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Preface 

The advantages of liquid/gel rocket engines include high specific impulses, the ability 
to start and shut down multiple times, and adjustable working time and thrust settings, 
all of which will surely play an important role in the development of the human explo-
ration of space for a long time. The fields in which liquid/gel rockets are applicable 
continue to expand, objectively requiring a more in-depth study on the working 
characteristics of liquid/gel rocket engines, and the modeling and simulation anal-
ysis of the operation of liquid/gel rocket engines is an important aspect of this type 
of study. The performance analysis of liquid/gel rocket engines during operation is a 
comprehensive application of software design, fluid mechanics, engineering thermo-
dynamics, heat transfer, combustion, and liquid rocket engines. Simultaneously, it is 
the most actively applied direction of liquid/gel rocket engines at home and abroad. 

The operation of the liquid/gel rocket engine described in this book includes 
startup, transition from the rated condition to the high-level or low-level condition, 
and shutdown. Due to the complexity of the physical formulas and mathematical 
expressions of the operation of each component of a liquid/gel rocket engine, while 
considering the main functions of liquid rocket engine components, a large number 
of auxiliary processes must be considered, such as the boiling of a low-temperature 
propellant, the flow of liquid or gas through the labyrinth, type of sealing mechanism, 
operation of heat exchanger, operation of various valves, filling and draining process 
of mixing head inner cavity of engine and combustion chamber, supply to mixing 
head under transitional condition or support propulsion under transitional condition, 
and the influence of gases from the emulsification effect of the emulsifying agent. Of 
course, the improvement of the physical and mathematical models was jointly carried 
out by experts from the various liquid/gel rocket engine model development institutes 
and scientific research academies. In the process of improving the mathematical and 
physical models of the liquid/gel rocket engine during the operation, more attention 
should be given to the identification of calculation and test data. 

In Part I of this book, based on the test equipment of the new-generation space 
propulsion system, a mathematical model of the working process was established, 
including mathematical models of the gas cylinder, electric explosion valve, pressure-
reducing valve, storage tank, liquid pipeline, orifice plate, filter, solenoid valve, filling
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vi Preface

pipeline, and thrust chamber. The simulation program of the operation of each compo-
nent was compiled in the Modelica language, and the simulation software of the 
whole space propulsion system was assembled with the simulation module of each 
component. Numerical calculations were performed on the operation of the space 
propulsion system, and based on a large amount of numerical calculation results, the 
dynamic characteristics of the space propulsion system in the startup, steady-state, 
and shutdown processes were analyzed. 

Part II discusses the working process characteristics of the gel propulsion system. 
After the mathematical model of the gel propulsion system was established, the 
simulation program was compiled using the modular method. Through analysis of a 
large number of simulation results, the filling and shutdown process characteristics, 
response time characteristics of the transient process, flow distribution pattern, water 
hammer characteristics, and thrust regulation characteristics of the gel propulsion 
system were obtained, which provide guidance for the design, testing, and application 
of the gel propulsion system. 

In Part III of this book, the mathematical models of the pump-fed liquid rocket 
engine were established, including the mathematical models of the liquid pipeline, 
centrifugal pump, flow regulator, solenoid valve, re-generative cooling channel, and 
combustor. The mathematical models of the nozzle and turbine were used to simulate 
and analyze the characteristics of the starting process of the pump-fed liquid rocket 
engine. 

This book is a summary of the authors’ long-term engagement in modeling and 
simulation analysis of liquid/gel rocket engines during operation and a summary 
of famous books published at home and abroad, for which we express our heartfelt 
thanks. In addition, the modeling and simulation analysis of liquid/gel rocket engines 
during operation is a very complex research area. Many operation mechanisms are 
still unclear, and the modeling and simulation analysis of liquid/gel rocket engines 
is still undergoing constant development and change. There are bound to be many 
omissions in this book. Readers are sincerely invited to criticize and correct them. 

Changsha, China 
Changsha, China 
Shanghai, China 
Changsha, China 
March 2023 

Minchao Huang 
Yuqiang Cheng 

Jia Dai 
Jian Li



Introduction 

This book takes a space propulsion system, gel propulsion system, and pump-fed 
liquid rocket engine as the research objects and establishes and elaborates the theory, 
dynamic models, and numerical calculation methods of liquid/gel rocket engines 
during operation. Part I of this book describes mathematical models of a space propul-
sion system, including mathematical models of the gas cylinders, electric explosion 
valves, pressure-reducing valves, storage tanks, liquid pipelines, orifice plates, filters, 
solenoid valve, filling pipeline, and thrust chamber; then, the characteristics of the 
space propulsion system in the startup, steady-state, and shutdown processes were 
simulated and analyzed. In Part II, a mathematical model of the gel propulsion system 
was established, and the flow distribution pattern, water hammer characteristics, and 
thrust regulation characteristics of the gel propulsion system were simulated and 
analyzed. In Part III, a mathematical model of the pump-fed liquid rocket engine 
was established, and simulation analysis was performed to investigate the charac-
teristics of the starting process of the pump-fed liquid rocket engine. The above 
theoretical or dynamic models reflect the latest research results on the operation of 
liquid/gel rocket engines. 

This book can be used as a textbook or reference book for teachers, students, and 
scientific personnel in the fields and professions of aerospace, aeronautics, and power 
engaged in the simulation analysis of liquid/gel rocket engines during operation.

vii
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Part I 
Modeling and Simulation Analysis 

of the Operation of a Space Propulsion 
System



Chapter 1 
Introduction 

1.1 Significance of Performance Analysis 

According to the type of propellant, space propulsion systems are divided into mono-
propellant, bipropellant, cold gas propulsion and electric propulsion systems. The 
operation of a space propulsion system is closely related to the working status of the 
structure, control, thermal control, power supply, telemetry, remote control and other 
subsystems [1]. A space propulsion system has obvious characteristics in terms of 
working methods, technical performance, and system structure: 

(1) Working in a high-altitude and weightless space environment, the working 
environment is harsh due to the effect of space thermal radiation. 

(2) A system is composed of multiple thrusters, with thrust magnitudes from a few 
N to several thousand N. 

(3) Multiple machines are connected in parallel and work together through liquid 
pipelines and gas pipelines coupling. 

(4) After multiple starts, the cumulative number of times of operation or cycle life 
is from a few times to thousands of times. 

(5) It usually adopts a pulse working method. The solenoid valve installed at the 
head of the thrust chamber directly controls the propellant entry into the combus-
tion chamber. The filling process is relatively fast, and the response time is 
generally 4–25 ms. 

(6) Not only can it work under the rated thrust, but the thrust can also be adjusted 
according to different tasks, with the maximum thrust being more than 10 times 
that of the rated thrust. 

(7) A pressurized propellant supply system is adopted, which has a stable operation, 
high reliability, and light structural weight. 

(8) Combustion is organized by the use of spontaneous combustion bipropellants 
or monopropellants.

© National University of Defense Technology Press 2025 
M. Huang et al., Performance Analysis of a Liquid/Gel Rocket Engine During 
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4 1 Introduction

Most space propulsion systems work under unsteady state conditions. Each 
thruster is frequently started and shut down, and the valve opening and closing time 
is very short; as a result, a water hammer may occur in the propellant supply system. 
Water hammers may not only cause damage to the structure of the propulsion system 
but also affect the dynamic performance of systems coupled through the liquid path 
[2–6]. Therefore, how and to what extent the operational performance of multiple 
thrusters coupled with hydraulic circuits affects each other through the system struc-
ture and work mode and how to optimize the system dynamic performance through 
the design of the system structure and work mode are topics worthy of study. On the 
one hand, numerical simulation, as an important means of modern scientific research, 
has been extensively used in the design of space propulsion systems. Compared with 
experimentation, numerical simulation is not only more economical and safer but 
also easier to control under various conditions and thus can be used to study the 
effect of a single factor. Numerical simulation methods are of great significance for 
avoiding defects in propulsion system design, optimizing its performance, shortening 
the development cycle of new types of propulsion systems, and reducing the costs of 
development and experimentation. On the other hand, the reliability of the numerical 
simulation results is poorer than that of the experimental results. In general, limited 
experimental results must be used in research to correct numerical simulation results 
and then use numerical simulation results to guide model development. Therefore, 
it is very important to use experimentally validated numerical calculation methods 
to study the dynamic performance of space propulsion systems during operation and 
to reveal the intrinsic patterns. 

1.2 Recent Relevant Research 

1.2.1 Study on the Response Characteristics of a Propellant 
Supply Pipeline 

The response characteristics of a propellant supply pipeline are one of the impor-
tant study contents of the dynamic characteristics of the rocket engine system. The 
startup and shutdown processes, thrust regulation process, combustion chamber pres-
sure fluctuation, turbopump inlet cavitation zone oscillation, and propellant pipeline 
leakage and blockage of the liquid rocket engine will all cause unsteady flow in the 
propellant supply pipeline (transient flow), and the propellant supply pipeline of a 
liquid rocket engine has the characteristics of small diameter, large flow rate and 
high pressure. Therefore, how to establish a reasonable and practical mathematical 
model of a propellant supply pipeline has been an important topic of study by many 
scholars, and He has greatly promoted the development of fluid transport theory. 

In the low-frequency (< 50 Hz) range, the transfer characteristics of liquid 
pipelines may neglect the compressibility of liquid and be regarded as the flow 
resistance and inertial of lumped parameters, and the transfer characteristics of gas
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pipelines may neglect the inertia of gas and be regarded as the flow resistance of 
lumped parameters. Liu Rong and Hongjun Liu [2] and MP Binder et al. [3] used 
the lumped parameter of flow resistance, flux, or flow volume to model the dynamic 
characteristics of fluid pipelines [4]. When analyzing the dynamic characteristics of 
a liquid pipeline, the influence of the compressibility, inertia, viscosity, and local 
resistance of the fluid need to be considered. If the lumped parameter method is 
used to describe these physical properties, the condition that the space length is 
very small compared to the wavelength must be satisfied, for example, the pipeline 
segment length L << λ = a/fmax, a is the speed of sound, and fmax = ωmax/2π is 
the maximum vibration frequency, which is discussed in detail in the literature [5–7]. 
A liquid rocket engine contains a series of organized flow paths for non-isothermal 
gas movement: combustion chamber, gas generator, gas pipeline, etc. Therefore, in 
addition to the pressure and flow rate, the temperature variation of the combustion 
gas must also be considered in gas pipelines, unlike in liquid pipelines. 

At medium and high frequencies, the distribution parameter characteristics of the 
pipeline fluid need to be considered [8–12]. Since the lumped parameter method is 
used in this paper, the distributed parameter method is not described in detail. 

Many studies have been performed at home and abroad on the analysis of water 
hammer characteristics. Currently, relatively mature theories have been established, 
and a relatively complete set of mathematical models has been established. In 
1897, the Russian scholar Zhukovsky elucidated the water hammer mechanism and 
presented a calculation formula for the water hammer wave propagation velocity. 
In 1902, Italian scholar Avignon mathematically established the basic differential 
equations for unstable flow, which laid the theoretical foundation for water hammer 
analysis. Since then, various methods have been developed. Due to the limitation of 
calculation means at that time, the water hammer problem was not able to be accu-
rately solved. Therefore, the graphical method and analytical method could only 
be used to solve the relatively simple water hammer problem. Although numer-
ical solutions can be used to solve the water hammer problem in complex pipeline 
systems, manual calculations are basically impossible due to the large computa-
tional workload. In the 1960s, due to the rapid development of computer technology, 
the numerical solution of the Aviglier equation could be realized. In particular, the 
current development and popularization of computers have made numerical solutions 
more accurate, faster and more convenient. Therefore, water hammer calculations 
have been further developed with the help of computer technology. Scholars Shuren 
Wang, E B Wylie, etc., have provided detailed introductions and studies on the theory 
of water hammer calculation. The controlling equations of the water hammer calcu-
lation, i.e., the motion equations and the continuity equations, are a set of nonlinear 
hyperbolic equations. Although there are few variables, it is very difficult to find 
accurate analytical solutions for the case with complex geometrical boundary condi-
tions. In fact, an analytical solutions may be impossible to achieve. At present, the 
methods of water hammer calculation can be summarized as follows: analytical 
methods, graphical methods and numerical solution methods. An analytical method 
of water hammer calculation can only solve the simplified basic equations and is only 
suitable for simple pipelines without considering the head loss; a graphical method
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is complicated and tedious and has low accuracy, so it is seldom used now; a numer-
ical solution method uses computer simulation to replace a physical model test, and 
specific numerical calculation methods include the characteristic line method and 
difference method [13–16]. The characteristic line method is the most commonly 
used at present, has a relatively complete theory, is convenient to solve, and is not 
limited by the complexity of the pipeline system. By using a computer to solve 
the water hammer problem, the calculation results can be displayed in clear and 
conspicuous graphics, which makes problem analysis and research more convenient 
and intuitive and is more conducive to achieving the purpose of engineering problem 
research. Compared with conventional physical model testing, numerical simulation 
has strong adaptability and a wide range of applications; it not only is less costly, 
allows process quantification, has a high accuracy and fast calculation speed, and 
provides intuitive results but also can be used to quickly discuss key questions with 
physics-based equations. The simulation calculation of the validity and sensitivity 
of each influencing factor is not limited by the number of physical models tested, so 
it has more flexibility and better portability. However, the calculation must depend 
on the reliability of the fundamental equations. Experimental research at home and 
abroad have mainly been conducted to study the valve actuation time, throttling 
devices (such as orifice plates and Venturi tubes), and back pressure [17–21]. 

1.2.2 Study on the Response Characteristics of the Valve 
and Regulator 

The dynamic characteristics of valves and regulators have a great impact on the 
fluid transient process of the propellant supply pipeline system. There are various 
types of valves and regulators used in liquid rocket engines. Due to the differences in 
structures, the dynamic models of the valves and regulators are different; therefore, it 
is difficult to describe them with a unified mathematical model. Pyotsia established 
a highly accurate dynamic mathematical model of a four-way pneumatic control 
valve, which has reference value for modeling pneumatic hydraulic valves [22]. Dr. 
Chibing Shen performed a detailed analysis on the response characteristics of an 
electromagnetic pneumatic hydraulic valve [23]. Hongjun Liu studied the response 
characteristics of a flow regulator [2]. For the valve and regulator, a simpler method 
is to consider it as an orifice plate resistance element with a variable cross section 
and use a quasisteady-state relationship to describe the relationship between the 
upstream and downstream pressure and mass flow rate. A Venturi tube is a type 
of steady-flow regulator with a constant flow area commonly used in liquid rocket 
engines. In the cavitation state, the mass flow rate of the Venturi tube is independent of 
the downstream pressure fluctuation, but the variation in the volume of the cavitation 
zone will affect the downstream pressure. Scholars such as Jue Wang and others 
considered this dynamic process of the Venturi tube in detail.
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1.2.3 Study on the Response Characteristics 
of the Combustion Chamber 

The complex physical and chemical changes occurring in the combustion chamber 
of a liquid rocket engine are difficult to describe in detail. For system analysis, von 
Karman proposed the concept of combustion time delay, which was further discussed 
by Crocco and Summerfield, which laid the basis of the combustion time-delay model 
used for system analysis [24]. This model represents the combustion process with a 
simple time delay, which makes the analysis simpler; therefore, it is still the most 
commonly used model today. 

Combustor models for system analysis are not well developed. Professor Liu Kun 
divided the combustion chamber into the combustion zone and the flow zone [30], 
but the boundary could only be determined experimentally. J. Benstsman established 
a control-oriented reaction flow model for the combustion chamber, which is a more 
elaborate model, but it still has major deficiencies [25]. MP Binder considered the 
effect of propellant density change on the startup process [3], but this consideration 
was still based on the time-delay model. Researcher Chibing Shen studied the effect 
of time delay on the dynamic characteristics of a small-thrust engine system [26]. Dr. 
Jianguo Tan proposed a 1D combustion chamber model in response to the limitation 
of the time-lag model [27]. 

The study of the dynamic process of the combustor emphasizes the study of the 
spray combustion process mechanism, combustion instability and numerical simula-
tion of the flow field. The models are one-dimensional and multidimensional (2D or 
3D) evaporation and reaction flow models, and the main methods are computational 
fluid dynamics (CFD) methods. Due to the complexity of the actual spray combustion 
process and the importance of the combustion process to the performance of liquid 
rocket engines, this type of study is still a hot research topic internationally. However, 
at present, to simulate and analyze the dynamic characteristics of an engine system, 
even the use of a 1D model with a relatively simple spray combustion process is 
still too complicated. Therefore, in the open literature reports on the simulation and 
analysis of the dynamic process of a liquid rocket engine system, the focus was on 
all combustion chambers as zero-dimensional models using the reaction averaging 
effect. The research and adoption of a relatively simple mathematical model that can 
simultaneously describe the dynamics of the combustion chamber in more detail for 
the analysis and simulation of the dynamic characteristics of the engine system will 
be the goal pursued by relevant scholars and experts. 

1.2.4 Modular Modeling and Simulation of the Working 
Process 

Compared with the research on general-purpose calculation methods for engine static 
characteristics, the research on modular modeling and simulation of engine working
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process is still in the preliminary stage, but its development space is considerable, 
and the prospects are optimistic. 

The Rocket Engine Transient Simulation (ROCETS) software system developed 
by Pratt Whitney can simulate the steady state, startup, shutdown and variable work 
conditions of the entire engine [34]. Its structure, the definition of system compo-
sition, the method of system preprocessing (connection, calibration), the descrip-
tion of component models, the description of submodules (a type of subroutine 
used for the calculation of component characteristic curves, physical parameters 
and public functions), and the descriptions of the simulation example of a tech-
nology test bed engine (TTBE) performed by ROCETS have been introduced in 
several studies. ROCETS has established eight types of state derivative element 
modules, including preburners; main combustion chambers; injectors; rotor systems; 
pipelines considering fluid inertia, fluid mixers, fluid distributors and lumped param-
eter volumes (pumps, turbines, nozzles, etc.); incompressible fluid pipelines that only 
consider pressure loss; and compressible gas pipelines that only consider orifice 
plate resistance loss. All element models are based on lumped parameter descrip-
tions or unsteady-state relationship descriptions. ROCETS was used to create the 
RL10A-3-3A engine simulation model and perform calculation analysis [3]. 

Researcher Hongjun Liu used Simulink software to establish the integral (finite 
difference) calculation module for the common components of a liquid rocket engine 
based on a lumped parameter model and to realize the general-purpose simulation 
calculation of the engine state process [2]. 

Weidou Ni of Tsinghua University built a modular simulation system for thermal 
systems based on lumped parameters. The modules were divided according to the 
physical equipment or components, and the working fluid import and export of the 
components were the input and output interfaces of the modules. They proposed the 
relationship between network variables, and the concept of network equations and 
the data communication model were used to verify the relationship between system 
components and the data transfer and connection between modules [28]. 

Professor Liu proposed the pipeline-volume modular decomposition method for 
the fluid pipeline system. According to the structure and the characteristics of the 
calculation problems in the startup and shutdown processes of the liquid oxygen and 
liquid hydrogen staged combustion power cycle engine, the corresponding gas–liquid 
pipeline, turbopump, and combustor in the calculation model of components such 
as nozzles, the engine system model was unified under the finite element descrip-
tion of the segmented lumped parameters, and the dynamic characteristics of the 
entire engine system were determined by the initial value problems of a set of 
simultaneous first-order differential equations; based on a general simulation system 
of engine working process with a visual modeling function (LRETMMSS) [25]. 
Professor Cheng established a mathematical model of the engine startup calculation, 
proposed a single-time-step localized engine system module decomposition method 
and a corresponding startup calculation parallelization method using the character-
istic difference method, and developed a PVM program for the startup calculation 
[29].
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Researcher Jue Wang used numerical simulation to analyze the startup process 
of the YF-73 liquid rocket engine system, which played an important role in the 
development of the upper stage propulsion device of a large launch vehicle [30]. 
Researcher Jie Chen used the node method to create a static model of the engine 
system and conducted numerical simulation to perform an extensive study on the 
engine system configuration [31]. Jun Chen used mathematical simulation to guide 
the system design of the hydrogen–oxygen engine and the formulation of the test 
control sequence, which laid the foundation for the development of a high-pressure 
supplementary combustion hydrogen–oxygen engine. Dr. Wei et al. discussed the 
modeling and simulation methods of liquid rocket engine components and subsys-
tems and developed a simulation module library of liquid rocket engine operational 
processes. Sassnick et al. used the fluid internal energy equation of state to unify the 
treatment of weakly compressible liquids and gases in the equation form by consid-
ering the effect of wall deformation on the sound velocity and the effects of wall 
heat transfer and fluid acceleration in the source term. For the gas–liquid two-phase 
flow caused by the heating and evaporation of the low-temperature propellant filling 
process, the convective heat transfer of the gas–liquid two-phase flow is considered, 
and the precooling of liquid hydrogen and the water hammer of liquid oxygen pipeline 
flow after the valve is closed are performed. A numerical example was created and 
compared with the test results. Simulation calculation and analysis were performed 
on the transient startup process of the Ariane rocket upper stage engine HM60. 

1.2.5 System Stability Analysis 

The frequency characteristics of liquid rocket engines are the original data for the 
control and automatic regulation of the engine systems. In the development of a new 
type of engine, it is necessary to accurately calculate the frequency characteristics 
of the engine. In the low-frequency range (< 50 Hz), a lumped parameter model can 
be used to analyze the dynamic characteristics of the engine system, and through 
the linearization and Laplace transform of the mathematical model, the transfer 
frequency of each loop in the engine system and the entire system can be obtained. At 
this time, the mature frequency characteristics considered in automatic control theory 
can be used to qualitatively and quantitatively analyze the stability of the engine 
system, which is discussed in detail in the relevant literature by Professor Chen [32]. 
When the considered frequency range expands, the distributed parameter model must 
be used. David T. Harrjc proposed an admittance ratio method, which expressed the 
supply system in the form of input admittance to analyze the combustion instability of 
an engine. This method can only address the case with a simple pipeline system. It is 
difficult to address the situation where the branch pipeline contains other components 
and merges with the main pipeline. Doane, G B, Armstrong et al. used this method 
to implement an engine stability analysis program. Glickman et al. used the matrix 
method for analysis, which can address the situation of more complex systems. 
For a liquid rocket engine with a staged combustion cycle, all its components are
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interconnected, and it is often difficult to identify a main link that represents the 
dynamic characteristics of the engine. When creating an engine model, the equations 
of all the components need to be used to represent the component’s model in the form 
of a transmission matrix; the system model is simplified by matrix transformation, 
the algebraic equations connecting the disturbance and system variables are obtained, 
and the frequency characteristics of the system are obtained numerically. 

