2
T T
n=2
1 2 _
-—b-»?] =0
n=3
1 ; 2
:g[l_(_l)] 3z
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1
T

f(t):1+£sin7zt+
2

=5—[1—(—1)5] o

isin 3t +£sin 5t +
3 5z
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% ;
I\ "- 3.2 Fourier series odd and even functlons O

o
.

VI NNNLS S kPR

Question 1
Diagram 2 shows the waves in an odd symmetry. Evaluate the Fourier coefficients series of the
wave.
A f(t)
2 —
\1 | /I\ | vy
2 1 0 1 2 3 t
2+
Diagram 2
Answer :

The function is described as :

f(t)=2t -1<t<1
2r 2w
WO:—z—
T 4
_Z
Since T=4 2
Value ao :

_ j/ f (t)dt :%“0 T/f(t)dt+_[o%f(t)dt}

- %Uoz 2t + [ 2tdt}
AL

:%{[2(0)—2(—2)]—[2(2)—2(0)]}
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Value an :

a = I/ f (t)dt :%U‘)%f(t)duj?f(t)dt}

= 21[ j " cos(nt)dt + j ” (-2) cos(nt)dt}
T L¥0 V4

_1]fsin nt|z Jsin nt 27
7 n |0 n T

= %[sin 7 —sin(0)]-2[sin 2z —sin 7]

=0

Value by :

2 T .
b, =~ jo f (t) sin(w,nt)dt

=2 [ @sin(noydt-+ [ (- 2)sin(rojet

_1 H— 1 cos(nt)} " F cos(nt)} 2”}
V4 n 0 |n V2

_ ni {- cos(nz) + cos(0)] - 2[~ cos() — cos(27) ]}
T

! — {i+1]-2[-1-1]}

n7r

6

nrz
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© , n=odd(ganjil)
nz

b:

n

0, n = even(genap)

1 & 6 .
f(t) =—=+ ) —sin nt , n=odd
® 2 z;nﬂ

Question 2

The signal displayed by a medical device can be approximated by the waveform shown in
Diagram Al (a). Determine the Fourier series representation of the signal.

fv

&

1__

Diagram Al (a)
Answer

The function is described as :

m:yz_yl :1_0 -1
X,—% 1-0
Equation of the line :
y =mx+cC
y=t+0
f(t) =t, -1<t<1
2r 27
Woz—:—
T=2 T 2

=

an=a, =0 ==> This an odd function

¥
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Value by :

b :$ jo%f(t)sin(a)ont)dt

n

A,
_EJ'O tsin(na,t)dt

1.
= ZLtsm(n;zt)dt

__ 2 [sin(nzzt)—nﬁCOS(nﬂt)](l)

nr?

)
n"z

2 [sin (1) —nz(l) cos nﬁ(l)]—
{[sin t(0) —n(0) cos nﬂ'(O)]}

)
= E[cos(nzz)]
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Question 3

Diagram 2 shows the waves in an odd symmetry. Evaluate the Fourier coefficients series of the

wave.
f{ﬂ 3
i
-2r - 0 T 2 EFin 4 t
-+ =
-2
Diagram 2
Answer
The function is described as :
1 O<t<
(1) = i
-2 T<t<2r
2r 27
WO = V= —
T 27
Siner T=2rx =1
Value ao :

1 et
a, = ?jo f (t)dt

_ %[ [+ [ (—2)dt}
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:i[ﬂ'—472'+272']
2r
1
=-= -05
5 @

Value an :

2(" § d
a, =7 IO (t) cos(m,nt)dt

_ %[ [ cos(ntyet + [ (-2) cos(nt)dt}

_L]jsin nt |z _sin nt 27
oz n |0 n T

= %[sin 7 —sin(0)]- 2[sin 2 z —sin 7]

Value by :

2 (T .
b, =~ L f (t)sin(e, nt)dt

_ 21 [ @sin(ntydt + [ (- 2)sin(nt)dt
7T 0 g

= 1 H— 1 cos(nt)} " F cos(nt)} 27[}
Vs n 0 [n T

- ni {[- cos(n) + cos(0)] - 2[- cos(rr) — cos(27) ]}
T

— L fv1)-2-1-1)

6

Nz
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© ,  h=odd(ganjil)
. nz

n

0, n = even(genap)

1 & 6 .
f(t) =—=+ > —sin nt , n=odd
® 2 z;nﬂ

Question 4

Diagram Al (b) shows the waves in an odd symmetry. Evaluate the Fourier coefficients series of
the wave.