In general, studies on the dynamic characteristics of liquid rocket engines 
performed abroad are mainly focused on simulation studies of system dynamic 
processes (including propellant filling, startup transition, varying work conditions, 
and shutdown processes) [33–36]. In the development process of various foreign 
liquid rocket engines, simulation studies of the system dynamic process, such as 
SSME, have been carried out. The methods used are the lumped parameter method 
and the distributed parameter method; the studies on the dynamic response char-
acteristics and frequency characteristics of the components were mainly aimed at 
turbine pumps and pipeline systems. In the study of the response characteristics of 
the combustor focuses on the mechanism of the spray combustion process, the calcu-
lation of the 2D or 3D reaction flow field and the instability of the combustion process 
itself, the response characteristics of the turbine pump is investigated by integrating 
the flow part of the turbine and pump with the rotation. For part of the calculation, the 
complex model of cavitation caused by the pump and the simplified model without 
considering cavitation were established; for the pipeline system, the RLC model or 
the characteristic line method of instantaneous flow were used. In the study of engine 
system stability, the operational stability boundary of the engine system was theo-
retically analyzed, and the simplified mathematical model and linearization method 
were used to solve the problem. In addition, physical tests have played an important 
role in the study of engine system dynamic characteristics. The test data, i.e., the 
transition process time, steady-state value, overshoot or frequency characteristics, 
are compared with the calculation results of the built model to comprehensively 
evaluate the dynamics system and model accuracy. 

In the past ten years, much work has also been done in China on the dynamic 
characteristics of liquid rocket engines. This research mainly focused on the analysis 
of the starting characteristics of open- and closed-cycle liquid rocket engines, the 
analysis of the failure process of liquid rocket engines, and the calculation of the 
frequency response characteristics of pipeline systems. 

1.3 Introduction to Modelica 

In this paper, the Modelica language was used for modeling. Modelica is an 
object-oriented modeling language applied to multiple domains [37]. Modelica 
was designed to allow convenient, component-oriented modeling of complex phys-
ical systems, for example, systems containing mechanics, electricity, electronics, 
hydraulics, thermal, control, and electricity.
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1.3.1 Modelica Generation Background 

Since the invention of computers, modeling and simulation have become important 
parts of computer applications. Initially, the main task of the modeler was to express 
the model by ordinary differential equations (ODE) and then write codes to integrate 
these differential equations to obtain simulation results. Later, the wide-area inte-
grator, an independent software unit, appeared so that modelers could focus more on 
the expression of the differential equations and the use of noncustom integrators in 
simulation operations. Since then, there has been a growing trend to enable modelers 
to focus more on the description of the model problem rather than the methods to 
solve the mathematical problems. 

In the past 30 years, many numerical calculation tools have been developed to 
help modelers complete simulation calculations. Some of them are general-purpose 
simulation programs, such as ACSL, EASY5, SystemBuild and Simulink, while 
others are used in professional engineering fields, such as SPICE circuit software, 
multirigid-body ADAMS software or chemical process ASPEN Plus software. Each 
simulation software has its own advantages. However, these software programs have 
problems when processing models covering multiple physical systems. 

In his doctoral thesis in 1978, Hilding Elmqvist first proposed a new method of 
creating physical system simulation by designing and executing the Dymola model 
platform. The basic idea was to use general formulas, objects and connections to 
allow model developers to model from a physical point of view rather than a mathe-
matical point of view, by introducing graphical theoretical algorithms and symbolic 
algorithms that can be used in the execution process of the Dymola model platform 
to convert the model into a form acceptable to the solver. In the development of this 
method, an important milestone was the improvement in the Pantelides algorithm 
for solving ADE equations in 1988. 

The design idea of Modelica is to create a modeling language that can express the 
characteristics of models from multiple engineering fields. In other words, Modelica 
is both a modeling language and a model exchange rule. To achieve this goal, devel-
opers of many object-oriented modeling languages, such as Allan, Dymola, NMF, 
ObjectMath, Omola, SIDOPS+, and Smile, and experts in various engineering fields 
were gathered together to develop Modelica based on their experience. 

1.3.2 Main Characteristics of Modelica 

Modelica is an object-oriented simulation language that is used to address large, 
complex physics problems in different fields. It uses equations to describe physical 
phenomena, and Modelica tools have enough information to automatically calcu-
late the values of all variables. Object-oriented and acausal relationships are two 
important characteristics of Modelica. Object orientation refers to the architecture 
of the model, while acausality refers to the description of model characteristics.
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However, compared with the traditional process-oriented concept in modeling, these 
two concepts are used together. 

The characteristic of object-oriented modeling is that in object-oriented modeling, 
a system can be divided into a group of interrelated objects for study. The total 
system is split into relatively simple and easy-to-research objects, with each object-
encapsulating data, characteristics, and structure. Once each object is identified, it is 
necessary to determine the relationships among them and the final characteristics of 
the entire system. For these detached objects, models and submodels can be created 
relatively easily. A model is a mathematical representation of a specific physical 
phenomenon. In object-oriented modeling, the model is treated as an object, and 
the disassembled objects are described as classes, which serve as the basis of the 
model. The representation of a model must support modularity at multiple levels; 
that is, a model can have multiple submodels, and a submodel can also have its 
own submodels. Models can also be used to study abstract things, which means that 
people who use them do not need to understand how the model works internally. In 
the abstract model, the interface and the interior of the model may be mentioned. 
The interface is the module that describes the interaction between the variables inside 
the model and the outside, while the part of the model that has no interaction with 
external variables is called internal. 

The characteristic of acausal modeling is that it enables the component models 
to be used repeatedly. The equations describing the model should be expressed in a 
neutral form without more consideration of the order of calculation. This is the so-
called acausal modeling. Many commercial general-purpose simulation software on 
the market uses the method of dividing the system into multiple process structures. 
Therefore, these models are expressed as the interconnection between submodels 
described by ordinary differential equations ODEs, as follows:

{
dx/dt = f1(x, u) 
y = f2(x, u) (1.1) 

where u is the input vector, x is the state vector, and y is the output vector. Usually, the 
equations in the model need to be deformed to obtain this form; thus, a large amount 
of work is spent on the analysis and deformation of the equations, which not only 
requires considerable skills but is also prone to errors. The process-oriented model is 
also limited by the basic principles, and the data flow in the process is unidirectional, 
that is, from input to output. Therefore, the need to manually deform the equations 
means that it is very complicated to create a physical simulation model library using 
a process-oriented language. 

In Modelica, equations can be presented in their natural form; that is, models can 
be represented by differential algebraic equations (ADEs). 

f (x, dx/dt, y, u) = 0 (1.2)
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After the equation is constructed, Modelica can automatically convert the 
algebraic differential equation ADE to the ordinary differential equation ODE. 

Because of these characteristics of Modelica, in modeling, modules of different 
physical systems can be connected as in the actual system, which makes the model 
easy to understand and easy to upgrade and maintain. Therefore, Modelica is widely 
used in simulation modeling of complex systems such as automobiles, aeronautics, 
aerospace and robots. 
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Chapter 2 
Mathematical Model of the Operation 
of the Space Propulsion System 

2.1 System Composition and Decomposition of the Space 
Propulsion System 

The space propulsion system is composed of 17 thrusters, including one large thruster 
(numbered 0), eight medium thrusters (numbered 1–4 and 9–12), and 8 small thrusters 
(numbered 5–8 and 13–16). Seventeen thrusters share one propellant supply system. 
The system includes components such as a gas cylinder, electric explosion valve, 
pressure-reducing valve, storage tank, liquid pipeline, filter, orifice plate, solenoid 
valve, filling pipeline, and thrust chamber, as shown in Fig. 2.1.

Reasonable modular decomposition of a space propulsion system is the first and 
critical step in modular modeling. The form of module division determines the assem-
bling method of simulation modules. The result of module division should ensure 
that the modular decomposition and module connection of the propulsion system 
are easy to perform, and at the same time, the deletion and insertion of any module 
should not affect the combination process of the remaining modules. 

The basic principles of module decomposition are as follows: (1) the modules can 
independently complete the physical functions and thus have mathematical indepen-
dence; (2) the data communication between the internal and external boundaries of 
the modules has clear and consistent boundaries and interfaces; and (3) the decompo-
sition of modules is performed for each component, and the boundary of the module 
is the actual physical boundary. 

According to the basic principles of the above module decomposition, the space 
propulsion system (shown in Fig. 2.1) is divided into 12 component modules: (1) gas 
cylinder module; (2) electric explosion valve module; (3) pressure-reducing valve 
module; (4) storage tank module; (5) liquid pipeline module; (6) liquid pipeline 1 
module; (7) orifice plate module; (8) filter module; (9) solenoid valve (with control 
gas) module; (10) solenoid valve (no control gas) module; (11) filling pipeline 
module; and (12) thrust chamber module.

© National University of Defense Technology Press 2025 
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(a) Filling valve, (b) gas cylinder, (c) pressure-reducing valve, (d) check valve, (e) oxidizer 

storage tank, (f) propellant fill and drain valve, 

(g) electric explosion valve, (h) filter, (i) fuel storage tank, (j) orifice plate, (k) cross, (l) 

solenoid valve, (m) thrust chamber 

oxidizer pipeline, fuel pipeline, 0~16 correspond to the thrusters 

Fig. 2.1 Schematic diagram of the space propulsion system

2.2 Basic Equations of the Gas Cavity 

In a space propulsion system, since many components (the high-pressure gas cylinder, 
control cavity of the pressure-reducing valve, gas pressurization cavity of the tank, 
gas pipeline, etc.) have approximate working processes, a gas cylinder with a piston 
is abstracted. As a physical model of the cavity, it is assumed that it has multiple 
inlets and multiple outlets, and the volume of the cavity is variable under the action 
of an external spring force, as shown in Fig. 2.2.
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Fig. 2.2 Schematic diagram 
of the gas volume 

Ti Te 
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Before constructing the mathematical model of the gas cavity, the following 
assumptions are made 

(1) The gas composition in the cavity remains unchanged and is evenly distributed; 
(2) The specific heat ratio of gas is a constant value; 
(3) The equation of state for a gas is pV = mzRgT , where p is the pressure, V is the 

volume, m is the gas mass, z is the compression factor, Rg is the gas constant, 
and T is the gas temperature. 

Ignoring the changes in the kinetic energy and potential energy of the gas, the 
energy equation of the gas cavity can be expressed as 

d(mcvT ) 
dt

= Q̇ − Ẇ +
∑

i 

qicpTi −
∑

e 

qecpTe (2.1) 

where Q̇ is the heat exchange rate between the cavity and the environment; Ẇ = pAu 
is the power exchange rate between the cavity and the environment, where A is the 
piston area; cv = Rg/(γ − 1) is the specific heat of the gas at constant volume, 
where γ is the specific heat ratio; cp = Rgγ /(γ  − 1) is the specific heat of the gas at 
constant pressure; qi and qe are the mass flow rates at the inlet and outlet of the gas 
cavity, respectively; and Ti and Te are the inlet and outlet temperatures, respectively. 
Equation (2.1) can be further transformed as 

d(mT ) 
dt 

= m 
dT 

dt 
+ T 

dm 

dt 
= 

(γ − 1) ̇Q 
Rg 

− 
(γ − 1)pAu 

Rg 
+
∑

i 

qiγ Ti −
∑

e 

qeγ Te 

(2.2)
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In addition, the cavity mass equation is 

dm 

dt 
=
∑

i 

qi −
∑

e 

qe (2.3) 

Solving Equations (2.2) and (2.3) simultaneously gives 

m 
dT 

dt 
= 

(γ − 1) ̇Q 
Rg 

− 
(γ − 1)pAu 

Rg 
+
∑

i 

qi(γ Ti − T ) −
∑

e 

qe(γ Te − T ) (2.4) 

This is the temperature equation for the gas cavity. 
For the gas equation of state pV = mzRgT , differentiating both sides gives 

V 
dp 

dt 
+ p 

dV 

dt 
= mzRg 

dT 

dt 
+ zRgT 

dm 

dt 

Substituting the temperature equation into the above equation gives 

V 
dp 

dt 
+ puA = zRg

[
(γ − 1) ̇Q 

Rg 
− 

(γ − 1)pAu 
Rg 

+
∑

i 

qi(γ Ti − T ) −
∑

e 
qe(γ Te − T )

]

+ zRgT

(
∑

i 

qi −
∑

e 
qe

)

and is further organized as 

V 
dp 

dt 
= (γ − 1)z Q̇ − pAu(zγ − z + 1) + zRg

[
∑

i 

qiγ Ti −
∑

e 

qeγ Te

]
(2.5) 

This is the pressure equation for the gas volume. 
Since the volume of the gas cavity is changing, the volume equation is written as 

dV 

dt 
= Au (2.6) 

where u is the piston movement speed. 

2.3 Basic Equations for Liquid Pipelines 

Due to the inertia, viscous and compressive properties of liquid propellants flowing 
in the pipeline, when the lumped parameter method is used to describe these physical 
properties, the constraint that the space length is very small compared to the wave-
length must be satisfied; for example, the pipeline length is L ≤ λ/n = al/(fmax · n),
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al is the speed of sound, fmax = ωmax/2π is the maximum vibration frequency, n is 
the margin coefficient, and n ≥ 6 − 20. For the oxidizer pipeline alo ≈ 957.82 m/ s 
and fuel pipeline alf ≈ 1529 m/ s, to extract the pipeline fmax = 100 Hz (water 
hammer characteristics below a frequency of 50 Hz), n = 20, the oxidizer pipeline 
segment length cannot exceed 0.48 m, and the segment length of the fuel pipeline 
cannot exceed 0.76 m. 

(1) Inertia 

It is assumed that the liquid pipeline segment is filled with inviscid and incompressible 
liquid. When calculating the unsteady motion, only the inertia of the liquid column 
is considered. From the momentum equation, we can obtain 

A
(
p1 − p'

2

) = m 
du 

dt 
= ρlA 

du 

dt 
= l 

dq 

dt 
(2.7) 

namely, 

l 

A 

dq 

dt 
= p1 − p'

2 = ∆p1 (2.8) 

where p1 and p'
2 are the inlet and outlet pressures of the pipeline segment, respectively, 

m is the mass of the liquid column in the segment, A is the segment cross-sectional 
area, l is the segment length, u is the average flow rate of fluid in the section, q is the 
mass flow rate of the liquid in the section, ∆p1 is the segment pressure drop, and ρ 
is the density of the liquid. 

(2) Stickiness 

In the engine pipeline, the viscosity of liquid is expressed in two forms: along-the-way 
resistance and local resistance, which is expressed as

∆p2 =
(

λ 
l 

d 
+ ζ
)
1 

2 
ρu2 

=
(

λ 
l 

d 
+ ζ
)
1 

2 
ρ 

q2 

ρ2A2 

=
(

λ 
l 

d 
+ ζ
)

1 

2A2 

q2 

ρ 
(2.9) 

where λ is the resistance coefficient along the way, which satisfies the Karman-Prandtl 

equation: 1/
√

λ = 2 lg
(
Re

√
λ
(

− 0.8. ζ is the local drag coefficient. 

ξ =
(

λ 
l 

d 
+ ζ
)

1 

2A2 
(2.10)
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Then, the viscous resistance can be expressed as 

p'
2 − p2 = ∆p2 = ξ 

q2 

ρ 
(2.11) 

where ξ is the flow resistance coefficient. 
If the inertia and viscosity of the pipeline are considered at the same time, 

according to the pressure superposition principle, we have 

p1 − p2 =
(
p1 − p'

2

)+ (p'
2 − p2
) = ∆p1 + ∆p2 (2.12) 

l 

A 

dq 

dt 
= p1 − p2 − ξ 

q2 

ρ 
(2.13) 

If the effect of the gravity field is added, Eq. (2.13) becomes 

l 

A 

dq 

dt 
= p1 − p2 − ξ 

q2 

ρ 
+ hρg (2.14) 

where h is the height of the pipeline segment, the downward flow is positive, and 
the upward flow is negative;g is the acceleration of gravity, and its sea level value is 
9.80665 m/s. 

Inertial flow resistance R is defined as l/A, and considering the directionality of 
the flow, Equation (2.14) is written in standard form: 

R 
dq 

dt 
= p1 − p2 − ξ 

q|q| 
ρ

+ hρg (2.15) 

This is the flow equation for a liquid pipeline. 

(3) Compressibility (Fig. 2.3) 

Ignoring liquid column inertia and wall friction losses, the dynamic characteristics 
of the liquid pipeline segment mainly depend on the compressibility of the liquid. 
The effect of compressibility is manifested in that when the pressure changes, the 
mass of liquid in the segment also changes, which means that the instantaneous flow 
rates at the inlet and outlet are different. According to the mass balance equation for 
unsteady flow,

Fig. 2.3 Compressibility of 
the liquid column p 

q1 q2 
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dm 

dt 
= q1 − q2 (2.16) 

where m is the mass of liquid in the segment, q1 and q2 are the mass flow rates at the 
entry and exit of the section, respectively. 

The volume of the liquid mass is determined by the volume V and liquid density 
ρ of the liquid pipeline segment 

m = ρV (2.17) 

So, 

dm 

dt 
= V 

dρ 
dt 

, V = const. (2.18) 

In addition, 

dp 

dρ 
= 

K 

ρ 
= a2 l (2.19) 

where K is the bulk modulus of elasticity of the liquid and al is the speed of sound 
in the liquid. From Eqs. (2.16), (2.18) and (2.19) we can obtain 

V ρ 
K 

dp 

dt 
= q1 − q2 (2.20) 

When χ = V ρ 
K = V 

a2 l 
, Eq. (2.20) is expressed as 

χ 
dp 

dt 
= q1 − q2 (2.21) 

This is the pressure equation for a liquid pipeline. 

2.4 Gas Cylinder Module 

In a pressurized propellant supply system, a high-pressure gas cylinder is a cavity 
that stores compressed gas, and its function is to provide pressure to the oxidizer 
storage tank and the fuel storage tank [38], as shown in Fig. 2.4.

(1) Mathematical model 

The equations of the gas cylinder module can be written as 

m 
dT 

dt 
= 

(γ − 1) ̇Q 
Rg 

− (−qb)(γ Te − T ) (2.22)
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Fig. 2.4 Schematic diagram 
of the gas bottle module

T, p 

T1 

T2 

T0 

Tb 

Tb1

-qb 

pb 

m = pV /
(
zRgT
)

(2.23) 

Te =
)
Tb, −qb ≥ 0 
Tb1, −qb < 0 

(2.24) 

V 
dp 

dt 
= (γ − 1)z Q̇ − zRg(−qb)γ Te (2.25) 

Q̇ = 
T2 − T1 
b/λc 

πd2 (2.26) 

ε1σ0
(
T 4 1 − T 4

) = 
T2 − T1 
b/λc 

= ε2σ0
(
T 4 0 − T 4 2

)
(2.27) 

T is the temperature of the gas in the cylinder, where Te is the gasflow temperature 
at the gas cylinder outlet, T1 is the inner wall temperature of the gas cylinder, T2 is the 
outer wall temperature of the gas cylinder, T0 is the ambient temperature, Tb is the 
downstream temperature of the outlet interface of the gas cylinder module, and Tb1 is 
the upstream temperature of the outlet interface of the gas cylinder module; Q̇ is the 
heat exchange rate between the gas cylinder and the environment; −qb is the interface 
mass flow rate, and “−“ indicates that the value is passed from another module; γ 
is the specific heat ratio; Rg is the gas constant; z is the compression factor; V is the 
volume of the gas cylinder; b is the wall thickness of the gas cylinder; p is gas cylinder 
pressure; σ0 is the Stefan-Boltzmann constant with the value 5.67 × 10−8w/(m2 K4 ); 
ε1 is the blackness of the inner wall of the gas cylinder, and ε2 is the blackness of the 
outer wall of the gas cylinder; and λc is the thermal conductivity of the gas. 

(2) Interface type and interface equation 

The gas cylinder module has only one outlet interface, port4b, which is defined by 
the Modelica language as

Connector port4b 

Real pb (unit=“MPa”) “Pressure”; 
Real Tb (unit=“K”) “Downstream Temperature”;
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Table 2.1 Gas bottle module 

Number Parameter notation Unit Description 

1 V m3 Volume of gas cylinder 

2 p ra MPa Maximum pressure of gas cylinder 

3 p in MPa Initial gas cylinder pressure 

4 T ra K Cylinder temperature rating 

5 T in K Initial gas cylinder temperature 

Real Tb1 (unit=“K”) “Upstream Temperature”;
flow Real qb (unit=“kg/s”) “Mass Flow Rate”; 

end port4b; 

Interface equations are defined as connection equations between internal variables 
of a module and its interface variables or between these interface variables. For the 
gas cylinder module, there are two interface equations: 

p = pb (2.28) 

T = Tb (2.29) 

(3) Module name and parameter description (Table 2.1) 

2.5 Electric Explosion Valve Module 

The electric explosion valve is a valve that is actuated by the high-pressure gas 
generated by the deflagration of an electric detonator. It actuates by using the sudden 
conversion of potential chemical energy into mechanical energy [38]. Because the 
electric explosion valve has good sealing performance, small size, light weight, fast 
response speed, and its own high-voltage power supply that can be operated with a 
small pulse power supply, it is very suitable for use on one-off components, such as 
gas pipelines and valves, for the opening or closing of liquid pipeline (Fig. 2.5). 

(1) Mathematical model 

The equations of the electric explosion valve module can be expressed as

Fig. 2.5 Schematic diagram 
of the electric explosive 
valve module q 
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A(t) =
)

0, 0 ≤ t < ts{
1 − exp

[−kf (t − ts)
]} · π 

4 d
2 
t , t ≥ ts 

(2.30) 

q = 

⎧ 
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩ 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

μA(t)pa √
RgTa 

/
2γ 

γ −1

[(
pb 
pa

(2/γ −
(
pb 
pa

((γ +1)/γ
]
, pb pa 

>
(

2 
γ +1

(γ /(γ  −1) 

μA(t)pa √
RgTa 

/
γ
(

2 
γ +1

((γ +1)/(γ −1) 
,

pb 
pa 

≤
(

2 
γ +1

(γ /(γ  −1) 
, pa ≥ pb 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

−μA(t)pb √
RgTb 

/
2γ 

γ −1

[(
pa 
pb

(2/γ −
(
pa 
pb

((γ +1)/γ
]
, pa pb 

>
(

2 
γ +1

(γ /(γ  −1) 

−μA(t)pb √
RgTb 

/
γ
(

2 
γ +1

((γ +1)/(γ −1) 
,

pa 
pb 

≤
(

2 
γ +1

(γ /(γ  −1) 
, pa < pb 

(2.31) 

where Ta is the downstream temperature of the inlet interface of the electric explosion 
valve, Ta1 is the upstream temperature of the inlet interface of the electric explosion 
valve, qa is the mass flow rate at the inlet interface of the electric explosion valve, pa 
is gas pressure at the inlet port of the electric explosion valve, Tb is the downstream 
temperature of the outlet interface of the electric explosion valve, Tb1 is the upstream 
temperature at the outlet interface of the electric explosion valve,qb is the mass flow 
rate at the outlet interface of the electric explosion valve, pb is gas pressure at the 
outlet port of the electric explosion valve, q is the mass flow rate of the electric 
explosion valve, dt is the minimum inner diameter of the electric explosion valve 
after it is fully opened, A(t) is the choke area, ts is the energization time of the electric 
explosion valve, and kf is the fractional exponent. 

(2) Interface type and interface equation 

The electric explosion valve module has an inlet interface port4a and an outlet inter-
face port4b, where the inlet interface port4a is defined by the Modelica language 
as 

Connector port4a 

Real pa (unit=“MPa”) “Pressure”; 
Real Ta (unit=“K”) “Downstream Temperature”; 
Real Ta1 (unit=“K”) “Upstream Temperature”; 
flow Real qa (unit=“kg/s”) “Mass Flow Rate”; 

end port4a; 

For the electric explosion valve module, there are four interface equations, which 
are 

qa = q (2.32)
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Table 2.2 Electric explosion valve module 

Number Parameter notation Unit Description 

1 t s s Electric explosion valve energization time 

2 k f Fractional index 

3 d t m Minimum inner diameter 

4 μ Flow coefficient 

q = qb (2.33) 

Ta = Tb (2.34) 

Ta1 = Tb1 (2.35) 

(3) Module name and parameter description (Table 2.2) 

2.6 Pressure-Reducing Valve Module 

A pressure-reducing valve is a closed-loop gas pressure regulating device. It can 
reduce the pressure of upstream high-pressure gas to the working pressure needed 
by downstream devices. When the upstream pressure changes or the downstream 
load flow rate changes, it can still maintain the outlet pressure within the allowable 
deviation range, thus ensuring that the engine system has a certain stability [39]. 

(1) Mathematical model 

The operation of the pressure-reducing valve is very complicated. To construct 
the dynamic mathematical model, the following assumptions may be made: ➀ the 
diaphragm stiffness is ignored; ➁ the working fluid is in the supercritical state; ➂ 
the equation of state for the working fluid is pV = mzRgT ; ➃ the gas flow process 
is an isentropic process; and ➄ the gas pressure, density, and temperature in the two 
cavities are evenly distributed, regardless of parameter fluctuation characteristics. 

The pressure-reducing valve includes Cavity 1, Cavity 2, orifice and spool, as 
shown in Fig. 2.6. The mathematical models are described below.

➀ Basic equations of Cavity 1 

m1 
dT1 
dt 

= (−qa)(γ T1i − T1) − q(γ T1e − T1) (2.36) 

m1 = p1V1/
(
zRgT1
)

(2.37)
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pa 

Interface c Tc, Tc1, -qc, pc 
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Auxiliary spring 

Main spring 

Fig. 2.6 Schematic diagram of the pressure-reducing valve module

T1i =
)
Ta, −qa ≥ 0 
Ta1, −qa < 0 

, T1e =
)
T1, q ≥ 0 
T2, q < 0 

(2.38) 

V1 
dp1 
dt 

= zRg(−qa)γ T1i − zRgqγ T1e (2.39) 

where Ta is the downstream temperature of the inlet interface of Cavity 1, Ta1 is the 
upstream temperature at the inlet interface of Cavity 1, −qa is the mass flow rate at 
the inlet interface of Cavity 1, pa is the gas pressure at the inlet port of Cavity 1, 
T1 is the gas temperature in Cavity 1, p1 is the gas pressure in Cavity 1, V1 is the 
volume of Cavity 1, m1 is the gas mass in Cavity 1, T1i is the gas temperature at the 
inlet of Cavity 1, T1e is the gas temperature at the outlet of Cavity 1, T2 is the gas 
temperature in Cavity 2, and q is the mass flow rate through the orifice. 

➁ Basic equations of Cavity 2 

m2 
dT2 
dt 

= q(γ T2i − T2) − (−qb)(γ T2e1 − T2) − (−qc)(γ T2e2 − T2) 

− (−qd )(γ T2e3 − T2) + 
γ − 1 
Rg 

p2uA2 (2.40) 

m2 = p2V2/
(
zRgT2
)

(2.41)
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A2 = 
π 
12

(
d2 
1 + d1d2 + d2 

2

)
(2.42) 

T2i =
)
T1, q ≥ 0 
T2, q < 0 

, T2e1 =
)
Tb, −qb ≥ 0 
Tb1, −qb < 0 

, T2e2 =
)
Tc, −qc ≥ 0 
Tc1, −qc < 0 

, T2e3 

=
)
Td , −qd ≥ 0 
Td1, −qd < 0 

(2.43) 

V2 
dp2 
dt 

= zRgqγ T2i − zRg(−qb)γ T2e1 − zRg(−qc)γ T2e2 

− zRg(−qd )γ T2e3 + p2uA2(zγ − z + 1) (2.44) 

dV2 

dt 
= −uA2 (2.45) 

where Tb is the downstream temperature of the outlet port of Cavity 2b, Tb1 is the 
upstream temperature of the outlet port of Cavity 2b,−qb is the mass flow rate of 
the outlet port of Cavity 2b, pb is the gas pressure of the outlet port of Cavity 2b; Tc 
is the downstream temperature of the outlet port of Cavity 2c, Tc1 is the upstream 
temperature of the outlet port of Cavity 2c, −qc is the mass flow rate of the outlet port 
of Cavity 2c, pc is the gas pressure of the outlet port of Cavity 2c, Td is the downstream 
temperature of the outlet port of Cavity 2 d , Td1 is the upstream temperature of the 
outlet port of Cavity 2c, −qd is the mass flow rate of the outlet port of Cavity 2d, 
pd is the gas pressure of the outlet port of Cavity 2d, T2 is the gas temperature in 
Cavity 2, p2 is the gas pressure in Cavity 2, V2 is the volume of Cavity 2, m2 is the 
gas mass in Cavity  2,  T2i is the gas temperature at the inlet of Cavity 2, T2e1 is the 
gas temperature at the outlet from Cavity 2b, T2e2 is the gas temperature at the outlet 
from Cavity 2c, T2e3 is the gas temperature at outlet from Cavity 2d, u is the spool 
travel speed, A2 is the effective area of the rubber diaphragm, d1 is the diameter of the 
rubber diaphragm mounting support, and d2 is the diameter of the rubber diaphragm 
hard core. 

➂ Basic equations of the spool 

mt 
du 

dt 
= Fp − Fc − Ff (2.46) 

Fp = (p0 − p2)A2 + (p2 − p1)(A1 − Am) (2.47) 

Fc = c1[x10 + (x − x0)] − c2[x20 − (x − x0)] (2.48) 

Ff = Ffssign(u) + fu (2.49)
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A1 = 
π 
4 

(d0 + b)2 , Am = 
π 
4 
d2 
m (2.50) 

dx 

dt 
= u (2.51) 

Initial conditions 

x|t=0 = x0, u|t=0 = 0 

where mt is the mass of the moving parts of the reducer, Fp is the pneumatic force 
acting on the spool, Fc is the spring force acting on the spool, Ff is the friction 
force acting on the spool, c1 is the secondary spring stiffness, c2 is the main spring 
stiffness, x0 is the initial opening of the orifice, x10 is the precompression amount of 
the secondary spring, x20 is the precompression amount of the main spring, Ffs is the 
static friction force, f is the friction coefficient, A1 is the spool action area, d0 is the 
inside diameter of the valve seat,b is the width of the valve seat sealing surface, Am 

is the unloading area, and dm is the unloading diameter. 

➃ Basic equations of the orifice 

At = π (d0 + b)x (2.52) 

q = 

⎧ 
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨ 
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]
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>
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2 
γ +1
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μAtp1 √
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/
γ
(

2 
γ +1

((γ +1)/(γ −1) 
,

p2 
p1 

≤
(

2 
γ +1

(γ /(γ  −1) 
, p1 ≥ p2 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

− μAtp2 √
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p1 
p2

(2/γ −
(
p1 
p2

((γ +1)/γ
]
, p1 p2 

>
(

2 
γ +1

(γ /(γ  −1) 

− μAtp2 √
RgT2 

/
γ
(

2 
γ +1

((γ +1)/(γ −1) 
,

p1 
p2 

≤
(

2 
γ +1

(γ /(γ  −1) 
, p1 < p2 

(2.53) 

where At is the orifice area of the orifice. 

(2) Interface type and interface equation 

The pressure-reducing valve module has one inlet port4a and three outlet ports port4b, 
where outlet port4b b is connected to the inlet of the oxidizer storage tank, outlet 
port4b c is connected to the inlet of the fuel storage tank, and outlet port4b d is 
connected to the gas source inlet of solenoid valve NF58-0A.



2.7 Tank Module 29

The eight interface equations of the pressure-reducing valve module are 

pa = p1 (2.54) 

p2 = pb (2.55) 

p2 = pc (2.56) 

p2 = pd (2.57) 

Ta1 = T1 (2.58) 

T2 = Tb (2.59) 

T2 = Tc (2.60) 

T2 = Td (2.61) 

(3) Module name and parameter description (Table 2.3)

2.7 Tank Module 

As shown in Fig. 2.7, the tank generally includes two parts: a pressurized gas cavity 
and a liquid propellant cavity. A positive discharge device is used in the middle to 
separate the pressurized gas from the liquid propellant to ensure that the tank can 
provide a directional and continuous supply of liquid propellant.

(1) Mathematical model 

➀ Basic equations of pressurized gas cavity 

m 
dT 

dt 
= (−qa)(γ Ti − T ) − 

γ − 1 
Rg 

p(−qb)/ρ (2.62) 

m = pVg/
(
zRgT
)

(2.63) 

Ti =
)
Ta, −qa ≥ 0 
Ta1, −qa < 0 

(2.64)
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Table 2.3 Pressure-reducing valve module 

Number Parameter notation Unit Description 

1 V1 m3 Volume of cavity 1 

2 m t kg Mass of the moving parts of the pressure-reducing valve 

3 h min m Valve minimum opening 

4 h max m Maximum opening of the valve 

5 x0 m Initial valve opening 

6 x10 m Auxiliary spring precompression 

7 x20 m Main spring precompression 

8 d0 m Seat inner diameter 

9 b m Seat sealing surface width 

10 d1 m Diameter of the rubber diaphragm mounting support 

11 d2 m Diameter of the rubber diaphragm hard core 

12 d m m Unloading diameter 

13 c1 N/m Secondary spring stiffness 

14 c2 N/m Main spring stiffness 

15 f N Static friction 

16 f Ns/m Friction coefficient 

17 T ra K Cavity gas temperature rating 

18 T in K Initial cavity gas temperature 

19 p ra MPa Cavity gas pressure rating 

20 p in MPa Initial cavity gas pressure 

21 V2in m3 Initial volume of cavity 2 

22 u ra m/s Spool travel speed rating 

23 u in m/s Initial spool travel speed

Vg 
dp 

dt 
= zRg(−qa)γ Ti − p

−qb 
ρ 

(zγ − z + 1) (2.65) 

dVg 

dt 
= 

−qb 
ρ 

(2.66) 

where Ta is the downstream temperature at the inlet interface of the gas cavity, Ta1 is 
the upstream temperature at the inlet interface of the gas cavity, −qa is the mass flow 
rate at the inlet interface of the gas volume, pa is the gas pressure at the inlet interface 
of the gas cavity, Tb is the temperature at the outlet interface of the propellant cavity, 
−qb is the mass flow rate at the outlet interface of the propellant cavity, pb is the gas 
pressure at the outlet interface of the propellant cavity, T is the gas temperature in 
the gas cavity, p is the gas pressure in the gas cavity, Vg is the volume of the gas 
cavity,m is the gas mass in the gas cavity, Ti is the gas temperature at the inlet of the 
gas cavity, and ρ is the propellant density.
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Fig. 2.7 Schematic diagram 
of the tank module Ta, Ta1, -qa, pa 
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➁ Basic equations of the propellant cavity 

dx 

dt 
= −4(−qb) 

ρπ d2 
(2.67) 

where x is the height of the liquid column and d is the inside diameter of the cylinder. 

(2) Interface type and interface equation 

The tank module has an inlet interface port4a and an outlet interface port1b, where 
the outlet interface port1b is defined by the Modelica language as 

Connector port1b 

Real pb (unit=“MPa”) “pressure”; 
Real Tb (unit=“K”) “Temperature”; 
flow Real qb (unit=“kg/s”) “Mass Flow Rate”; 

end port1b; 

The four interface equations of the tank module are 

pa = p (2.68)
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Table 2.4 Tank module 

Number Parameter notation Unit Description 

1 kind Propellant type: 0– oxidizer, 1– fuel 

2 d m Inner diameter of cylindrical section of tank 

3 p ra MPa Gas cavity pressure rating 

4 p in MPa Initial gas cavity pressure 

5 T ra K Gas cavity temperature rating 

6 T in K Initial gas cavity temperature 

7 V gin m3 Initial gas cavity volume 

8 x m Maximum liquid column height 

9 x in m Initial liquid column height 

p + xρg = pb (2.69) 

Ta1 = T (2.70) 

Tin = Tb (2.71) 

(3) Module name and parameter description (Table 2.4) 

2.8 Liquid Pipeline Module 

(1) Mathematical model 

As shown in Fig. 2.8, if a liquid pipeline is divided into N segments, the 2N inde-
pendent variables are N pressure pi and N flow qi, and the corresponding differential 
equations are expressed as 

R1 
dq1 
dt 

= pa − p1 − (ξa + ξ1) 
q1|q1| 

ρ 
+ h1ρg (2.72) 

Ri 
dqi 
dt 

= pi−1 − pi − ξi 
qi|qi| 

ρ 
+ hiρg, i = 2, . . . ,  N (2.73) 

χi 
dpi 
dt 

= qi − qi+1, i = 1, . . . ,  N − 1 (2.74) 

χN 
dpN 
dt 

= qN − (−qb) (2.75)
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Fig. 2.8 Schematic diagram of the liquid pipeline module (Line) 

where Ri = l/(NA) (i = 1, . . . ,  N ) is the inertial flow resistance of the liquid 
pipeline segment, l is the length of the liquid pipeline, A = πd2/4 is the cross-
sectional area of the liquid pipeline, d is the inner diameter of the liquid pipeline, 
hi = h/N (i = 1, . . . ,  N ) is the height of the liquid pipeline segment, h is the height of 
the liquid pipeline, χi = V ρ/(NK) is the flow volume of the liquid pipeline segment, 
V = π ld2/4 is the volume of the liquid pipeline, ρ is the propellant density, K is 
the bulk modulus of propellant; ξa = ζa/(2A2) is the flow resistance coefficient at 
the pipeline inlet, ζa is the local resistance coefficient at the pipeline inlet, ξi = 
λ l Nd 

1 
2A2 (i = 1, . . . ,  N ) is the flow resistance coefficient of the pipeline segment, λ 

is the resistance coefficient along the pipeline segment, Ta is the temperature at the 
inlet interface of the liquid pipeline, qa is the mass flow rate at the inlet interface of 
the liquid pipeline, pa is the pressure at the inlet interface of the liquid pipeline, Tb 
is the temperature at the outlet interface of the liquid pipeline, −qb is the mass flow 
rate at the outlet interface of the liquid pipeline, and pb is the pressure at the outlet 
interface of the liquid pipeline. 

(2) Interface type and interface equation 

The liquid pipeline module has an inlet interface port1a and an outlet interface port1b, 
where the inlet interface port1a is defined in Modelica language as 

Connector port1a 

Real pa (unit=“MPa”) “Pressure”; 
Real Ta (unit=“K”) “Temperature”; 
flow Real qa (unit=“kg/s”) “Mass Flow Rate”; 

end port1a; 

The four interface equations of the liquid pipeline module are 

pN − pb = ξb 
−qb|−qb| 

ρ 
(2.76) 

Ta = T (2.77) 

T = Tb (2.78)
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Table 2.5 Pipeline module 

Number Parameter notation Unit Description 

1 kind Propellant type: 0– oxidizer, 1– fuel 

2 l m Liquid pipeline length 

3 d m Liquid pipeline inner diameter 

4 h m Height of liquid pipeline 

5 b m Liquid pipeline wall thickness 

6 N Number of liquid pipeline segments, N≥1 

7 ζ a Local resistance coefficient at pipeline inlet 

8 ζ b Local resistance coefficient at pipeline outlet 

9 p ra MPa Liquid pipeline pressure rating 

10 p in MPa Initial liquid pipeline pressure 

11 q ra kg/s Liquid pipeline mass flow rating 

12 q in kg/s Initial liquid pipeline mass flow rate 

qa = q1 (2.79) 

where ξb = ζb/(2A2) is the flow resistance coefficient at the pipeline outlet, ζb is the 
local resistance coefficient at the pipeline outlet, and T is the propellant temperature 
in the liquid pipeline. 

(3) Module name and parameter description (Table 2.5) 

2.9 Liquid Pipeline 1 Module 

As  shown in Fig.  2.9, at the upstream connection of the liquid pipelines with 
converging flow, except for one liquid pipeline, which is modeled using the pipeline 
module, the other liquid pipelines must be modeled with the pipeline 1 module due 
to the connection requirements of the modules. 

(1) Mathematical model

Fig. 2.9 Schematic diagram 
of liquid pipeline connection 
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Fig. 2.10 Schematic diagram of the liquid pipeline 1 module (pipeline 1) 

As shown in Fig. 2.10, if a liquid pipeline is divided into N segments, the 2N + 1 
independent variables are N pressure pi and N +1 flow qi, with differential equations 
of 

R1 
dq1 
dt 

= pa − p1 − (ξa + ξ1) 
q1|q1| 

ρ 
+ h1ρg (2.80) 

Ri 
dqi 
dt 

= pi−1 − pi − ξi 
qi|qi| 

ρ 
+ hiρg, i = 2, . . . ,  N (2.81) 

RN +1 
dqN+1 

dt 
= pN − pb − (ξN +1 + ξb) 

qN +1|qN+1| 
ρ

+ hN+1ρg (2.82) 

χi 
dpi 
dt 

= qi − qi+1, i = 1, . . . ,  N (2.83) 

where R1 = l/(2NA), Ri = l/(NA)(i = 2, . . . ,  N ) and RN +1 = l/(2NA) are the 
inertial flow resistances of the liquid pipeline segment, l is the length of the liquid 
pipeline, A = πd2/4 is the cross-sectional area of the liquid pipeline, d is the 
inner diameter of the liquid pipeline, h1 = h/(2N ), hi = h/N (i = 2, ..., N ) and 
hN+1 = h/(2N ) are the heights of the liquid pipeline segments, h is the height 
of the liquid pipeline, χi = V ρ/(NK)(i = 1, ..., N ) is the flow volume of the 
liquid pipeline segment, V = π ld2/4 is the volume of the liquid pipeline,ρ is the 
propellant density, K is the bulk modulus of propellant; ξa = ζa/(2A2) is the flow 
resistance coefficient at the pipeline inlet, ζa is the local resistance coefficient at 
the pipeline inlet, ξb = ζb/(2A2) is the flow resistance coefficient at the pipeline 
outlet, ζb is the local resistance coefficient at the pipeline outlet, ξ1 = λ l 

2Nd 
1 

2A2 , 
ξi = λ l Nd 

1 
2A2 (i = 2, ..., N ) and ξN +1 = λ l 

2Nd 
1 

2A2 are the flow resistance coefficients 
of the pipeline segment, λ is the resistance coefficient along the pipeline segment, Ta 
is the temperature at the inlet interface of the liquid pipeline, qa is the mass flow rate 
at the inlet interface of the liquid pipeline, pa is the pressure at the inlet interface of 
the liquid pipeline, Tb is the temperature at the outlet interface of the liquid pipeline, 
qb is the mass flow rate at the outlet interface of the liquid pipeline, and pb is the 
pressure at the outlet interface of the liquid pipeline (Fig. 2.10). 

(2) Interface type and interface equation
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Table 2.6 Pipeline 1 module 

Number Parameter notation Unit Description 

1 kind Propellant type: 0– oxidizer, 1– fuel 

2 l m Liquid pipeline length 

3 d m Liquid pipeline inner diameter 

4 h m Height of liquid pipeline 

5 b m Liquid pipeline wall thickness 

6 N Number of liquid pipeline segments, N≥1 

7 ζ a Local resistance coefficient at pipeline inlet 

8 ζ b Local resistance coefficient at pipeline outlet 

9 p ra MPa Liquid pipeline pressure rating 

10 p in MPa Initial liquid pipeline pressure 

11 q ra kg/s Liquid pipeline mass flow rating 

12 q in kg/s Initial liquid pipeline mass flow rate 

The liquid pipeline 1 module has an inlet port1a and an outlet port1b. 
The three interface equations of the liquid pipeline 1 module are 

Ta = T (2.84) 

qa = q1 (2.85) 

qN+1 = qb (2.86) 

where T is the propellant temperature in the liquid pipeline. 