7t

1 L

L J

Diagram Al (b)
Answer

The function is described as :

mZY2_y1 :1_0 —
X,—% 1-0
Equation of the line :
y =mx+c
y=t+0

The function is described as :
f(t)=t, O<t<1
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Value ao :

1 et
8 =T jo f (t)dt

:%U:tdt}

Value an :

2 Tf d
a, =?_[0 (t) cos(amynt)dt

AR
= I[J‘Otcos(nt)dt}
t
===> Itcos no,t dt dari rumus
0
¢ 1
—==> jxcosaxdx = —(cos ax +axsinax) +c)
a
0

= #[cos 2nzt —2natsin 2n7zt]7Z
2°n2r? 0

1 ([eos2nz () - 2nz@)sin 2nz(1)]-
~ 4n’z? |[cos 2nz(0) — 2nz(0)sin 2nz(0)]

SRS I

4n?r?

=0
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Value b :
2 (T .
b, == jo f (t) sin(e,nt)dt

2 1 .
:IJ.O t sin(n2xt)dt

t
===> .[tsin No,t dt dari rumus
0
0 1
——=> Ixsin axdx = —(sinax —axcosax) +¢)
a
0

1 . 1
= m[sm(2n7zt) +-2nat cos(2n7zt)]0
1 ([sin2nz() - 2nz (1) cos 2nz(D)]-
~ 4n?z? |[sin 2n7(0) - 2n7z(0) cos 2n(0)]

1
:W[O+2n7z]—[0+0]

1
An’r?

[-2nz]

-1
nrx

f(t) =a,+> (a, cosna,t +b, sinnaw,t)

n=1

1 1&1.
f(t) ==—=> =sin 2mnt
© 2 ﬁnZ;‘n
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Question 5

Diagram A1(c) shows the waves in an even symmetry. Construct the Fourier coefficients series
of the wave.

ft)

Diagram Al(c)
Answer

Gradient :

m=4__o=4
2-1

y =mx+cC
f (t) = 4t + ¢ melalui titik (1,0)
f(t)=4

The function is described :

4—-4, 1<t<?2
f(t)={

4 2<t<3
Since T =6, a)o:2_7z:£
6 3

Coefficients of a,,a, andb,.

1 T
aoz?J‘O f(t) dt

=§Uj(4t—4) dt+ 4 dt}

2
Lo +4(3-2)
3 1

=2
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4 AT 3
a, ==, f(t)cos(na)ot/?,)dt—g[L (4t—8)cos(nat/3) dt + [ 4cos(nat /3) dt]

) nzzt}Z 16{3 )
sin— | +=—| ——sin
1 6

16[ 9 nt 3t . nat 3
=— 0S — +—Sin———
6 | n’z? nz 3 nx
24 2nzr nz
=13 (cos —cos?)

2 (T .
b, =?j0 f (t)sin na,t dt
=0

At t=2,

Fourier Series equation f (t)

f(2) =2+2—‘;r +£[cos4—”j—(
Ve 4 3

f(2)=2+2.432(0.5+0+0.222+....)

f(2)=3.756

3

Nz

nat
3

}\

3
2
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Question 6

Figure 9 shows the waves in an even symmetry. Construct the Fourier coefficients series of the

wave.
f(t) a
F\v/ﬂ N
5 4 3 2 1 0
Answer
Since T =4,
2t 21
° T 4
_r
2

F(t) is an odd function

Since T =4,

2 (112
%:?L f (t)dt

_ %_[:Mdt

1
0

2 4t
=—X

4 2
1
0

=t?

Figure 9

v
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Since T =4,

4 1/)2
a,=— jo f (t) cos(w,nt)dt
:£j14tcos nt dt
47 2
4 (nﬁtj 2t (nﬂtj 1
=4| ——C0S| —— |[+—sIn| ——
n°z 2 nz 2 0
e 1) 2 00001
n“z 2 Nz 2

{ 4 cos( n”(o)j+ gsin [ n;r(O)ﬂ
n’z? 2 nz 2
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Chapter 4

4.0 Two Port Network Parameters

4.1 z-parameters
4.2 y-parameters
4.3 h-parameters
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L~ 7/,;.

1 z-Parameters

X

T \ X4

Question 1

Construct the z parameters for the two-port network shown in Diagram A3(a).

- Tt I .
\

XL =759 Xe=55Q

Ri=10

Diagram A3(a)

Answer:

z, =N 05+, 4 s
Il Il

Z5 \I/_Z —(_J|5+1)|2 =1-j5
2 2
vV, _ (@

Zzl_l_z :I_Il =
1 1

Z, V_l :le =1
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Question 2

Construct the z parameters for the two-port network shown in Diagram 2

Ri=48)

X =j7Q

VMW

0

Answer

V. _(i7-[3+2),

I,

Diagram 2

, =2+ )4
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Question 3

Diagram A3(c) shows a two-port network circuit, evaluate parameters z»1 the circuit using z

parameters of the two-port network as functions of s domain.