(3) Module name and parameter description (Table 2.6) 

2.10 Orifice Plate Module 

As a traditional throttling device, the orifice plate has many advantages, such as a 
simple structure, good throttling effect, low price and wide adaptability [40]. Simi-
larly, orifice plates are also widely used in liquid rocket engines. In addition to 
adjusting the pressure of the supply system, they can also effectively reduce the 
water hammer effect generated by the propellant flow (Fig. 2.11).

(1) Mathematical model 

The equation of the orifice plate module can be rewritten as 

pa − pb = co 

2μ2A2 
t 

q|q| 
ρ 

(2.87)
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Fig. 2.11 Schematic 
diagram of the orifice 
module
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Table 2.7 Orifice modules 

Number Parameter notation Unit Description 

1 kind Propellant type: 0– oxidizer, 1– fuel 

2 d m Pipeline inner diameter 

3 d t m Inner diameter of orifice throat 

4 co Orifice plate resistance correction factor 

where Ta is the temperature at the orifice plate inlet interface, qa is the mass flow 
rate at the orifice plate inlet interface, pa is the pressure at the orifice plate inlet 
interface, Tb is the temperature at the outlet interface of the orifice plate, −qb is the 
mass flow rate at the outlet interface of the orifice plate, pb is the pressure at the outlet 
interface of the orifice plate, co is the orifice plate resistance correction factor, q is 
the mass flow rate of the orifice plate, μ is the flow coefficient of the orifice plate, 
At = π/(4d2 

t ) is the minimum flow area of the orifice plate, dt is the inside diameter 
of the orifice throat, and ρ is the propellant density. 

(2) Interface type and interface equation 

The orifice plate module has an inlet port1a and an outlet port1b. 
The three interface equations of the orifice plate module are 

Ta = Tb (2.88) 

qa = q (2.89) 

q = −qb (2.90) 

(3) Module name and parameter description (Table 2.7) 

2.11 Filter Module 

The filter can effectively prevent redundant substances such as aluminum chips from 
blocking the propellant flow channels, causing seal failure or even structural damage 
to the rotating components [41]. Therefore, filters play a very important role in liquid 
rocket engines (Fig. 2.12).
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Fig. 2.12 Schematic 
diagram of the filter module Ta 
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pb 

(1) Mathematical model 

The equations of the filter module can be written as 

pa − pb = 
N ζ 
2A2 

q|q| 
ρ 

(2.91) 

ζ =
)
1.3(1 − ε) + (1/ε − 1)2 , Re > 400 
1.3co(1 − ε) + co(1/ε − 1)2 , Re ≤ 400 

(2.92) 

where Ta is the temperature at the filter inlet interface, qa is the mass flow rate at the 
filter inlet interface, pa is the pressure at the filter inlet interface, Tb is the temperature 
at the filter outlet interface, −qb is the mass flow rate at the filter outlet interface, 
pb is the pressure at the filter outlet interface, q is the mass flow rate of the filter, 
A = π/(4d2) is the pipeline flow area, d is the inner diameter of the pipeline, ρ is the 
propellant density, ζ is filter local resistance coefficient, ε = A0/A is the filter area 
ratio, A0 is the mesh area, co ∈ (1, 1.4) is filter resistance modification coefficient, 
Re is the pipeline Reynolds number, and N is the number of filtering mesh layers. 

(2) Interface type and interface equation 

The filter module has an inlet interface port1a and an outlet interface port1b. 
The three interface equations of the filter module are 

Ta = Tb (2.93) 

qa = q (2.94) 

q = −qb (2.95) 

(3) Module name and parameter description (Table 2.8)

2.12 Solenoid Valve (With Control Gas) Module 

As shown in Fig. 2.13, the electric gas valve is connected to the high-pressure gas 
source, the propellant inlet of the pneumatic liquid valve is connected with the propel-
lant supply pipeline, and the outlet is connected with the propellant filling pipeline.
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Table 2.8 Filter module 

Number Parameter notation Unit Description 

1 kind Propellant type: 0– oxidizer, 1– fuel 

2 d m Pipeline inner diameter 

3 N Number of filter layers 

4 ε Mesh area to pipeline area ratio 

5 co Filter resistance correction factor

After the coil of the electric gas valve is energized, the coil current increases expo-
nentially. When the trigger current is reached, the armature starts to move, and the 
electric gas valve gradually opens. The large pressure difference between the high-
pressure gas source and the gas in its control cavity sharply increases the gas pressure 
in the control cavity. When its own pressure rises, the control cavity of the electrop-
neumatic valve inflates the control cavity of the pneumatic liquid valve. When the 
gas pressure in the control cavity of the pneumatic liquid valve rises to a certain 
pressure, the piston of the pneumatic liquid valve starts to move until the pneumatic 
liquid valve is completely opened. When the shutdown command is issued, the coil 
of the electric gas valve is powered off, the magnetic flux gradually attenuates to the 
point of releasing the magnetic flux, and the suction force is no longer enough to 
hold the armature. The spring force overcomes the gas pressure and electromagnetic 
force to push the armature assembly to move, and the armature starts to release. This 
continues until the electropneumatic valve is closed. At the same time, the gas in the 
control cavity of the electropneumatic valve flows out through the exhaust port, the 
pressure of the control cavity is released, and the pressure of the control cavity of 
the pneumatic hydraulic valve is released accordingly. The piston of the pneumatic 
lquid valve is gradually closed under the action of the spring force, to complete its 
shutdown process.

(1) Mathematical model 

For the operation of the solenoid valve (with control gas), when establishing the 
dynamic mathematical model, the following assumptions are made: ➀ the influence 
of thermal inertia and eddy current of the electromagnetic system is ignored; ➁ the 
gas is in the supercritical state; ➂ the equation of state for the gas is pV = mzRgT ; ➃ 
the gas flow process is an isentropic process; ➄ the parameters, such as gas pressure, 
density and temperature, in two control cavities are uniformly distributed, and the 
fluctuation characteristics are not considered. 

The solenoid valve (with control gas) includes an electric circuit, magnetic circuit, 
armature assembly, electric gas valve control cavity, piston actuation rod, pneumatic-
liquid valve control cavity, and propellant channel. The mathematical models are 
described below.
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Td, qd, pd, markd 
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1-electromagnetic conductor, 2-coil, 3-electric gas valve spring, 4-armature assembly, 5-

electric gas valve control cavity, 6-pneumatic liquid valve control cavity, 7-oxidizer inlet, 8-

fuel inlet, 9- pneumatic liquid valve spring, 10-piston actuating rod, 11-high-pressure gas 

source inlet 

Fig. 2.13 Schematic diagram of a solenoid valve (with control gas) module (valve with controlling 
gas)

➀ Basic equations of the electric circuit 

U = iRi + 
dψ 
dt 

= iRi + 
d(N φc) 

dt 
= iRi + N 

dφc 

dt 
(2.96) 

where U is the coil field voltage, i is the current, Ri is the coil resistance, ψ is the 
total flux linkage of the electromagnetic system, N is the number of coil turns, and 
φc is the magnetic flux in the magnetic circuit. 

➁ Basic equations of the magnetic circuit 

According to Kirchhoff’s magnetic pressure law, the mathematical model of magnetic 
circuit calculation can be derived, that is, 

iN = φδ

(
Rδ + Rf + Rc

)
(2.97)
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where φδ is the magnetic flux in the gas gap, Rδ is the working gas-gap reluctance, Rf 

is the nonworking gas-gap reluctance, and Rc is the corresponding magnetic circuit 
reluctance. Ignoring the nonworking gas-gap reluctance, Eq. (2.97) becomes: 

iN = φδRδ + HcLc (2.98) 

where Hc is the magnetic field strength and Lc is the magnetic path length. The 
gas-gap reluctance is 

Rδ = δ
/

(μ0A) = (hmax − x1)
/

(μ0A) (2.99) 

where δ is the gas gap length, μ0 is the vacuum permeability, A is the magnetic pole 
area at the gas gap, hmax is the maximum gas gap, and x1 is the armature displacement. 

Bc = φc
/
A (2.100) 

where Bc is the magnetic induction intensity in the magnetic circuit. For the magneti-
zation curve data of the material, 1D linear interpolation is used to perform piecewise 
data interpolation to complete the magnetic induction intensity Bc vs. magnetic field 
strength Hc. 

If the flux leakage is considered, the flux leakage coefficient is σ , expressed as 

σ = φc
/

φδ (2.101) 

For a DC solenoid, the flux leakage coefficient is σ . The empirical formula is 

σ = 1 + 
δ 
r1

)
0.67 + 

0.13δ 
r1 

+ 
r1 + r2 
πr1

[
πLk 

8(r2 − r1) 
+ 

2(r2 − r1) 
πLk 

− 1
]

+1.465 lg 
r2 − r1 

δ

}
(2.102) 

where Lk is the coil assembly height, and r1 and r2 are the structural dimension 
parameters of the electromagnetic mechanism [23]. 

According to Maxwell’s electromagnetic attraction formula, the electromagnetic 
attraction force of the solenoid valve Fx is 

Fx = φ2 
δ

/
(2μ0A) (2.103) 

➂ Basic equations of armature assembly 

mt1 
du1 
dt 

= Fx + Fp1 − Ff 1 − Fc1 (2.104)
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where mt1 is the total mass of the moving parts of the electric gas valve, u1 is the 
movement speed of the electric gas valve piston, Fp1 is the compressive force acting 
on the piston of the electric gas valve, Ff 1 is the friction force acting on the moving 
parts of the electric gas valve, and Fc1 is the spring force acting on the piston of the 
electric gas valve. 

dx1 
dt 

= u1 (2.105) 

where x1 is the displacement of the electric gas valve piston. 

Fp1 = (p1 − p0)An1 (2.106) 

where p1 is the gas pressure in the control cavity of the electric gas valve, p0 is the 
ambient pressure, and An1 is the cross-sectional area of the electric gas valve piston 
rod. 

Fc1 = Fc01 + c1x1 (2.107) 

where Fc01 is the spring preloading force of the electric gas valve and c1 is the spring 
stiffness of the electric gas valve. 

Ff 1 = sign(u1)Ffs1 + f1u1 (2.108) 

where Ffs1 is the static friction force of the electric gas valve and f1 is the friction 
coefficient of the electric gas valve. 

➃ Basic equations of the electric gas valve control cavity 

m1 
dT1 
dt 

= qa(γ T1i − T1) − q(γ T1e − T1) − ql(γ Tl − T1) − 
γ − 1 
Rg 

p1u1An1 

(2.109) 

m1 = p1V1/
(
zRgT1
)

(2.110) 

T1i =
)
Ta, qa ≥ 0 
Ta1, qa < 0 

, T1e =
)
T1, q ≥ 0 
T2, q < 0 

, Tl =
)
T1, ql ≥ 0 
T0, ql < 0 

(2.111) 

V1 
dp1 
dt 

= zRgqaγ T1i − zRgqγ T1e − zRgqlγ Tl − p1u1An1(zγ − z + 1) (2.112) 

dV1 

dt 
= u1An1 (2.113) 

where Ta is the downstream temperature at the inlet interface of the electropneumatic 
valve control cavity, Ta1 is the upstream temperature at the inlet interface of the
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electropneumatic valve control cavity, qa is the mass flow rate at the inlet interface 
of the electropneumatic valve control cavity, pa is the gas pressure at the inlet port of 
the electric gas valve control cavity, Tl is the temperature of the leak port interface 
of the electropneumatic valve control cavity, ql is the mass flow rate at the leak 
port interface of the electropneumatic valve control cavity, pl is the gas pressure 
at the leakage port interface of the electric gas valve control cavity, T1 is the gas 
temperature in the control cavity of the electric gas valve,p1 is the gas pressure in 
the control cavity of the electric gas valve, V1 is the volume of the electric gas valve 
control cavity,m1 is the gas mass in the control cavity of the electric gas valve, T1i 
is the gas temperature at the inlet of the electric gas valve control cavity, T1e is the 
gas temperature at the outlet of the electric gas valve control cavity, T2 is the gas 
temperature in the control cavity of the pneumatic lquid valve, and q is the mass flow 
rate from the control cavity of the electropneumatic valve to the control cavity of the 
pneumatic liquid valve. 

➄ Basic equations for the gas source inlet of the electric gas valve 

a = 

/
d2 − d2 

i1 

2 
(2.114) 

Ai1 = πdi1ax1 
1 + x/(2a) √

(di1/2)
2 + (a + x1)2 

(2.115) 

qa = 

⎧ 
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩ 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

μi1Ai1pa √
RgTa 

/
2γ 

γ −1

[(
p1 
pa

(2/γ −
(
p1 
pa

((γ +1)/γ
]
, p1 pa 

>
(

2 
γ +1

(γ /(γ  −1) 

μi1Ai1pa √
RgTa 

/
γ
(

2 
γ +1

((γ +1)/(γ −1) 
,

p1 
pa 

≤
(

2 
γ +1

(γ /(γ  −1) 
, pa ≥ p1 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

− μi1Ai1p1 √
RgTa1 

/
2γ 

γ −1

[(
pa 
p1

(2/γ −
(
pa 
p1

((γ +1)/γ
]
, pa p1 

>
(

2 
γ +1

(γ /(γ  −1) 

− μi1Ai1p1 √
RgTa1 

/
γ
(

2 
γ +1

((γ +1)/(γ −1) 
,

pa 
p1 

≤
(

2 
γ +1

(γ /(γ  −1) 
, pa < p1 

(2.116) 

where d is the diameter of the piston rod ball end of the electric gas valve, di1 is the 
diameter of the gas source inlet of the electropneumatic valve control cavity, Ai1 is 
the throttle area of the gas source inlet of the electropneumatic valve control cavity, 
and μi1 is the flow coefficient of the gas source inlet in the control cavity of the 
electropneumatic valve. 

➅ Basic equations of the throttle channel between two control cavities 

Ai2 = π d2 
i2/4 (2.117)
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q = 

⎧ 
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩ 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

μi2Ai2p1 √
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/
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p2 
p1

(2/γ −
(
p2 
p1

((γ +1)/γ
]
, p2 
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γ +1
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μi2Ai2p1 √
RgT1 

/
γ
(

2 
γ +1

((γ +1)/(γ −1) 
, p2 

p1 
≤
(

2 
γ +1

(γ /(γ  −1) 
, p1 ≥ p2 

⎧ 
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⎪⎪⎪⎩ 

−μi2Ai2p2 √
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((γ +1)/(γ −1) 
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p2 
≤
(

2 
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(γ /(γ  −1) 
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(2.118) 

where di2 is the inlet diameter of the control cavity of the gas-driven hydraulic valve, 
Ai2 is the throttling area of the control cavity inlet of the gas-driven hydraulic valve, 
and μi2 is the flow coefficient at the inlet of the control cavity of the pneumatic liquid 
valve. 

➆ Basic equation for the leakage port of the electrohydraulic valve 

Al = πd2 
l /4 (2.119) 

ql = 

⎧ 
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(2.120) 

where dl is the inside diameter of the leak port in the control cavity of the electric 
gas valve,Al is the cross-sectional area of the leakage port in the control cavity of the 
electropneumatic valve, μl is the flow coefficient of the leakage port in the control 
cavity of the electropneumatic valve, and T0 is the ambient temperature. 

➇ Basic equations of the piston actuation rod of the pneumatic liquid valve 

mt2 
du2 
dt 

= Fp2 − Ff 2 − Fc2 (2.121) 

where mt2 is the total mass of the moving parts of the pneumatic liquid valve, u2 
is the piston speed of the gas-driven hydraulic valve, Fp2 is the pressure acting on 
the piston of the gas-driven hydraulic valve, Ff 2 is the friction force acting on the



2.12 Solenoid Valve (With Control Gas) Module 45

moving parts of the pneumatic hydraulic valve, and Fc2 is the spring force acting on 
the piston of the gas-driven hydraulic valve. 

dx2 
dt 

= u2 (2.122) 

where x2 is the piston displacement of the gas-driven hydraulic valve. 

Fp2 = (p2 − p0)An2 + (pb − p0)Anox + (pc − p0)Anfu (2.123) 

where p2 is the gas pressure in the control cavity of the pneumatic liquid valve, An2 

is the cross-sectional area of the piston rod of the gas-driven hydraulic valve, Anox is 
the cross-sectional area of the oxidizer inlet pipeline, and Anfu is the cross-sectional 
area of the fuel inlet pipeline. 

Fc2 = Fc02 + c2x2 (2.124) 

where Fc02 is the spring preload of the pneumatic liquid valve and c2 is the spring 
stiffness of the pneumatic liquid valve. 

Ff 2 = sign(u2)Ffs2 + f2u2 (2.125) 

where Ffs2 is the static friction force of the gas-driven hydraulic valve and f2 is the 
friction coefficient of the pneumatic hydraulic valve. 

➈ Basic equations of the control cavity of the pneumatic hydraulic valve 

m2 
dT2 
dt 

= q(γ T2i − T2) − 
γ − 1 
Rg 

p2u2An2 (2.126) 

m2 = p2V2/
(
zRgT2
)

(2.127) 

T2i =
)
T1, q ≥ 0 
T2, q < 0 

(2.128) 

V2 
dp2 
dt 

= zRgqγ T2i − p2u2An2(zγ − z + 1) (2.129) 

dV2 

dt 
= u2An2 (2.130) 

where T2 is the gas temperature in the control cavity of the pneumatic liquid valve, 
p2 is the gas pressure in the control cavity of the pneumatic liquid valve, V2 is the 
volume of the control cavity of the pneumatic liquid valve, m2 is the gas mass in the 
control cavity of the gas-driven liquid valve, and T2i is the gas temperature at the 
inlet of the control cavity of the pneumatic liquid valve.
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Basic equations of oxidizer channels 

Ao = πdoxx2 (2.131) 

Ro 
dqo 
dt 

= pb − pd −
(

ξo + 1 

μ2 
oA

2 
o

)
qo|qo| 

ρo 
(2.132) 

where Ao is the area of the chokepoint of the oxidizer channel, μo is the flow 
coefficient at the throttle site of the oxidizer channel, Ro = lo/Aox is the inertial 
flow resistance of the oxidizer inlet pipeline, lo is the length of the oxidizer inlet 
pipeline,Aox = πd2 

ox/4 is the cross-sectional area of the oxidizer inlet pipeline, 
dox is the inside diameter of the oxidizer inlet pipeline,ρo is the oxidizer density, 
ξo = λo 

lo 
dox 

1 
2A2 

ox 
is the flow resistance coefficient of the oxidizer inlet pipeline, λo is 

the resistance coefficient along the oxidizer inlet pipeline, Tb is the temperature at the 
inlet interface of the oxidizer channel, qb is the mass flow rate at the inlet interface of 
the oxidizer channel, pb is the pressure at the inlet interface of the oxidizer channel, 
Td is the temperature at the outlet interface of the oxidizer channel, qd is the mass 
flow rate at the outlet interface of the oxidizer channel, and pd is the pressure at the 
outlet interface of the oxidizer channel. 

Basic equations of fuel channels 

Af = πdfux2 (2.133) 

Rf 
dqf 
dt 

= pc − pe −
(

ξf + 
1 

μ2 
f A

2 
f

)
qf
||qf
||

ρf 
(2.134) 

where Af is the area of the chokepoint of the fuel channel, μf is the flow coefficient 
at the throttle site of the fuel channel, Rf = lf /Afu is the inertial flow resistance 
of the fuel inlet pipeline, lf is the length of the fuel inlet pipeline, Afu = πd2 

fu/4 is 
the cross-sectional area of the fuel inlet pipeline, dfu is the internal diameter of the 

fuel inlet pipeline; ρf is the density of the fuel, ξf = λf 
lf 
dfu 

1 
2A2 

fu 
is the flow resistance 

coefficient of the fuel inlet pipeline, λf is the resistance coefficient along the route of 
the fuel inlet pipeline, Tc is the temperature at the inlet interface of the fuel channel, 
qc is the mass flow rate at the inlet interface of the fuel channel, pc is the pressure at 
the inlet interface of the fuel channel, Te is the temperature at the outlet interface of 
the fuel channel, qe is the mass flow rate at the outlet interface of the fuel channel, 
and pe is the pressure at the outlet interface of the fuel channel. 

(2) Interface type and interface equation 

The solenoid valve (with control gas) module has one inlet port4a, two inlet ports 
port1a, one inlet port2a, one outlet port1b and two outlet ports por3b. Inlet port4a a 
is connected to the outlet of the pressure-reducing valve, inlet port1a b is connected 
to the oxidizer pipeline, inlet port1a c is connected to the fuel pipeline, inlet port2a
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f is connected to the control system, outlet port1b l is connected to the atmospheric 
environment, and outlet port3b d is connected to the oxidizer. The filling pipeline 
and outlet port3b e are connected to the fuel charging pipeline. 

The entry interface port2a is defined by the Modelica language via 

Connector port2a 

Integer mark a “Control signal: 0– power off, 1– power on”; 

end port2a; 

The egress interface port3b is defined by the Modelica language as 

Connector port3b 

Real pb (unit=“MPa”) “Pressure”; 
Real Tb (unit=“K”) “Temperature”; 
Integer markb “Control signal: 0– power off, 1– power on”; 
flow Real qb (unit=“kg/s”) “Mass Flow Rate”; 

end port3b; 

The nine interface equations of the solenoid valve (with control gas) module are 

markf = markd (2.135) 

markf = marke (2.136) 

Ta1 = T1 (2.137) 

Tb = Td (2.138) 

Tc = Te (2.139) 

qb = qo (2.140) 

qo = qd (2.141) 

qc = qf (2.142) 

qf = qe (2.143) 

(3) Module name and parameter description (Table 2.9)
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Table 2.9 Valve with controlling gas module 

Number Parameter 
notation 

Unit Description 

1 U V Coil excitation voltage 

2 R Ω Resistance 

3 L m m Effective length of the magnetic conductor in the magnetic 
circuit 

4 mt1 kg Mass of moving parts of electric gas valve 

5 n B Number of coil turns 

6 a q m2 Armature suction area 

7 h 1min m Electric gas valve closing gas gap 

8 h 1max m Maximum gas gap of electric gas valve 

9 dn1 m Diameter of central axis of piston rod of electric gas valve 

10 d1 m Coil assembly inner diameter 

11 d2 m Coil assembly outer diameter 

12 L k m Coil assembly height 

13 Fc01 N Electric gas valve spring preload 

14 c1 N/m Electric gas valve spring stiffness 

15 Ffs1 N Static friction force of electric gas valve 

16 f 1 kg/s Electric gas valve friction coefficient 

17 mui1 Flow coefficient of gas source inlet in electric gas valve 
control cavity 

18 di1 m Diameter of gas source inlet in the electric gas valve control 
cavity 

19 d m Diameter of ball head of electric gas valve 

20 mui2 Flow coefficient of control cavity inlet of pneumatic lquid 
valve 

21 di2 m Pneumatic liquid valve control cavity inlet diameter 

22 mu l Flow coefficient of pressure relief port in control cavity of 
electropneumatic valve 

23 d l m Diameter of pressure relief port in control cavity of 
electropneumatic valve 

24 mt2 kg Mass of moving parts of pneumatic liquid valve 

25 h 2min m Pneumatic liquid valve piston minimum displacement 

26 h 2max m Maximum displacement of pneumatic liquid valve piston 

27 dn2 m Diameter of central axis of piston rod of pneumatic liquid 
valve 

28 nox m Diameter of central axis of oxidizer piston rod 

29 d m Diameter of central axis of fuel piston rod 

30 Fc02 N Spring preload of pneumatic liquid valve 

31 c2 N/m Pneumatic liquid valve spring stiffness

(continued)
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Table 2.9 (continued)

Number Parameter
notation

Unit Description

32 Ffs2 N Static friction of gas-operated hydraulic valve 

33 f 2 kg/s Pneumatic hydraulic valve friction coefficient 

34 d ox m Oxidizer valve seat aperture 

35 l o m Oxidizer valve inlet length 

36 f m Fuel valve seat aperture 

37 f m Burner valve inlet length 

38 Psi in wb Initial total flux linkage of the electromagnetic system 

39 u1ra m/s Electric gas valve piston speed rating 

40 u1in m/s Initial electric gas valve piston 

41 x1in m Initial piston displacement of electric gas valve 

42 T ra K Rated values of temperature for both control cavities 

43 T in K Initial values of temperature in the two control cavities 

44 p ra MPa Rated values of pressure in the two control cavities 

45 p in MPa Initial values of pressures in the two control cavities 

46 V1in m3 Initial electric gas valve control cavity volume 

47 u2ra m/s Pneumatic liquid valve piston speed Rating 

48 u2in m/s Initial piston speed of pneumatic liquid valve 

49 x2in m Initial piston displacement of pneumatic liquid valve 

50 V2in m3 Initial control cavity volume of pneumatic liquid valve 

51 q ora kg/s Oxidizer mass flow rate rating 

52 q oin kg/s Initial oxidizer mass flow rate 

53 q fra kg/s Fuel mass flow rate rating 

54 q fin kg/s Initial fuel mass flow rate 

2.13 Solenoid Valve (Without Control Gas) Module 

The structure of the solenoid valve (without control gas) is shown in Fig. 2.14. The  
inlet of the solenoid valve is connected to the propellant supply pipeline, and the 
outlet is connected to the propellant filling pipeline. After the solenoid valve coil 
is energized, the coil current increases exponentially. When the trigger current is 
reached, the armature starts to move, and the solenoid valve is gradually opened 
until it is fully opened. When a shutdown command is issued, the solenoid valve coil 
is powered off, and the magnetic flux gradually attenuates to the point of releasing 
the magnetic flux. The suction force is no longer enough to hold the armature. The 
spring force overcomes the propellant pressure and electromagnetic force to push 
the armature assembly to move, and the armature starts to be released. The solenoid 
valve closing process is completed until the electric gas valve is closed.
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Fig. 2.14 Schematic 
diagram of a solenoid valve 
(without control gas) module 
(valve without controlling 
gas) 
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(1) Mathematical model 

The solenoid valve (without control gas) includes an electric circuit, magnetic circuit, 
armature assembly, and propellant channel, as shown in Fig. 2.14. The mathematical 
models are described below. 

➀ Basic equations of the electric circuit 

U = iRi + 
dψ 
dt 

= iRi + 
d(N φc) 

dt 
= iRi + N 

dφc 

dt 
(2.144) 

where U is the coil field voltage, i is the current, Ri is the coil resistance, ψ is the 
total flux linkage of the electromagnetic system, N is the number of coil turns, and 
φc is the magnetic flux in the magnetic circuit. 

➁ Basic equations of the magnetic circuit 

iN = φδRδ + HcLc (2.145)
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where N is the number of coil turns, φδ is the magnetic flux in the gas gap, Rδ is 
the working gas-gap reluctance, Hc is the magnetic field strength, and Lc is the 
magnetic path length. 

➂ Basic equations of armature assembly 

mt 
du 

dt 
= Fx + Fp − Ff − Fc (2.146) 

where mt is the total mass of the moving parts, u is the speed of the moving part, 
Fp is the compressive force, Ff is the friction force, and Fc is the spring force. 

dx 

dt 
= u (2.147) 

where x is the displacement of the moving part. 

Fx = φ2 
δ

/
(2μ0A) (2.148) 

Fp = (p − p0)An (2.149) 

Fc = Fc0 + cx (2.150) 

Ff = sign(u)Ffs + fu (2.151) 

where A is the armature suction area and An is the cross-sectional area of the 
piston rod. 

➃ Basic equations of the propellant channel 

Ai = πdix (2.152) 

Rp 
dqp 
dt 

= pa − pb −
(

ξp + 1 

μ2 
i A

2 
i

)
qp
||qp
||

ρ 
(2.153) 

where Ai is the area of the choke point of the propellant channel,μi is the flow 
coefficient at the chokepoint of the propellant channel, Rp = lp/Ap+li/Ain is 
the inertial flow resistance of the propellant inlet pipeline, lp is the length of the 
propellant inlet pipeline, Ap = πd2 

p /4 is the cross-sectional area of the propellant 
inlet pipeline, dp is the inside diameter of the propellant inlet pipeline, li is the 
length of the seat hole, Ain = πd2 

i /4 is the cross-sectional area of the seat hole, 

di is the seat aperture, ρ is the propellant density, ξp = λp

(
lp 
dp 

1 
2A2 

p 
+ li di 

1 
2A2 

in

(
is 

the flow resistance coefficient of the propellant inlet pipeline, λp is the resistance
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coefficient along the propellant inlet pipeline, Ta is the temperature at the inlet 
interface of the propellant channel, qa is the mass flow rate at the inlet interface 
of the propellant channel, pa is the pressure at the inlet interface of the propellant 
channel, Tb is the temperature at the outlet interface of the propellant channel, 
qb is the mass flow rate at the outlet interface of the propellant channel, and pb 
is the pressure at the outlet interface of the propellant channel. 

(2) Interface type and interface equation 

The solenoid valve (without control gas) module has an inlet port1a, an inlet port2a 
and an outlet port3b. The inlet port1a a is connected to the propellant supply pipeline, 
the inlet port2a c is connected to the control system, and the outlet port3b b is 
connected to the propellant filling pipeline. 

The four interface equations of the solenoid valve (without control gas) module 
are 

markb = markc (2.154) 

Ta = Tb (2.155) 

qa = qp (2.156) 

qp = qb (2.157) 

(3) Module name and parameter description (Table 2.10)

2.14 Filling Pipeline Module 

(1) Mathematical model 

The filling pipeline includes pipelines, liquid collection cavities and capillary nozzles, 
as shown in Fig. 2.15. The mathematical models are described below.

➀ Basic equations of the pipeline 

R 
dq 

dt 
= p − pci − (ξi + ξ + ξe) 

q|q| 
ρ 

+ hρg (2.158) 

χ 
dp 

dt 
= −qa − q (2.159) 

dl 

dt 
=
ʃ

q 
ρA , while propellant in filling process 

−qa−q 
ρA , while propellant in shutdown process 

(2.160)
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Table 2.10 ValveWithoutControllingGas module 

Number Parameter 
notation 

Unit Description 

1 kind Propellant type: 0– oxidizer, 1– fuel 

2 U V Coil excitation voltage 

3 R Ω Resistance 

4 L m m Effective length of the magnetic conductor in the magnetic 
circuit 

5 m t kg Mass of moving parts of electrohydraulic valve 

6 n B Number of coil turns 

7 a q m2 Armature suction area 

8 h min m Electrohydraulic valve closing gas gap 

9 h max m Maximum gas gap of electrohydraulic valve 

10 d n m Diameter of central axis of piston rod of electrohydraulic 
valve 

11 d1 m Coil assembly inner diameter 

12 d2 m Coil assembly outer diameter 

13 L k m Coil assembly height 

14 Fc0 N Spring preload of electrohydraulic valve 

15 c N/m Spring stiffness of electrohydraulic valve 

16 f N Static friction of electrohydraulic valve 

17 f kg/s Electrohydraulic valve friction coefficient 

18 d i m Seat aperture 

19 l i m Seat hole length 

20 d p m Inner diameter of inlet pipeline 

21 l p m Inlet pipeline length 

22 Psi in wb Initial total flux linkage of the electromagnetic system 

23 u ra m/s Electrohydraulic valve piston speed rating 

24 u in m/s Initial electrohydraulic valve piston 

25 x in m Initial piston displacement of electrohydraulic valve 

26 q pra kg/s Propellant mass flow rate rating 

27 q pin kg/s Initial propellant mass flow rate 

28 p0 MPa Ambient pressure

where R = l/A is the inertial flow resistance of the pipeline, l is the filling length 
of the pipeline, A = πd2/4 is the cross-sectional area of the pipeline, d is the 
inner diameter of the pipeline, h is the height of the pipeline;χ = V ρ/K is the 
flow volume of the pipeline, V = π ld2/4 + v + Ncπd2 

c lc/4 is the volume of 
propellant in the filling pipeline, v is the filling volume of propellant in the liquid 
collecting cavity, Nc is the number of capillary pores, dc is the inner diameter 
of the capillary pore, lc is the filling length of the propellant in the capillary,
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Fig. 2.15 Schematic diagram of Filling Line Collector Nozzle module

ρ is the propellant density, K is the bulk modulus of propellant, ξi = ζi/(2A2) 
is the flow resistance coefficient at the pipeline inlet, ζi is the local resistance 
coefficient at the pipeline inlet, ξ = λ l d 

1 
2A2 is the flow resistance coefficient of 

the pipeline, λ is the resistance coefficient along the pipeline, ξe = ζe/(2A2) 
is the flow resistance coefficient at the pipeline outlet, ζe is the local resistance 
coefficient at the pipeline outlet, Ta is the temperature at the inlet interface of 
the filling pipeline, −qa is the mass flow rate at the inlet interface of the filling 
pipeline, and pa is the pressure at the inlet interface of the filling pipeline. 

➁ Basic equations of the liquid collecting cavity 

pci ≈ pce (2.161) 

dv 

dt 
=
ʃ

q 
ρ , while propellant in filling process 
−q 
ρ , while propellant in shutdown process 

(2.162) 

where pci is the inlet pressure of the collecting cavity, pce is the outlet pressure 
of the collecting cavity, v is the filling volume of the collecting cavity, and q is 
the mass flow rate of the filling pipeline. 

➂ Basic equations of capillary pores 

For each capillary, the flow equation is 

Rc 
d(q/Nc) 

dt 
= pce − pb − co(ξci + ξc + ξce) 

q/Nc|q/Nc| 
ρ

+ hcρg (2.163) 

where Rc = lc/Ac is the inertial flow resistance of the capillary pore, lc is the filling 
length of the capillary pore, Ac = πd2 

c /4 is the cross-sectional area of the capillary 
pore, dc is the inner diameter of the capillary pore, hc is the height of the capillary, 
ξci = ζci/(2A2 

c) is the flow resistance coefficient at the capillary entrance, ζci is 
the local resistance coefficient at the capillary entrance, ξc = λc 

lc 
dc 

1 
2A2 

c 
is the flow 

resistance coefficient of the capillary pore, λc is the resistance coefficient along the 
capillary, ξce = ζce/(2A2 

c) is the flow resistance coefficient at the capillary exit, ζce
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is the local resistance coefficient at the capillary exit, co is the capillary resistance 
correction factor, Tb is the temperature at the outlet interface of the filling pipeline, 
qb is the mass flow rate at the outlet interface of the filling pipeline, and pb is the 
pressure at the outlet interface of the filling pipeline. 

For each capillary, the filling length satisfies 

dlc 
dt 

=
ʃ

q 
NcρAc 

, while propellant in filling process 
−q 

NcρAc 
, while propellant in shutdown process 

(2.164) 

(2) Interface type and interface equation 

The filling pipeline module has an inlet interface port3a and an outlet interface por3b. 
The inlet port3a a is connected to the outlet of the solenoid valve, and the outlet port3b 
b is connected to the inlet of the thrust chamber. 

The inlet interface port3a is defined by the Modelica language as 

Connector port 3a 

Real p a (unit=“MPa”) “Pressure”; 
Real T a (unit=“K”) “Temperature”; 
Integer mark a “Control signal: 0– power off, 1– power on”; 
flow Real q a (unit=“kg/s”) “Mass Flow Rate”; 

end port3a; 

The four interface equations of the Filling Line Collector Nozzle module are 

marka = markb (2.165) 

pa = p (2.166) 

Ta = Tb (2.167) 

q = qb (2.168) 

(3) Module name and parameter description (Table 2.11)
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Table 2.11 Filling line collector nozzle module 

Number Parameter notation Unit Description 

1 kind Propellant type: 0–oxidizer, 1–fuel 

2 l ra m Pipeline length 

3 d m Pipeline inner diameter 

4 h m Pipeline height 

5 b m Pipeline wall thickness 

6 ζ i Local resistance coefficient at pipeline inlet 

7 ζ e Local resistance coefficient at pipeline outlet 

8 v ra m3 Volume of collecting cavity 

9 l cra m Capillary length 

10 d c m Capillary inner diameter 

11 h c m Capillary height 

12 ζ ci Local resistance coefficient at the capillary inlet 

13 ζ ce Local resistance coefficient at the capillary outlet 

14 co Capillary resistance correction factor 

15 p ra MPa Pipeline pressure rating 

16 p in MPa Initial pipeline pressure 

17 q ra kg/s Filling pipeline mass flow rate rating 

18 q in kg/s Initial mass flow rate in filling pipeline 

19 l in m Initial pipeline filling length 

20 v in m3 Initial filling volume of collecting cavity 

21 l cin m Initial capillary pore filling length 

2.15 Thrust Chamber Module 

(1) Mathematical model 

For the operation of the thrust chamber, when establishing the dynamic mathematical 
model, the following assumptions are made: (1) the gas in the thrust chamber satisfies 
the ideal gas equation of state; (2) the period from the injection of liquid propellant 
into the combustion chamber to the conversion into gas occurs after a combustion 
time delay, which includes the oxidizer sensitive time delay, fuel sensitive time delay 
and invariant time delay; ➂ the flow of gas in the nozzle is adiabatic and isentropic; ➃ 
parameters such as gas pressure, density and temperature in the combustion chamber 
are uniformly distributed, regardless of their fluctuation characteristics.
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Fig. 2.16 Schematic diagram of the thrust chamber module (Thrust Chamber) 

The thrust chamber includes a combustion chamber and nozzle, as shown in 
Fig. 2.16. The mathematical models are described below. 

➀ Basic equations of the combustion chamber 

When the liquid propellant enters the combustion chamber, a part of the propellant 
is converted to gaseous combustion products, and the other part is in the liquid phase 
and exits the combustion chamber with the combustion gases. Where the time for 
the formation of a mixture between the liquid oxidizer and the liquid fuel due to the 
processes of atomization, heating, evaporation, diffusion, and turbulent mixing can 
be approximately expressed as 

τo = a1p−a2 (2.169) 

τf = a3p−a4 (2.170) 

where τo and τf are the sensitivity time delays of the conversion process of the liquid 
oxidizer and liquid fuel, respectively, p is the combustion chamber pressure, and a1, 
a2, a3 and a4 are constants. 

The mass changes of the liquid oxidizer and liquid fuel accumulated in the 
combustion chamber are expressed as 

dmlo 

dt 
= qlo1 − 

mlo 

τo 
− qlo2 (2.171) 

dmlf 

dt 
= qlf 1 − 

mlf 

τf 
− qlf 2 (2.172) 

where mlo and mlf are the liquid oxidizer and liquid fuel accumulated in the combus-
tion chamber, respectively; qlo1 and qlf 1 are the mass flow rates of the liquid oxidizer 
and liquid fuel flowing into the combustion chamber, respectively; and qlo2 and qlf 2 
are the mass flow rates of the liquid oxidizer and liquid fuel flowing out of the 
combustion chamber, respectively.



58 2 Mathematical Model of the Operation of the Space Propulsion System

Suppose the instantaneous values of the mass of the gaseous oxidizer and the 
mass of the fuel in the combustion chamber are mgo and mgf , respectively. Then, 
the average instantaneous value kg of the gas component ratio in the combustion 
chamber is 

kg = 
mgo 

mgf 
(2.173) 

For the mass of each gaseous component in the combustion chamber, the mass balance 
equation can be written independently as 

dmgo 

dt
= qgo1 − qgo2 (2.174) 

dmgf 

dt 
= qgf 1 − qgf 2 (2.175) 

where the gas flow rate at the inlet of the combustor qg1(t) = qgo1(t) + qgf 1(t), 
the oxidizer flow rate in the combustion chamber inlet gas qgo1(t) = mlo(t−τr ) 

τo(t−τr ) , the  

combustor flow rate in the combustion chamber inlet gas qgf 1(t) = mlf (t−τr ) 
τf (t−τr ) , τr is the 

constant time delay between the oxidizer and the fuel to form combustion products 
due to the chemical reaction, and the gas flow rate at the exit of the combustor is 
qg2 = qgo2+qgf 2. Oxidizer flow rate qgo2 and fuel flow rate qgf 2 are determined from 
component ratio kg and total flow rate qg2. 

qgo2 = kg 
kg + 1 

qg2 , qgf 2 = 1 

kg + 1 
qg2 (2.176) 

The following is derived from Eqs. (2.173)–(2.176) 

dkg 
dt 

= 
1 

mgf 
· dmgo 

dt 
− 

mgo 

m2 
gf 

· dmgf 

dt 
= 

1 

mgf 
· qgo1 − 

mgo 

m2 
gf 

· qgf 1 

−
[

kg 
mgf
(
kg + 1
) − mgo 

m2 
gf

(
kg + 1
)
]
qg2 

= 
1 

mgf 
· qgo1 − 

mgo 

m2 
gf 

· qgf 1 −
[ mgo 

mgf 

mgf
(
kg + 1
) − mgo 

m2 
gf

(
kg + 1
)
]
qg2 

= 
1 

mgf 
· qgo1 − 

mgo 

m2 
gf 

· qgf 1 (2.177) 

With mg = mgo + mgf and kg = mgo/mgf , 

mgo = 
mgkg 
kg + 1 

, mgf = mg 

kg + 1 
(2.178)
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Substituting Eq. (2.178) into Eq. (2.177) gives  

dkg 
dt 

= 
kg + 1 
mg

(
qgo1 − kgqgf 1

)
(2.179) 

where the gas quality is mg = pVg/(RgT ); Rg is the gas constant; Vg = V −ml o/ρo− 
ml f  /ρf is the volume of gas in the combustion chamber; ρo and ρf are the densities of 
the liquid oxidizer and liquid fuel, respectively, and V is the volume of the combustion 
chamber. 

If the thermal conductivity and the diffusion coefficient are considered to be 
infinite (i.e., the instantaneous and complete mixing model of the gas pipeline), then 
the instantaneous gas temperature of the entire combustion chamber T (x, t) (except 
for the gas that just entered the entrance at this instant) is equal to the temperature at 
the exit of the combustion chamber. 

T (x, t) =
)
T (0, t) = T1(t), x = 0 
T (l, t) = T2(t), 0 < x ≤ l 

(2.180) 

Ignoring the change in the kinetic energy of the gas in the combustor and assuming 
that the flow is adiabatic, the energy conservation equation of the combustor is 
expressed as 

d
(
mgcvT2

)

dt
= cp1T1qg1ηc − cp2T2qg2 (2.181) 

where cv = Rg 

γ −1 is the specific heat at constant volume, cp = γ Rg 

γ −1 is the specific heat 
at constant pressure, γ is the specific heat ratio, RgT2 represents the working ability 
of gas, and ηc is the combustion efficiency. Equation (2.181) expands to 

mg 
d
(
RgT2
)

dt 
+ RgT 

dmg 

dt 
= (γ − 1)

(
γ1 

γ1 − 1 
Rg1T1qg1ηc − γ2 

γ2 − 1 
Rg2T2qg2

)

(2.182) 

From mass conservation, we have 

dmg 

dt 
= qg1 − qg2 (2.183) 

Therefore, 

mg 
d
(
RgT2
)

dt
= (γ − 1)

(
γ1 

γ1 − 1 
Rg1T1qg1ηc − γ2 

γ2 − 1 
Rg2T2qg2

)
− RgT2

(
qg1 − qg2

)

(2.184)
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From the gas equation of state, it can be written that 

mg = pVg/(RgT2) (2.185) 

Taking the derivative on both sides becomes 

Vg 

RgT2 

dp 

dt 
− pVg
(
RgT2
)2 

d
(
RgT2
)

dt
= 

dmg 

dt 
= qg1 − qg2 (2.186) 

Substituting Equation (2.184) into Equation (2.186) gives  

Vg 
dp 

dt 
= (γ − 1)

(
γ1 

γ1 − 1 
Rg1T1qg1ηc − γ2 

γ2 − 1 
Rg2T2qg2

)
(2.187) 

➁ Basic equations of the nozzle 

q = 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

μpAt √
RgT2 

/
γ
(

2 
γ +1

( γ +1 
γ −1 p0 

p ≤
(

2 
γ +1

( γ 
γ −1 

μpAt √
RgT2 

/
2γ 

γ −1

[(
p0 
p

( 2 
γ −
(
p0 
p

( γ +1 
γ

]
p0 
p >
(

2 
γ +1

( γ 
γ −1 

(2.188) 

where μ is the nozzle flow coefficient; At is the cross-sectional area of the nozzle 
throat; p0 is the ambient pressure; and T2 and p are the temperature and pressure of 
the gas in the combustor, respectively. 