A

Ri=10Q

R:=1Q Li=1H

TC}IF —— C2=1IF

Answer:
Value Z11 :

Diagram A3(c)

Z;

Io ¥ +
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Z,=2,117,
1 s*+s+1
X
_s+1 S
1 s®+s+1
+
s+1 S
s?+s+1
s(s+1)
S+(s°+s+D(s+1)
s(s+1)
_sP+s+1 s(s+1)
s(s+1) s+(s*+s+1)(s+1)

_ sP+s+l
s +2s%+3s+1

Value lo :
Apply KCL

= x|
$*+25%+3s+1

Value V3 :

1
szloxg

sl, 1
=3 2 X
§°+25°+3s+1 s

_ I,
- .3 2
§°+25°+3s+1
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Value Zo1:

I 1

e 2 e

$°+2s°+3s+1 |,
1

T 91257 +3s5+1
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Question 1

Obtain the y parameter for the 1t network shown in Diagram 1

8x2
V,=1,(8//2)=
2 =12(8/12) 8+2
_16
10
8
=§|2
|
Y22:\Tz
_ I2
==
5
_1
8
5
5
== =0.625S
Va2 8

R1
’ VAV o
2Q
Rz§ 4Q R2§8Q
® °
4x2 I, x4
V.=1(4//2 [ —]. ==L
(4172) +2° =2
_§_£| _4| _2|
6 3" "6 3!
2
I, =——1
L ©o3
yll V1 _ﬂl
3 2,
| a1
1 3 y21__2= 43
- > 1 T
0.758—4 =2 3
3 _.23_2_1
=0.75S 3 4 4 2
=-0.5S8
_ L
Al
3
3
=1, x—
41,
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y |:y11 y12:|
Yo Ya

_[075 -05
Y| 05 0625
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Question 2

Determine the parameters y as function of s parameter, for the two-port network shown in

Diagram A2(c).

Ri
o * AVAVAY .
10
¢ | r L % 2H
R>
o . NV .
0

Diagram A2(c).
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Answer

R;
I; I
M 1Q .
1
V=0 - —= LS s @
Ry
. AAAY .
10
C{IH) =sL=s
11
IFl=— ==
g“{ } sC s

Obtain hi1 dan hos:
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Obtain Y22 dan Vi12.

L’ o /\/}\zj\l R ‘L',’
’ iQ N
V=0 % — L; s @
R;, —
* . sAvAvAY .
iQ
V, =(s/12)1,
Sx 2
= 1,
S+2
B Zsl
s+2 °
Obtainyzz
I, I,
Y, =—2 =
TV, sy
S+2
_S+2
2S
11
:—+_
S
2S
V, =—
2 5427
| _S+2
2 25 2
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S+2
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' ‘H’/.h,‘ﬁ\

4.3 h-Parameters P2

Question 1

Determine the parameters y as function of s parameter, for the two-port network shown in

Diagram A2(c).

I

I

)
X

R>
o . AVAVAY, . o
1Q
Diagram A2(c).
Answer
I; R I
* 1Q .
1
v=o - = L s @
B R> -
. A\ .
1Q
C{IH}=sL=s
1 1
IF}=—==
CUF =c=7

Obtain hi1 dan ho1:
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By using current division :
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Obtain y22 dan yi2:
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— =
X
o Flo 9o

Il
S
>
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Determine the parameters hi1 and hz> as function of s parameter, for the two-port network
shown in Diagram A3(b).

— X =30

Diagram A3(b)
Answer
AN—I <
+ R:1=4Q X1 =j6Q +
I CD Vi R1=3Q Xo=430 —/— V2=0v
Value V1 :
V, =5//(4+ j6)
_ 5x(4+ j6)
5+ (4+ j6)
20+ j30
9+ j6

E,, =9.9083+ j33.0275
or
E,, =34.4817.,73.3008°
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Value hi :

_ (3.0769+ j1.2821)

1
Il

=3.0769 + j1.2821

Value V1 :
V, =—j3/(5+4+ j6)I,

[~ j3%(9+ j6)
T A A v Xlz
| —J3x(9+ j6)

[_18+ j27
= =020 K,
9- 6

Value hy; :

|
_ "2
hll__

Vv,

9+ )3 1

= IZX S — X —

=18+ j27 | |1,
=0.0769 + j0.2821

Question 2

Determine the parameters h as function of s parameter, for the two-port network shown in
Diagram A2(b).
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10 IH IH

Answer
g{lH}=sL=s
1 1
1IF!l=—==
5{ } sC s

Obtain hi1 dan hos:

V, = 1+s+(s//§jjll

1
Sx=
=|1+s+ —i 1,
S+=
i s
i s
=1+s+ |
32+1j 1}
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, -1

h =-2 =
20, s°+1

Obtain hyz dan hyz:
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