➂ Performance parameters of the thrust chamber

(
pe 
p

)2/γ 
−
(
pe 
p

)(γ +1)/γ 
=
(

2 

γ + 1

)2/(γ −1) 
γ − 1 
γ + 1

/(
Ae 

At

)2 
(2.189) 

ue =
┌||J 2γ 

γ − 1 
RgT2

[
1 −
(
pe 
p

)(γ −1)/γ
]

(2.190) 

F = qg2ue + Ae(pe − p0) (2.191) 

Isp = F/qg2 (2.192) 

c∗ =
√

γ RgT2 

γ

/(
2 

γ +1

((γ +1)/(γ −1) 
(2.193)
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cF =
┌||J 2γ 

γ − 1

(
2 

γ + 1

)(γ +1)/(γ −1)
[
1 −
(
pe 
p

)(γ −1)/γ
]

+ 
Ae 

At 

pe − pa 
p 

(2.194) 

where ue is the gasflow velocity at the nozzle exit, F is the thrust, Isp is a specific 
impulse, c∗ is the characteristic velocity of the combustion chamber, and cF is the 
thrust chamber thrust coefficient. 

(2) Interface type and interface equation 

The thrust chamber module has two inlet ports port3a, where the inlet port3a a 
is connected to the outlet of the oxidizer filling pipeline, and the inlet port3a b is 
connected to the outlet of the fuel filling pipeline. 

The four interface equations of the thrust chamber module are 

pa = p (2.195) 

pb = p (2.196) 

−qa = qlo1 (2.197) 

−qb = qlf 1 (2.198) 

(3) Module name and parameter description (Table 2.12) 

Table 2.12 Thrust chamber module 

Number Parameter 
notation 

Unit Description 

1 l1 m Length of cylindrical section of combustion chamber 

2 l2 m Length of convergent section of combustion chamber 

3 d m Inner diameter of cylindrical section of combustion chamber 

4 d t m Inner diameter of nozzle throat 

5 d e m Inner diameter of nozzle outlet 

6 b m Combustion chamber wall thickness 

7 a1 Constants in the calculation formulas of oxidizer sensitive 
time delay 

8 a2 Constants in the calculation formulas of oxidizer sensitive 
time delay 

9 a3 Constants in calculation formulas of fuel sensitive time 
delay

(continued)
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Table 2.12 (continued)

Number Parameter
notation

Unit Description

10 a4 Constants in calculation formulas of fuel sensitive time 
delay 

11 taor s Constant delay 

12 eta Combustion efficiency 

13 mu Nozzle flow coefficient 

14 epsilon Blackness of combustion chamber wall 

15 lam W/ 
(m.K) 

Thermal conductivity of the combustion chamber wall 

16 m lora kg Combustion chamber liquid oxidizer mass rating 

17 m loin kg Initial liquid oxidizer mass in combustor 

18 m lfra kg Combustion chamber liquid fuel mass rating 

19 m kg Initial liquid fuel mass in the combustor 

20 k gra Rated value of gas component ratio in combustion chamber 

21 k gin Initial gas component ratio in combustion chamber 

22 k max Maximum gas component ratio in combustion chamber 

23 T ra K Combustion chamber gas temperature rating 

24 T in K Initial combustion chamber gas temperature 

25 p ra MPa Combustion chamber gas pressure rating 

26 p in MPa Initial combustion chamber gas pressure 
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Chapter 3 
Analysis of the Response Characteristics 
of the Tank Pressurization System 
and a Single Thruster 

Based on the mathematical models of the operation of the space propulsion system 
components established in Chap. 2 and the Modelica programs for the startup, steady-
state and shutdown processes of the components, the thruster simulation system for 
each type of thrust can be conveniently assembled. By inputting known parame-
ters of the thruster, such as the gas cylinder and pressure-reducing valve structural 
parameters, propellant density, pipeline diameter and length, and thrust chamber 
structural parameters, into the simulation system, the response of a single thruster 
can be analyzed in terms of pipeline pressure, flow rate, combustion chamber pres-
sure, temperature, component ratio, thrust and other parameters, on which basis in 
this book it discussed the effects of the gas cylinder pressure, pressure-reducing 
valve characteristics, filling and shutdown characteristics, thruster response time, 
the effects of the combustion chamber volume and the inner diameter of the nozzle 
throat. 

3.1 Effect of Cylinder Pressure 

This space propulsion system is a constant-pressure pressurized gas system, as shown 
in Fig. 2.1. 

A high-pressure gas cylinder is one of the important components in a space propul-
sion system, and its main function is to pressurize and charge the storage tank. Before 
the startup of a space propulsion system, the compressed gas is added into the gas 
cylinder through the inflation valve on the gas cylinder, and the pressure in the gas 
cylinder is monitored with a pressure gauge. To prevent the gas cylinder and pipeline 
from being damaged due to too high of a pressure, a safety valve is installed on the gas 
cylinder or pipeline. When the space propulsion system is working, the gas flowing 
out of the gas cylinder is controlled at a given pressure by the pressure reducer to 
squeeze the propellant in the storage tank. This system can keep the pressure of
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Fig. 3.1 Simulation system of a large thruster 

the storage tank constant, but the pressure of the gas cylinder must meet certain 
requirements. Simulation is performed for specific analysis below. 

Figure 3.1 shows the simulation system of a single large thruster, which includes 
a gas cylinder module, an electric explosion valve module, a pressure-reducing valve 
module, a storage tank module, a pipeline and orifice plate module, a solenoid valve 
module, a filling pipeline module, a thrust chamber module, a virtual control module. 
Using this simulation system, the variation trend of the working parameters of the 
pressure-reducing valve can be simulated by selecting different gas cylinder pres-
sures, as shown in Figures 3.2 and 3.3. It can be seen from these figures that when the 
gas cylinder pressure becomes low, the pressure flutter at the outlet of the pressure-
reducing valve in the startup process of the tank pressurization system becomes 
small; when the initial gas cylinder pressure is greater than 10.0 MPa, for a single 
large thruster, pressure-reducing valves can ensure a stable outlet gas pressure for 
approximately 10 s; when the initial gas cylinder pressure is less than 5.0 MPa, the 
pressure-reducing valve is always in the fully open state (i.e., the relative displace-
ment of the spool x/h max =1.0). At this moment, the pressure-reducing valve, if the 
pressure valve loses its ability to regulate, cannot guarantee the gas pressure required 
by the storage tank.

3.2 Analysis of the Characteristics 
of the Pressure-Reducing Valve 

The simulation system of a large thruster shown in Fig. 3.1 is also used. The viscous 
drag coefficient, outlet volume, spool displacement, spring stiffness, valve seat inner 
diameter and spool mass of the pressure-reducing valve are changed and analyzed 
based on the simulation characteristic curve in the time domain. The effects of param-
eters on the pressure-reducing valve are provided as reference information for the 
design of the pressure-reducing valve.
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Fig. 3.2 Outlet pressure curve of the pressure-reducing valve 

Fig. 3.3 Relative displacement curve of the pressure-reducing valve spool
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3.2.1 Effect of Viscous Friction 

In the structural design of the pressure-reducing valve, both the dry friction provided 
by the cup structure and the viscous friction provided by the resistance hole should 
be considered. The dry friction force is a piecewise constant function of speed, 
which takes a negative value when the speed is positive, and vice versa. When 
the spring force and pneumatic force on the spool of the pressure-reducing valve 
cannot overcome the dry friction force, the spool will stop moving. Therefore, the 
dry friction force must be moderate. If the dry friction is too large, the pressure-
reducing valve will be unstable. If it is too small, the system will not work. Due to 
material and structure limitations, the dry friction is generally difficult to determine, 
and it changes with the change in environment and over time, which will lead to 
unstable operation of the pressure-reducing valve. In contrast, the viscous friction 
is easy to determine and is stable. Therefore, in the design of the pressure-reducing 
valve, the influence of dry friction should be reduced as much as possible, and the 
function of viscous friction should be reasonably adjusted. 

As shown in Figs. 3.4 and 3.5, when the viscous friction coefficient is between 
0.0 and 10.0; changing the viscous friction coefficient has little effect on the outlet 
pressure and spool displacement of the pressure-reducing valve studied in this project. 
The effect of the spring force on the spool is far greater than the effect of the viscous 
friction force. However, when the viscous friction coefficient is greater than 1000.0, 
the vibration amplitude of the outlet pressure of the pressure-reducing valve during 
the startup process of the tank pressurization system becomes significantly smaller, 
indicating that the viscous friction coefficient becomes larger and the stability of the 
pressure-reducing valve gradually increases.

3.2.2 Effect of Outlet Volume 

The outlet pressure curve and the relative displacement curve of the spool obtained 
from the simulation when only the outlet volume of the pressure-reducing valve 
is changed are shown in Figs. 3.6 and 3.7. V2 is the design outlet volume of the 
pressure-reducing valve. It can be seen from the figure that as the outlet volume of 
the pressure-reducing valve increases, the vibration amplitude of the outlet pressure 
of the pressure-reducing valve decreases significantly, indicating that the stability of 
the tank pressurization system gradually increases.

The outlet volume of the pressure-reducing valve is the sum of the volumes of the 
pressure-reducing valve of Cavity 2, the connecting pipeline and the gas cavity in 
the storage tank. Since the volume of the pressure-reducing valve of Cavity 2 and the 
gas volume of the storage tank are not easy to change, a long and thick connecting 
pipeline can be selected to increase the outlet volume, but it is required that there 
should be no throttling at the connection between the outlet of the pressure-reducing 
valve and the pipeline, i.e., the outlet diameter of the pressure-reducing valve should
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Fig. 3.4 Outlet pressure curve of the pressure-reducing valve 

Fig. 3.5 Relative displacement curve of the pressure-reducing valve spool
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Fig. 3.6 Outlet pressure curve of the pressure-reducing valve 

Fig. 3.7 Relative displacement curve of the pressure-reducing valve spool
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be greater than or equal to the outlet diameter. This type of gas pipeline structure is 
conducive to improving the stability of the tank pressurization system. 

3.2.3 Effect of Spring Stiffness 

In this section, the main spring stiffness of the pressure-reducing valve is changed 
independently, while the other parameters remain unchanged. The outlet pressure 
curve and relative displacement curve of the spool obtained from the simulation are 
shown in Figs. 3.8 and 3.9. c2 is the design value of the main spring stiffness of 
the pressure-reducing valve. The corresponding diagrams show that when the spring 
stiffness multiple is between 1.0 and 1.8, changing the spring stiffness has little effect 
on the vibration amplitude of the outlet pressure during the startup process of the 
regulator; however, the larger the spring stiffness is, the lower the outlet pressure 
of the regulator in the steady state. In addition, in previously published literature 
[43], a conclusion was reached from the analysis of other pressure-reducing valves: 
the larger the spring stiffness is, the better the system stability. Therefore, different 
spring stiffnesses correspond to different system stabilities and different steady-state 
outlet pressures, and a trade-off must be made. 

Fig. 3.8 Outlet pressure curve of the pressure-reducing valve
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Fig. 3.9 Relative displacement curve of the pressure-reducing valve spool 

3.2.4 Effect of Seat Inner Diameter 

The inner diameter of the valve seat of the pressure-reducing valve was changed 
while keeping the other parameters unchanged. Figures 3.10 and 3.11 show the 
outlet pressure curves and relative displacement curves of the spool corresponding 
to several different valve seat inner diameters. d0 is the design value of the inner 
diameter of the pressure-reducing valve seat. It can be seen from these figures that 
the smaller the inner diameter of the valve seat is, the smaller the vibration amplitude 
of the outlet pressure during the startup process of the pressure-reducing valve, and 
the more stable the tank pressurization system. The smaller the inner diameter of the 
valve seat is, the greater the resistance to gas flow, and thus the lower the pressure 
at the outlet of the pressure-reducing valve. Therefore, to increase system stability 
while maintaining a constant outlet pressure, the inner diameter of the valve seat 
must be reduced while increasing the opening of the spool.

The effect of the pressure-reducing valve seat inner diameter on the stability of 
the tank pressurization system is of practical significance in engineering. Especially 
when solving the chatter problem during the startup process of a pressure-reducing 
valve, appropriately reducing the inner diameter of the pressure-reducing valve seat 
is the key to solving the problem of pressure reduction. It is one of the effective 
solutions to the valve chatter problem.
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Fig. 3.10 Outlet pressure curve of the pressure-reducing valve 

Fig. 3.11 Relative displacement curve of the pressure-reducing valve spool
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3.2.5 Influence of Spool Mass 

The spool mass of the pressure-reducing valve was changed while keeping the other 
parameters unchanged. Figures 3.12 and 3.13 show the outlet pressure curves and 
relative displacement curves of the spool corresponding to several different spool 
masses. mt is the design value of the pressure-reducing valve spool mass. It can be 
seen from the figure that the lower the mass of the spool is, the smaller the vibration 
amplitude of the outlet pressure during the startup process of the pressure-reducing 
valve, and the more stable the tank pressurization system. Compared with other 
factors, it is more effective to reduce the mass of the spool to improve stability. In 
general, the structural size of the spool is not large, and therefore, the control of the 
mass of the spool is easy to ignore in the design of the pressure-reducing valve. It can 
be seen from the simulation analysis that the change in the mass of the spool has a 
great impact on the stability of the tank pressurization system. Therefore, focusing on 
the quality control of the spool movement component is an effective way to improve 
the stability of the tank pressurization system from the design point of view. 

Fig. 3.12 Outlet pressure curve of the pressure-reducing valve
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Fig. 3.13 Relative displacement curve of the pressure-reducing valve spool 

3.3 Analysis of the Characteristics of the Filling 
and Shutdown Process 

The simulation system of a single medium thruster and a single small thruster are 
similar to that of a single large thruster (Fig. 3.1). Their tank pressurization systems 
and basic composition are the same, and the supply of each type of thruster is the 
same. Structural parameters (such as pipeline inner diameter and length, nozzle throat 
inner diameter and outlet diameter) of the pipeline and thrust chamber are different. 
In the simulation of the pipeline filling and shutdown process of the supply system, 
the working program of the space propulsion system was set to 1.3 s+2×0.5 s/0.5 s 
(“1.3 s” represents the standby time before the first pulse, “2” represents the value of 
2 pulses, the first “0.5 s” represents the pulse working time, and the second “0.5 s” 
represents the pulse interval time); the volume of the liquid collection cavity varies 
by + 50.0%, + 20.0%, − 20.0% and − 50.0%. 

In Figs. 3.14 and 3.15, the relative volume (v/v ra) is defined as the ratio of the 
filling volume of the propellant in the collecting cavity to the volume of the collecting 
cavity at a certain time. It can be seen from these two figures that the larger the volume 
of the liquid collecting cavity is, the longer the propellant filling time. Figs. 3.16 and 
3.17 show that changing the volume of the liquid collection cavity has almost no 
effect on the steady values of the thruster’s combustion chamber pressure and the 
nozzle gas flow rate. This is because the liquid in the liquid collection cavity has
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Fig. 3.14 Relative volume curves for the filling process of the oxidizer manifold for the large 
thruster

a negligible flow resistance. Remember, although changing its dimension will not 
affect the steady working state of the thruster, it will change the ascent process of 
the thruster. In Figs. 3.18 and 3.19, the relative length (l/l ra) is defined as the ratio 
of the filling length of the propellant in the pipeline at a certain time to the length of 
the pipeline. As shown in Figs. 3.18 and 3.19, during the shutdown process of the 
thruster, due to the absence of gas to blow off, only a small amount of propellant 
in the pipeline is expelled, and most of the rest of the propellant stays in the liquid 
collection cavity, waiting for the next startup. However, in practical applications, if 
the outlet of the nozzle is downward, the residual part of the propellant will slowly 
flow out of the collecting cavity under the action of the gravity of the propellant 
itself. 

3.4 Effect of Combustion Chamber Volume and Inner 
Diameter of Nozzle Throat 

Figures 3.20, 3.21, 3.22 and 3.23 show the combustion chamber pressure curves 
when the combustion chamber volume changes for the large thruster, medium Type 
I thruster, medium Type II thruster and small thruster, respectively. Vc is the design 
value of the combustion chamber volume. During simulation, the working procedure
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Fig. 3.15 Relative volume curve for a large thruster during the fuel manifold filling process 

Fig. 3.16 Combustion chamber pressure curve for a large thruster
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Fig. 3.17 Nozzle gas flow curve for a large thruster 

Fig. 3.18 Relative length curve of the oxidizer pipeline shutdown process for a large thruster
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Fig. 3.19 Relative length curve of the fuel pipeline shutdown process for a large thruster

of each thruster was 1.3 s+2×0.5 s/0.5 s; the volumes of the combustion chambers 
were larger than their design values. Vc increased 3, 7, 11 and 15 times. It can be 
seen from these four diagrams that during the startup process of each thruster, as the 
volume of the combustion chamber increases, the response time of the pressure rise 
of the combustion chamber increases. This is because, in the mathematical models 
established in this paper, the processes of propellant atomization, heating, evapora-
tion, diffusion, turbulent mixing, and chemical reaction are assumed to be completed 
within one combustion time delay, and the speed of pressure rise in the combustion 
chamber is mainly determined by the combustion chamber. When the volume of 
the combustion chamber increases, the response time of the pressure rise becomes 
longer. The shutdown process of the thruster is similar to the startup process. With 
the increase in the combustion chamber volume, the response time of the combustion 
chamber pressure drop also increases.

Figures 3.24, 3.25, 3.26 and 3.27 show the combustion chamber pressure curves 
when the inner diameter of the nozzle throat changes. dt is the design value of the 
inside diameter of the nozzle throat. During simulation, the working program of 
each thruster was 1.3 s + 2 × 0.5 s/0.5 s; the inner diameter of the nozzle throat was 
changed from the design value by − 20.0%, − 40.0%, − 50.0%, − 60.0% and − 
70.0%, respectively. The simulation results show that during the startup process, the 
smaller the inner diameter of the nozzle throat is, the more severe the combustion 
chamber pressure oscillation, and the larger the overshoot the increase in the combus-
tion chamber pressure after stability. During the shutdown process, the smaller the
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Fig. 3.20 Combustion chamber pressure curve for a large thruster 

Fig. 3.21 Combustion chamber pressure curve of the Type I thruster
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Fig. 3.22 Combustion chamber pressure curve of the Type II thruster 

Fig. 3.23 Combustion chamber pressure curve for a small thruster
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Fig. 3.24 Combustion chamber pressure curve for a large thruster

nozzle throat inner diameter is, the more severe the combustion chamber pressure 
oscillation, and the larger the overshoot. The larger the combustion chamber pressure 
is, the longer the falling time of the combustion chamber pressure. In the steady-state 
process, when the inner diameter of the nozzle throat is less than a certain value (the 
values of various thrusters are different), the combustion chamber pressure oscillates 
at a low frequency, which should be avoided in the development of the propulsion 
system. 

3.5 Analysis of Thruster Response Time 

The response time of the space propulsion system in the transient process mainly 
includes the startup acceleration time t 90 and the shutdown deceleration time t 10, 
where t 90 is defined as the time from the moment the solenoid valve is energized 
until the room pressure or thrust rises to 90% of its steady-state value, and t 10 is 
defined as the time from the moment the solenoid valve is deenergized to the time 
when the room pressure or thrust drops to 10% of its steady-state value. 

Table 3.1 lists the combustion chamber pressure response time under the normal 
working state of the space propulsion system. A comparison of the actual measured 
and simulated values of the response time in the table shows that the simulated
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Fig. 3.25 Combustion chamber pressure curve of the Type I thruster 

Fig. 3.26 Combustion chamber pressure curve of the Type II thruster
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Fig. 3.27 Combustion chamber pressure curve for a small thruster

values are basically distributed within the range of the measured values, indicating 
that the pressure response time of the space propulsion system is within the range 
of the measured time. The mathematical model of the transient process of the space 
propulsion system is basically correct. 

Table 3.2 shows that when the volume of the liquid collection cavity increases, 
because more propellant is needed to fill the liquid collection cavity, the acceleration 
time for the first start of the thruster is longer; on the other hand, the propellant 
in the liquid collection cavity is almost not removed during shutdown, causing a

Table 3.1 Pressure response time of combustion chamber 

Type t90, s t10, s  

Actual value Simulated value Actual value Simulated value 

Large thruster 0.037 
(0.029 ~ 0.046) 

0.037 0.028 
(0.025 ~ 0.030) 

0.029 

Medium thruster (Type 
I) 

0.070 
(0.059 ~ 0.107) 

0.063 0.083 
(0.076 ~ 0.091) 

0.095 

Medium thruster (Type 
II) 

0.128 
(0.110 ~ 0.141) 

0.120 0.117 
(0.099 ~ 0.138) 

0.120 

Small thruster 0.169 
(0.144 ~ 0.394) 

0.140 0.118 
(0.111 ~ 0.137) 

0.132 
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Table 3.2 Response time of the combustion chamber in the medium thruster (Type II) when the 
volume of the liquid collection cavity changes 

Percent volume change (%) t90, s (Simulated value) t10, s (Simulated value) 

+ 50.00 0.128 0.121 

+ 20.00 0.124 0.121 

0.0000 0.120 0.120 

− 20.00 0.116 0.120 

− 50.00 0.112 0.120 

Table 3.3 Response time of the combustion chamber in the medium thruster (Type II) to volume 
change 

Percent volume change (%) t90, s (simulated value) t10, s (simulated value) 

+ 1500.0 0.137 0.136 

+ 1100.0 0.132 0.130 

+ 700.00 0.127 0.125 

+ 300.00 0.123 0.121 

0.00000 0.120 0.120

small change in the shutdown and deceleration time. Table 3.3 shows that when the 
volume of the combustion chamber increases, because the derivative of the combus-
tion chamber pressure is inversely proportional to the volume of the combustion 
chamber, the acceleration time at startup and the deceleration time at shutdown are 
both longer. 
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Chapter 4 
Analysis of the Response Characteristics 
of Coupled Multiple Thrusters During 
the Working Process 

In this chapter, the response characteristics of the coupled liquid pipeline space 
propulsion system shown in Fig. 2.1 were analyzed. Using the mathematical model 
of the operation of the space propulsion system constructed in Chap. 2, the model 
of the space propulsion system (containing 17 thrusters) was programmed in the 
Modelica language. The simulation software is shown in Fig. 4.1. It is assumed that 
in the tank pressurization system, the electric explosion valve is energized and opened 
at the beginning, and the switching action of the solenoid valves of each thruster is 
controlled by the signal output from the virtual controller module.

4.1 Analysis of Water Hammer Characteristics 

4.1.1 Effect of the Elastic Deformation Modulus 
of the Pipeline Material on the Water Hammer 

Since the propellant pressure in the water hammer caused by the sudden opening and 
closing of the valve is proportional to the sound velocity of the fluid in the pipeline, 
reducing the fluid sound velocity can reduce the water hammer. Considering the 
structural characteristics and compressibility of the pipeline, the calculation formula 
for the sound velocity of the fluid in the pipeline can be expressed as [7] 

a = 

/
K 

ρ

//
1 + 

Kd 

Eb 
(4.1) 

where K is the bulk modulus of elasticity of the liquid, ρ is the liquid density, d is the 
inside diameter of the pipeline, E is the elastic deformation modulus of the pipeline 
material, and b is the pipeline wall thickness.
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Fig. 4.1 Simulation software of the space propulsion system

It can be seen from the above formula that the sound velocity can be reduced 
if the elastic deformation modulus of the pipeline material is reduced. The elastic 
deformation modulus of titanium alloy and steel is several orders of magnitude larger 
than the bulk modulus of liquid (Table 4.1). Therefore, if titanium alloy and steel are 
used as pipeline materials, the sound velocity in the liquid will be relatively high; 
when the elastic deformation modulus of the metal hose is lower than that of the 
liquid, it can greatly reduce the sound velocity in the liquid. 

The pipeline in front of the large thruster solenoid valve was replaced by steel, 
titanium alloy and other metal hose material. The elastic deformation modulus of 
the metal hose material was set to 500 MPa. The simulation results in the maximum 
water hammer volume of the pipeline when the large thruster is shut down are shown 
in Table 4.2.

Table 4.1 Elastic deformation modulus of the pipeline material and bulk modulus of the elasticity 
of liquid 

Material Steel Titanium alloy Metal hose Oxidizer 

Elastic deformation modulus E (MPa) 2.06 × 105 1.02 × 105 102 to 103 1.52 × 103 
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Table 4.2 Effect of the elastic deformation modulus of the pipeline material on the maximum water 
hammer 

Material Steel Titanium alloy Metal hose 

Fuel pipeline 
Maximum water hammer volume (MPa) 

29.18 28.45 7.78 

Oxidizer pipeline 
Maximum water hammer volume (MPa) 

37.18 36.59 11.69 

As shown in Table 4.2, the use of metal hose material with a small elastic defor-
mation modulus not only meets the pipeline strength requirement but also can greatly 
reduce the water hammer during shutdown. 

4.1.2 Effect of Different Power-On and Power-Off Modes 
of the Thruster on the Water Hammer 

During the startup and shutdown processes of the liquid rocket engine, due to the 
short opening and shutdown time of the startup valve and stop valve, a severe water 
hammer will occur in the propellant supply system. Water hammers may not only 
cause damage to the structure of the thruster but also affect the dynamic perfor-
mance of multiple thrusters coupled through hydraulic channels. A space propulsion 
system needs to be turned on and off and subsequently pulsed continuously many 
times. When some thrusters are turned on and off, the water hammer will affect the 
performance of other thrusters, thus affecting the orbit control of a space vehicle. 

To compare the response characteristics of the space propulsion system in different 
work modes, two power-on and -off modes are selected in this section. Mode 1: the 
working program of thruster 0 is 1.5 s + 1 × 0.5 s/2.0 s; the working program of 
thrusters 1–16 is 1.3 s + 1 × 1.0 s/1.7 s. Mode 2: the working program of thruster 0 
is 1.3 s + 1 × 2.7 s/0.0 s; the working program of thrusters 1–4 is 1.3 s + 1 × 0.5 s/ 
2.2 s; the working program of thrusters 9–12 is 1.3 s + 1 × 0.5 s/2.2 s; the working 
program of thrusters 5–8 is 1.3 s + 1 × 1.0 s/1.7 s; the working program of thrusters 
13–16 is 1.3 s + 1 × 1.5 s/1.2 s. Mode 1 studies the effect of a large thruster (0) on 
the response characteristics of other thrusters (1–16). Mode 2 studies medium Type I 
thrusters (1–4), and the medium Type II thrusters (9–12) and small thrusters (5–8 and 
13–16) were shut down at different times and affected the response characteristics 
of other thrusters. 

4.1.2.1 Mode 1 Effect on Water Hammer Characteristics of a Thruster 

Figure 4.2 shows the following: (1) From the pressure curves of the main oxidizer 
and fuel pipelines, the water hammer volume of the main pipeline induced by the 
shutdown of the large thruster is larger than the water hammer volume of a main
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pipeline induced by the simultaneous shutdown of the other thrusters. However, 
the water hammer fluctuation attenuates quickly. The water hammer volume of the 
main oxidizer pipeline is larger than that of the main fuel pipeline; in particular, the 
peak water hammer pressure of the main oxidizer pipeline induced when the large 
thruster is shut down is 1.40 times the rated value. The peak water hammer pressure 
of the main pipeline is 1.23 times the rated value; the peak water hammer pressure 
of the main oxidizer pipeline, induced by the simultaneous shutdown of the other 
thrusters, is 1.11 times the rated value, and the peak water hammer pressure of the 
main fuel pipeline is 1.08 times the rated value. (2) The medium Type II thruster 
shutdown induced the largest water hammer in branched pipelines, followed by the 
large thruster, followed by the medium Type I thruster; the small thruster shutdown 
induced the smallest water hammer. Among them, the peak water hammer pressure 
of the oxidizer pipeline for the large thruster is 2.19 times the rated value, the peak 
water hammer pressure of the fuel pipeline is 2.21 times the rated value, the peak 
water hammer pressure of the Type I oxidizer pipeline for the medium thruster is 
2.1 times the rated value, and the peak water hammer pressure of the fuel pipeline 
is 2.21 times the rated value. The peak water hammer pressure of the burning agent 
pipeline is 1.77 times the rated value, the peak water hammer pressure of the Type II 
oxidizer pipeline of the medium thruster is 2.80 times the rated value, the peak water 
hammer pressure of the fuel pipeline is 2.22 times the rated value of the oxidizer 
pipeline of the small thruster, the peak water hammer pressure is 1.80 times the rated 
value, and the peak water hammer pressure of the fuel pipeline is 1.48 times the 
rated value. (3) The large thruster is shut down first, and the pressure curve of the 
combustion chamber of the other thrusters and the pressure curves of the oxidizer 
and fuel pipelines are affected. Fluctuations appear in all thrusters, with a –6.66% 
variation in the combustion chamber pressure of the medium Type I thruster, –5.19% 
variation in the combustion chamber pressure of medium Type II thruster, and –5.21% 
variation in the combustion chamber of the small thruster.

4.1.2.2 Mode 2 Effect on Water Hammer Characteristics of a Thruster 

Figure 4.3 shows the following: (1) The water hammer value induced by the shutdown 
at different times of the medium Type I thruster, medium Type II thruster and small 
thruster is much less than the water hammer value induced when they are shut down 
at the same time. (2) The shutdown of a certain thruster will cause the pressure of the 
combustion chamber of the other thrusters and the pressure of the oxidizer and fuel 
to fluctuate, with the shutdown-induced fluctuation of the medium Type II thruster 
being the largest, followed by that of the medium Type I thruster, and lastly that of 
the small thruster. (3) The water hammer pressure induced by the shutdown of the 
thruster itself is larger than the water hammer pressure induced by the shutdown of 
other thrusters.
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(a) Pressure curves of the main oxidizer and fuel pipelines 

(b) Pressure curves of the oxidizer and fuel pipelines of the large thruster 

(c) Pressure curve of the combustion chamber of the large thruster 

Fig. 4.2 Effect of mode 1 on the water hammer characteristics of a thruster
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(d) Pressure curve of the oxidizer pipeline of the medium Type I thruster 

(e) Pressure curve of the fuel pipeline of the medium Type I thruster 

(f) Pressure curve of the combustion chamber of the medium Type I thruster 

Fig. 4.2 (continued)
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(g) Pressure curve of the oxidizer pipeline of the medium Type II thruster 

(h) Pressure curve of the fuel pipeline of the medium Type II thruster 

(i) Pressure curve of the combustion chamber of the medium Type II thruster 

Fig. 4.2 (continued)
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Fig. 4.2 (continued)

(j) Pressure curve of the oxidizer pipeline for the small thruster 

(k) Pressure curve of the fuel pipeline for the small thruster 

(l) Pressure curve of the combustion chamber of the small thruster 
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4.2 Flow Matching Analysis 

4.2.1 Mode 1 Effect on Thruster Flow Characteristics 

The following can be determined from Fig. 4.4: (1) From the flow curves of the main 
of the oxidizer and fuel pipelines, when the large thruster is shut down, the flow rate 
in the main pipeline decreases and fluctuates and then quickly reaches the steady-
state value, which can satisfy the requirements of the other 16 thrusters. When the 
other 16 thrusters are shut down at the same time, it causes violent fluctuations in 
the flow rate in the main pipeline, and it takes a long time for the fluctuation to stabi-
lize; the fluctuation amplitude of the flow rate in the main pipeline of the oxidizer 
is larger than that in the main pipeline of the fuel, and the fluctuation attenuation is 
slower. (2) As shown in Fig. 4.4c–h, when the large thruster shuts down, it causes 
fluctuations in the flow curves of the other thrusters. Among them, the absolute flow

(a) Pressure curves of the main oxidizer and fuel pipelines 

(b) Pressure curves of the oxidizer and fuel pipelines for the large thruster 

Fig. 4.3 Effect of mode 2 on the water hammer characteristics of a thruster
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(c) Pressure curve of the combustion chamber of the large thruster 

(d) Pressure curve of the oxidizer pipeline of the medium Type I thruster 

(e) Pressure curve of the fuel pipeline of the medium Type I thruster 

Fig. 4.3 (continued)
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(f) Pressure curve of the combustion chamber of the medium Type I thruster 

(g) Pressure curve of the oxidizer pipeline of the medium Type II thruster 

(h) Pressure curve of the fuel pipeline of the medium Type II thruster 

Fig. 4.3 (continued)
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(i) Pressure curve of the combustion chamber of the medium Type II thruster 

(j) Pressure curve of the oxidizer pipeline for the small thruster 

(k) Pressure curve of the fuel pipeline for the small thruster 

Fig. 4.3 (continued)
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(l) Pressure curve of the combustion chamber of the small thruster 

Fig. 4.3 (continued)

rate fluctuation generated by the medium Type I thruster is the largest, followed by 
that of the medium Type II thruster, and the absolute flow rate fluctuation gener-
ated by the small thruster is the smallest. The maximum amplitude of the oxidizer 
flow fluctuation generated by medium Type I thruster accounted for approximately 
36.68% of the rated value, and the fluctuation duration was approximately 0.13 s. 
The maximum amplitude of the fuel flow fluctuation accounted for approximately 
37.28% of the rated value, and the fluctuation lasted for approximately 0.13 s. The 
time is approximately 0.10 s; the maximum amplitude of the oxidizer flow fluctua-
tion generated by medium Type II thruster accounts for approximately 20.68% of the 
rated flow value; the fluctuation duration is approximately 0.15 s; and the maximum 
amplitude of the fuel flow fluctuation accounts for approximately 20.68% of the rated 
flow value. 20.99% of the rated value, and the fluctuation duration is approximately 
0.12 s. The maximum amplitude of the oxidizer flow fluctuation generated by the 
small thruster accounts for approximately 33.87% of the rated flow rate, the fluctu-
ation duration is approximately 0.15 s, and the maximum amplitude of the burner 
flow fluctuation is approximately 0.15 s. It accounts for 30.33% of the rated flow 
rate, and the fluctuation duration is approximately 0.12 s.
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(a) Flow curves of the oxidizer and fuel in the main pipeline 

(b) Flow curves of the oxidizer and fuel pipelines for the large thruster 

(c) Flow curve of the oxidizer pipeline of the medium Type I thruster 

Fig. 4.4 Effect of mode 1 on thruster flow rate
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(d) Flow curve of the fuel pipeline of the medium Type I thruster 

(e) Flow curve of the oxidizer pipeline of the medium Type II thruster 

(f) Flow curve of the fuel pipeline of the medium Type II thruster 

Fig. 4.4 (continued)
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(g) Flow curve of the oxidizer pipeline for the small thruster 

(h) Flow curve of the fuel pipeline for the small thruster 

Fig. 4.4 (continued) 

4.2.2 Mode 2 Effect on Thruster Flow Characteristics 

It can be seen from Fig. 4.5 that (1) as shown in Fig. 4.5a, when the medium Type I 
thruster, the medium Type II thruster and the small thruster are shut down at different 
times, the flow curve in the main pipeline will decline in a stepwise manner, resulting 
in fluctuation; the shutdown of the medium Type II thruster causes the largest fluc-
tuation in the main pipeline flow rate, followed by the medium Type I thruster type,
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and the shutdown of the small thruster causes the smallest fluctuation; the medium 
Type II thruster and small thruster cause the longest flow fluctuation in the main 
pipeline caused by the shutdown, while the duration of the flow fluctuation in the 
main pipeline caused by the shutdown of the medium Type I thruster is the shortest. 
(2) A comparison of Figs. 4.4a and 4.5a shows that the flow fluctuation amplitude 
in the main pipeline induced by the simultaneous shutdown of multiple thrusters is 
much larger than the flow fluctuation amplitude in the main pipeline induced by their 
respective shutdowns at different times. The fluctuation lasts for a long time. (3) A 
comparison of Figs. 4.4g and 4.5g shows that the shutdown of one large thruster has 
the same effect on the flow rate of the small thruster as the shutdown of four medium 
thrusters.

4.2.3 Effect of Mode 3 on the Flow Characteristics 
of a Thruster 

Mode 3 is expressed as follows: the working program of thruster 0 (large thruster) is 
1.5 s + 1 × 0.5 s/2.0 s; the working program of thruster 1 (medium thruster) is 2.5 s 
+ 1 × 0.5 s/1.0 s; the working program of thruster 5 (small thruster) is 1.0 s + 1 × 
2.5 s/0.5 s; and the working programs of thrusters 2–4 and 6–16 are 0.0 s + 0.0 s/ 
∞s. As shown in Fig. 4.6, the maximum amplitude of the fluctuation in the oxidizer 
flow of the small thruster induced by the shutdown of the large thruster accounts 
for approximately 40.33% of its rated value, while the oxidizer flow fluctuation 
of the small thruster induced by the shutdown of the medium Type I thruster has 
the maximum value. The amplitude accounts for approximately 22.73% of its rated 
value. Therefore, when a thruster with a lower thrust (low disturbance) shuts down, 
it has a lesser impact on the flow rate of other thrusters than that of a thruster with a 
higher thrust.

4.3 Pulse Program Analysis 

Dual-element small-thrust space propulsion systems have been widely used in launch 
vehicles and spacecraft to provide control force, control moment and small thrust for 
attitude control, orbit correction and transfer in specific space work environments. 
Its pulse operational performance directly affects the orbit control of a spacecraft. In 
this section, the operation characteristics of large, medium (Type I), medium (Type 
II) and small thrusters under different pulse programs are investigated.
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(a) Flow curves of the oxidizer and fuel in the main pipeline 

(b) Flow curves of the oxidizer and fuel pipelines for the large thruster 

(c) Flow curve of the oxidizer pipeline of the medium Type I thruster 

Fig. 4.5 Effect of mode 2 on thruster flow rate
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(d) Flow curve of the fuel pipeline of the medium Type I thruster 

(e) Flow curve of the oxidizer pipeline of the medium Type II thruster 

(f) Flow curve of the fuel pipeline of the medium Type II thruster 

Fig. 4.5 (continued)
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(g) Flow curve of the oxidizer pipeline for the small thruster 

(h) Flow curve of the fuel pipeline for the small thruster 

Fig. 4.5 (continued)

Figures 4.7, 4.8, 4.9 and 4.10 show the 15 different pulse programs (including 
400 ms/400 ms, 300 ms/300 ms, 200 ms/200 ms, 100 ms/100 ms, 80 ms/100 ms, 
60 ms/100 ms, 40 ms/100 ms, 20 ms/100 ms, 80 ms/80 ms, 70 ms/70 ms, 60 ms/ 
60 ms, 50 ms/50 ms, 40 ms/40 ms, 30 ms/30 ms, and 20 ms/20 ms).
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Fig. 4.6 Effect of mode 3 on the flow rates of the oxidizer and fuel in the small thruster

The following can be observed from Figs. 4.7, 4.8, 4.9 and 4.10: (1) Due to the fast 
response characteristics of the large thruster itself, its pulse program can be designed 
within a wide range, for example, extending from 400 ms/400 ms to 300 ms/300 ms. 
(2) For the medium Type I thruster, when its pulse working time is greater than 
40 ms and pulse interval time is greater than 100 ms, it can work normally. With 
the pulse programs of 40 ms/40 ms, 30 ms/30 ms and 20 ms/20 ms, the pressure of 
the combustion chamber of the medium Type I thruster decreases to only more than 
56% of the maximum value; thus, it is in a high oscillation state. (3) For the medium 
Type II thruster, when the pulse time is greater than 60 ms and the pulse interval 
is greater than 100 ms, it can work normally. When the pulse program is 40 ms/ 
40 ms, 30 ms/30 ms and 20 ms/20 ms, the pressure of the combustion chamber of 
medium Type II thruster decreases to only more than 47% of the maximum value, 
so it is also in a high oscillation state. (4) For the small thruster, when the pulse 
time is greater than 80 ms and the pulse interval is greater than 100 ms, it can work 
normally. When the pulse program is 40 ms/40 ms, 30 ms/30 ms and 20 ms/20 ms, 
the combustion chamber pressure of the small thruster decrease to only more than 
52% of the maximum value, indicating that it is also in a high oscillation state.
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(a)

 (b)

 (c) 

Fig. 4.7 Pressure curves of the combustion chamber of the large thruster
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 (d) 

(e) 

Fig. 4.7 (continued)
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 (f)

 (g) 

Fig. 4.7 (continued)
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 (h)

 (i) 

Fig. 4.7 (continued)



110 4 Analysis of the Response Characteristics of Coupled Multiple Thrusters …

 (j)

 (k) 

Fig. 4.7 (continued)
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 (l) 

(m) 

Fig. 4.7 (continued)



112 4 Analysis of the Response Characteristics of Coupled Multiple Thrusters …

 (n)

 (o) 

Fig. 4.7 (continued)
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(a)

 (b) 

Fig. 4.8 Pressure curves of the combustion chamber of the medium Type I thruster
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 (c)

 (d) 

Fig. 4.8 (continued)
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(e)

 (f) 

Fig. 4.8 (continued)
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 (g)

 (h) 

Fig. 4.8 (continued)
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 (i)

 (j) 

Fig. 4.8 (continued)
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 (k)

 (l) 

Fig. 4.8 (continued)
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(m)

 (n)

 (o) 

Fig. 4.8 (continued)
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(a)

 (b) 

Fig. 4.9 Pressure curves of the combustion chamber of the medium Type II thruster



4.3 Pulse Program Analysis 121

 (c)

 (d) 

Fig. 4.9 (continued)
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(e)

 (f) 

Fig. 4.9 (continued)
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 (g)

 (h) 

Fig. 4.9 (continued)
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 (i)

 (j) 

Fig. 4.9 (continued)
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 (k)

 (l) 

Fig. 4.9 (continued)
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(m)

 (n)

 (o) 

Fig. 4.9 (continued)
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(a)

 (b) 

Fig. 4.10 Pressure curves of the combustion chamber of the small thruster



128 4 Analysis of the Response Characteristics of Coupled Multiple Thrusters …

 (c)

 (d) 

Fig. 4.10 (continued)
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(e)

 (f) 

Fig. 4.10 (continued)
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 (g)

 (h) 

Fig. 4.10 (continued)
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 (i)

 (j) 

Fig. 4.10 (continued)
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 (k)

 (l) 

Fig. 4.10 (continued)
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(m)

 (n)

 (o) 

Fig. 4.10 (continued)
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Part II 
Modeling and Simulation Analysis 

of the Operation of the Gel Propulsion 
System



Chapter 5 
Mathematical Model of the Operation 
of the Gel Propulsion System 

5.1 Basic Assumptions 

In establishing the mathematical model and performing computer simulation of the 
operation of the gel propulsion system, it was assumed that the diaphragm valve and 
the electric detonation valve are opened at the beginning and that the gel propellant 
had already filled the main pipeline of the supply system (including the catheter, the 
reducing catheter, the orifice catheter, filter, flow regulator, etc.). After the electric 
gas valve or solenoid valve is energized and opened, the gel propellant starts to 
fill the liquid collection chamber, capillary tube, nozzle, etc. After the propellant 
is added, it enters the decomposition chamber to undergo atomization, evaporation, 
catalysis, and decomposition to generate high-temperature and high-pressure gas. 
Then, the gas is accelerated in the nozzle and is ejected at high speed from the nozzle 
to generate thrust. To obtain the main characteristics, the following assumptions are 
made regarding the working conditions of the propulsion system: 

(1) The gel propellant is a time-independent non-Newtonian fluid that flows in the 
pipe as a 1D flow. Some flow parameters (such as flow rate) are taken as the 
average value of the radial distribution of the pipe. 

(2) The heat transfer on the tube wall is not considered during the flow process of 
the gel propellant. 

(3) The combustion gas in the decomposition chamber satisfies the ideal gas 
equation of state. 

(4) The time from the injection of propellant into the decomposition chamber to 
the conversion into gas is completed within one combustion time delay (divided 
into sensitive time delay and invariant time delay), and it is assumed that the 
sensitive time lag varies with the pressure of the decomposition chamber. 

(5) The gas flow in the nozzle is adiabatic and has no dissipation, and the gas flow 
parameters satisfy the adiabatic isentropic relationship pvγ = const.

© National University of Defense Technology Press 2025 
M. Huang et al., Performance Analysis of a Liquid/Gel Rocket Engine During 
Operation, https://doi.org/10.1007/978-981-97-6485-3_5 

137

http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-97-6485-3_5&domain=pdf
https://doi.org/10.1007/978-981-97-6485-3_5


138 5 Mathematical Model of the Operation of the Gel Propulsion System

5.2 Systemic Decomposition of the Gel Propulsion System 

In the modeling and simulation of gel propulsion systems, after establishing a math-
ematical model and writing a computer program (modeling for short) for a specific 
model, simulation analysis is performed. If the structural form of the system changes, 
the equations must be rederived, the mathematical model of the system must be 
reestablished, and the computer programs must be completely or partially repro-
grammed. However, for such a complex power system as the gel propulsion system, 
the above methods require an enormous software workload, which often prevents the 
use of mathematical models and computer simulation technologies from performing 
in-depth analysis and study on the gel propulsion system. This influence is particu-
larly prominent in the design and development of the novel gel propulsion system. 
This is also one of the reasons that in the past, the design and development of propul-
sion systems basically relied on test methods, which resulted in a long development 
cycle and high development cost. 

Reasonable modular decomposition of the research object is the first and critical 
step in modular modeling. The form of module division determines the assembling 
method of simulation modules. The result of module division should ensure that the 
process of modular decomposition and module connection of the system is easy to 
perform, and at the same time, the deletion and insertion of any module should not 
inconvenience the combination process of other modules. 

According to the module decomposition method, the gel propulsion system 
(shown in Fig. 5.1) is divided into the following 15 component modules: (1) tank 
module; (2) conduit module; and (3) diaphragm valve and electroexplosion valve 
module; (4) multiport module; (5) orifice module; (6) filter module; (7) priming 
valve module; (8) liquid collection cavity module; (9) capillary module; (10) nozzle 
module; (11) decomposition chamber module; (12) nozzle module; (13) solenoid 
valve (with control gas) module; (14) solenoid valve (without control gas) module; 
and (15) virtual module (added due to simulation boundary connection).

5.3 Theoretical Formulas for Gel Propellants 

(1) Constitutive relationship of the gel propellant 

As a homogeneous non-Newtonian fluid, a gel propellant can be considered with a 
yield power-law volume fluid model, that is, 

τ = τy + k γ̇ n (5.1) 

where τ is the shear stress, Pa; τy is the yield stress, Pa; γ̇ = du(r)/dr is the shear 
strain rate, s−1; u(r) is the fluid flow rate, m/s; r is the radial coordinate of the circular 
tube, m; k is the consistency coefficient, Pa sn; and n is the mobility coefficient.
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(a) 

(b) 

Fig. 5.1 Layout diagram of the gel propulsion system

(2) Critical Reynolds number 

Based on the 2D Navier–Stokes equation, Gowell [10] separated the turbulent term 
and the stationary term in the critical Reynolds number of the power-law fluid inside 
the tube and obtained a stability coefficient from the ratio of these two terms to obtain 
a general calculation formula for the critical Reynolds number.



140 5 Mathematical Model of the Operation of the Gel Propulsion System

Rec = 6464n 

(1 + 3n)2 
(2 + n) 

2+n 
1+n (5.2) 

For example, for Newtonian fluids, the mobility coefficient is n = 1, and the critical 
Reynolds number is Rec = 2100; for non-Newtonian fluids, when n = 0.38, the  
critical Reynolds number is Rec = 3100. 

(3) Volume flow rate and average velocity 

To satisfy the relationship τ = τy + k γ̇ n when the yield power-law volume fluid 
is steady laminar flow in the tube, Meng et al. [11] derived that the actual velocity 
distribution on any cross section is as follows: 
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(5.3) 

where rb = Rτy/τw is the radius of the plug flow zone in the tube, τw is the shear 
stress on the inner wall of the tube, and us is the slip speed (Fig. 5.2). Thus, the 
volume flow rate of the steady flow in the gel propellant tube is 

qV = 
Rʃ

0 
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[
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|R 
0 (5.4) 

Substituting Eq. (5.3) into Eq. (5.4) gives  
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Then, the average velocity of the propellant in the tube is 
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(4) Generalized Reynolds number 

It is assumed that the gel propellant is a time-independent non-Newtonian fluid and 
that it undergoes steady laminar flow in the tube. The propellant has a slip flow 
phenomenon when it flows in the tube, and the following assumptions are made:
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r 

0 

u(r) 

z 
R 

δ 

us 

Fig. 5.2 Schematic diagram of the flow in the gel propellant tube 

➀ There is a slip layer at the inner wall of the propellant, the thickness of the slip 
layer is very thin, and the particle concentration in the layer is very low. 
➁ The propellant in the slip layer flows at the slip velocity; 
➂ Because the thickness of the slip layer is very thin and the concentration is very 
low, the fluid in the slip layer can be considered a “Newtonian fluid” with laminar 
flow along the inner wall of the tube, and the shear stress at any place in this thin 
layer is considered to be the same everywhere. Namely τ = τw = τc. 

For steady flow of viscous fluid in the tube, the resistance coefficient along the 
way is 

λ = ∆p 
l 
d 
1 
2 ρu

2 (5.7) 

where u is the average flow rate in the tube. In addition, the shear stress on the inner 
wall of tube τw satisfies 

π R2∆p = τw2πRl (5.8) 

It is derived from Eqs. (5.7) and (5.8) that 

λ = 
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Making appropriate changes to Eq. (5.9) gives  

λ = 64 
(τw/μe)/(8u/d ) 

ρud /μe 
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Re 
(5.10)
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where Reμe = ρud/μe, an intermediate variable M = (τw/μe)/(8u/d ), the general-
ized Reynolds number Re = Reμe /M , and μe is the effective viscosity, which is the 
quotient of the tube wall shear stress and the imaginary shear rate under the no-slip 
condition [12], that is, 

μe = 
τw 

8uc/d 
(5.11) 

From the mass flow rate formula q = qs + qc, 

ρπR2 u = ρπR2 us + ρπR2 uc 

⇒ 
8u 

d 
= 

8us 
d 

+ 
8uc 
d 

⇒ γ̇a = γ̇as + γ̇ac 

(5.12) 

where γ̇a is the superficial shear rate, γ̇as is the increment of the superficial shear rate 
caused by slip, and γ̇ac is the imaginary shear rate under no-slip conditions. 

Because the slip layer is very thin, the fluid in the layer can be considered a 
Newtonian fluid, and the internal shear stress is equal everywhere. If τ = τw = τc, 
then 

τw 

μe 
= 

τc 

μe 
= γ̇ac (5.13) 

where τc is the tube wall shear stress under no-slip conditions. Substituting Eqs. 
(5.12) and (5.13) into the intermediate variable M, 

M = 
(τw/μe) 
(8u/d ) 

= 
γ̇ac 

γ̇a 
= 1 − 

γ̇as 

γ̇a 
= 1 − 

us 
u 

(5.14) 

Then, the generalized Reynolds number is 

Re = 
Reμe 

M
= ρud 

μe(1 − us/u) 
(5.15) 

The average speed in Eq. (5.6) was  u is substituted into Eq. (5.15), and after 
simple mathematical derivation, the expression for the generalized Reynolds number 
is derived as 

Re = 
ρud

[
an−1(1 − a)

]1/n 

k1/nτ 1−1/n 
y (1 − us/u) 

f (a) (5.16) 

f (a) = 4n 

3n + 1 
− 4na 

(2n + 1)(3n + 1) 
− 8n2a2 

(n + 1)(2n + 1)(3n + 1)
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− 8n3a3 

(n + 1)(2n + 1)(3n + 1) 

where a = τy/τw, τw is the fluid shear stress at the tube wall, τw is calculated by 
Eq. (5.5) or Eq.  (5.8), us is the fluid slip velocity, and u is the average fluid velocity. 
The above calculation formulas for the Reynolds number are suitable for Newtonian 
body, Bingham body, power-law body and yield power-law body fluids. 

(5) Resistance along the way 

The resistive pressure drop along the way can be expressed as

∆p = λ 
l 

d 

1 

2 
ρu2 (5.17) 

For Re < Rec, the fluid is in laminar flow, and the resistance coefficient along the 
way is λ For 

λ = 64/Re (5.18) 

For Re ≥ Rec, the fluid is in turbulent flow, and the along-path force coefficient is 
λ, which satisfies the Karman-Prandtl equation [13]: 

1 √
λ 

= 2 lg
(
Re

√
λ
)

− 0.8 (5.19) 

(6) Local resistance 

The local resistance pressure drop can be expressed as

∆p = ζ 
1 

2 
ρu2 (5.20) 

where the local resistance coefficient ζ can be calculated by measuring the fluid 
pressure and velocity [14] or obtained from the look-up table based on the Newtonian 
fluid. 

5.4 Basic Equations of Liquid Piping 

Since the flow characteristics of liquid pipelines include inertia, viscosity, and 
compressibility, the use of the lumped parameter method to describe these physical 
characteristics must satisfy the condition that the space length is very small compared 
to the wavelength; for example, the pipe length L ≪ λ = al/fmax, al is the speed of 
sound, and fmax = ωmax/2π is the maximum vibration frequency. Thus, when the 
propellant sound velocity al = 1300 m/s, to extract the pipeline fmax = 100 Hz (water



144 5 Mathematical Model of the Operation of the Gel Propulsion System

hammer characteristics below 50 Hz), assuming “≪” is equivalent to 1/20, and then 
the length of the pipeline segment cannot exceed 1300/(100 × 20) = 0.65 m. 

(1) Inertia 

It is assumed that the liquid pipeline segment is filled with inviscid and incompressible 
liquid. When calculating the unsteady motion, only the inertia of the liquid column 
is considered. From the momentum equation, we can obtain 

A
(
p1 − p'

2

) = m 
du 

dt 
= ρlA 

du 

dt 
= l 

dq 

dt 
(5.21) 

Namely, 

l 

A 

dq 

dt 
= p1 − p'

2 = ∆p1 (5.22) 

where p1, p'
2 are the inlet and outlet pressures of the pipeline segment, respectively, 

m is the mass of the liquid column in the segment, A is the segment cross-sectional 
area, l is the segment length, u is the average flow rate of fluid in the section, q is 
the mass flow rate of liquid in the section, ∆p1 is the segment pressure drop, and ρ 
is the density of the liquid. 

(2) Stickiness 

In a liquid pipeline, the viscosity of the propellant is expressed in two forms: the 
along-the-way resistance and the local resistance, which is expressed as

∆p2 =
(

λ 
l 

d 
+ ς

(
1 

2 
ρu2 

=
(

λ 
l 

d 
+ ς

(
1 

2 
ρ 

q2 

ρ2A2 

=
(

λ 
l 

d 
+ ς

(
1 

2A2 

q2 

ρ 
(5.23) 

where 

ξ =
(

λ 
l 

d 
+ ς

(
1 

2A2 
(5.24) 

Then, the viscous resistance can be expressed as 

p'
2 − p2 = ∆p2 = ξ 

q2 

ρ 
(5.25) 

where ξ is the flow resistance coefficient.
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If the inertia and viscosity of the pipeline are considered at the same time, 
according to the pressure superposition principle, we have: 

p1 − p2 =
(
p1 − p'

2

) + (
p'
2 − p2

) = ∆p1 + ∆p2 (5.26) 

l 

A 

dq 

dt 
= p1 − p2 − ξ 

q2 

ρ 
(5.27) 

If the effect of the gravity field is added, Eq. (5.27) becomes 

l 

A 

dq 

dt 
= p1 − p2 − ξ 

q2 

ρ 
+ hρg (5.28) 

where h is the height of the pipe segment, the downward flow is positive, and the 
upward flow is negative;g is the acceleration of gravity, and its sea level value is 
9.80665 m/s. 

Inertial flow resistance R is defined as l A , and considering the directionality of the 
flow, Eq. (5.28) is written in standard form: 

R 
dq 

dt 
= p1 − p2 − ξ 

q|q| 
ρ

+ hρg (5.29) 

(3) Compressibility 

Ignoring liquid column inertia and wall friction losses, at this time, the dynamic 
characteristics of the liquid pipeline segment mainly depend on the compressibility 
of the liquid. The effect of compressibility is manifested in that when the pressure 
changes, the mass of liquid in the segment also changes, which means that the 
instantaneous flow rates at the inlet and outlet are different. According to the mass 
balance equation for unsteady flow (Fig. 5.3), 

dm 

dt 
= q1 − q2 (5.30) 

where m is the mass of liquid in the segment and q1,q2 are the mass flow rates at the 
entry and exit of the section, respectively. 

The volume of the liquid mass is determined with the flow path segment V and 
liquid density ρ.

Fig. 5.3 Compressibility of 
the liquid column p 

q1                                     q2 
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m = ρV (5.31) 

So, 

dm 

dt 
= V 

dρ 
dt 

, V = const. (5.32) 

In addition, 

dp 

dρ 
= 

K 

ρ 
= a2 l (5.33) 

where K is the bulk modulus of elasticity of the liquid and al is the speed of sound 
in the liquid. From Eqs. (5.30), (5.32) and (5.33) can be derived: 

V ρ 
K 

dp 

dt 
= q1 − q2 (5.34) 

If χ = V ρ 
K = V 

a2 l 
, then Eq. (5.34) is expressed as 

χ 
dp 

dt 
= q1 − q2 (5.35) 

5.5 Basic Equations of the Combustion Chamber 
(Decomposition Chamber) 

Figure 5.4 shows the operation of the combustor. When the liquid propellant enters 
the combustion chamber, a part of the propellant is converted to gaseous combustion 
products, and the other part is in the liquid phase and exits the combustion chamber 
with the combustion gases. The time required for the oxidant and fuel to become 
gas-phase reactants due to processes such as atomization, heating, evaporation, and 
diffusion can be approximately expressed as 

τo = ap−b (5.36) 

τf = cp−d (5.37)

where τo and τf are the sensitivity time lags of the oxidant and fuel conversion 
processes, respectively; a, b, c, and d are the empirical coefficients; and p is the 
combustion chamber pressure. 

The mass changes of the liquid oxidant and liquid fuel accumulated in the 
combustion chamber are expressed as
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Fig. 5.4 Schematic diagram 
of the combustion chamber 
(decomposition chamber)

qlo1 

qlf1 

qg2 

ql2 

kg,T,p 

ml,Vg 

0 l 

ql1 

dmlo 

dt 
= qlo1 − 

mlo 

τo 
− qlo2 (5.38) 

dmlf 

dt 
= qlf 1 − 

mlf 

τf 
− qlf 2 (5.39) 

where mlo and mlf are the liquid oxidant and liquid fuel accumulated in the combus-
tion chamber, respectively, qlo1 and qlf 1 are the mass flow rates of the liquid oxidant 
and liquid fuel flowing into the combustor, respectively, and qlo2 and qlf 2 are the 
mass flow rates of the liquid oxidant and liquid fuel flowing out of the combustor, 
respectively. 

Suppose the instantaneous values of the masses of gaseous oxidant and fuel in the 
combustion chamber are mgo, mgf ; then, the average instantaneous value kg of the 
gas component ratio in the combustion chamber is 

kg = 
mgo 

mgf 
(5.40) 

For the mass of each gaseous component in the combustion chamber, the mass balance 
equation can be written independently as 

dmgo 

dt 
= qgo1 − qgo2 (5.41) 

dmgf 

dt 
= qgf 1 − qgf 2 (5.42) 

of which qg1 = qgo1 + qgf 1 and qg2 = qgo2 + qgf 2. The oxidant flow rate in the 
combustion chamber inlet gas is qgo1(t) = mlo(t−τr ) 

τo(t−τr ) , the fuel flow rate in the combus-

tion chamber inlet gas is qgf 1(t) = mlf (t−τr ) 
τf (t−τr ) , and τr is the invariant time delay between 

the oxidant and fuel to form gas-phase products due to the decomposition reaction. 
The oxidant flow rate qgo2 and fuel flow rate qgf 2 are determined with the component 
ratio kg and total flow rate qg2. 

qgo2 = kg 
kg + 1 

qg2 , qgf 2 = 1 

kg + 1 
qg2 (5.43) 

It is derived from Eqs. (5.40)–(5.43) that
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dkg 
dt 

= 
1 

mgf 
· dmgo 

dt 
− 

mgo 

m2 
gf 

· dmgf 

dt 

= 
1 

mgf 
· qgo1 − 

mgo 

m2 
gf 

· qgf 1 −
[

kg 
mgf

(
kg + 1

) − mgo 

m2 
gf

(
kg + 1

)

]

qg2 

= 
1 

mgf 
· qgo1 − 

mgo 

m2 
gf 

· qgf 1 −
[ mgo 

mgf 

mgf
(
kg + 1

) − mgo 

m2 
gf

(
kg + 1

)

]

qg2 

= 
1 

mgf 
· qgo1 − 

mgo 

m2 
gf 

· qgf 1 (5.44) 

With mg = mgo + mgf and kg = mgo/mgf , 

mgo = 
mgkg 
kg + 1 

, mgf = mg 

kg + 1 
(5.45) 

Substituting Eq. (5.45) into Eq. (5.44) gives  

dkg 
dt 

= 
kg + 1 
mg

(
qgo1 − kgqgf 1

)
(5.46) 

where the gas mass is mg = pVg/(RT ), R is the gas constant, Vg = V − mlo/ρo − 
mlf /ρf is the volume of gas, ρo and ρf are the densities of the liquid oxidant and 
liquid fuel, respectively, and V is the volume of the combustion chamber. 

If the thermal conductivity and the diffusion coefficient are considered to be 
infinite (i.e., the instantaneous and complete mixing model of the gas pipeline), then 
the instantaneous gas temperature of the entire combustion chamber T (x, t) (except 
for the gas that just entered the entrance at this instant) is equal to the temperature at 
the exit of the combustion chamber. 

T (x, t) =
(
T (0, t) = T1(t), x = 0 
T (l, t) = T2(t), 0 < x ≤ l 

(5.47) 

Ignoring the change in the kinetic energy of the gas in the combustor and assuming 
that the flow is adiabatic, the energy conservation equation of the combustor is 
expressed as 

d
(
mgcvT2

)

dt
= cp1T1qg1ηc − cp2T2qg2 (5.48) 

where cv = R 
γ −1 is the specific heat capacity at constant volume, cp = γ R 

γ −1 is the 
specific heat capacity at constant pressure, R is the gas constant of the combustion 
gas, γ is the specific heat ratio, RT2 represents the working ability of gas, and ηc is 
the combustion efficiency. Equation (5.48) expands to
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mg 
d(RT2) 
dt 

+ RT2 
dmg 

dt 
= (γ − 1)

(
γ1 

γ1 − 1 
R1T1qg1ηc − 

γ2 

γ2 − 1 
R2T2qg2

(

(5.49) 

From mass conservation, we have 

dmg 

dt 
= qg1 − qg2 (5.50) 

Therefore, 

mg 
d(RT2) 
dt 

= (γ − 1)
(

γ1 

γ1 − 1 
R1T1qg1ηc − γ2 

γ2 − 1 
R2T2qg2

(

− RT2
(
qg1 − qg2

)

(5.51) 

From the gas equation of state, the above expression can be rewritten as mg = 
pVg/(RT2), and taking the derivative on both sides, it becomes 

Vg 

RT2 

dp 

dt 
− 

pVg 

(RT )2 
d(RT2) 
dt 

= 
dmg 

dt 
= qg1 − qg2 (5.52) 

Substituting Eq. (5.51) into Eq. (5.52) gives  

Vg 
dp 

dt 
= (γ − 1)

(
γ1 

γ1 − 1 
R1T1qg1ηc − γ2 

γ2 − 1 
R2T2qg2

(

(5.53) 

5.6 Basic Equations of the Solenoid Valve (with Control 
Gas) 

(1) Composition and working principle of the solenoid valve (with control gas) 

The structure of a solenoid valve (with control gas) is shown in Fig. 5.5. It is  
composed of an electric gas valve and a pneumatic liquid valve. The electric gas 
valve is connected with a high-pressure gas source, and the propellant inlet of the 
pneumatic liquid valve is connected with the propellant supply pipeline, and the 
outlet is connected to the propellant filling pipeline. After the electric gas valve coil 
is energized, the coil current increases exponentially. When the trigger current is 
reached, the armature starts to move, and the electric gas valve gradually opens. 
There is a considerable pressure difference between the high-pressure gas source 
and the gas in its control cavity. When its own pressure rises, the control chamber 
of the electropneumatic valve inflates the control chamber of the pneumatic fluid 
valve. When the gas pressure in the control chamber of the pneumatic fluid valve 
rises to a certain value, the piston of the pneumatic fluid valve starts to move until 
it is fully opened. When a shutdown command is issued, the coil of the electric
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gas valve is powered off, and the magnetic flux gradually attenuates to the point of 
release. The suction force is no longer enough to hold the armature. The spring force 
overcomes the compressive force and the electromagnetic force to push the armature 
assembly to move, and the armature starts to be released. At the same time, the gas 
in the control chamber of the electropneumatic valve flows out through the exhaust 
port, the pressure of the control chamber is released, and the pressure of the control 
chamber of the pneumatic hydraulic valve is relieved accordingly. The piston of the 
pneumatic hydraulic valve is gradually released under the action of the spring force 

(2) Basic equations of the electric gas valve 

The dynamic process of the electric gas valve follows the voltage equilibrium equa-
tion in the circuit, the Maxwell equations of the magnetic field, the d’Alembert equa-
tions of the movement, and the heat equilibrium equation of the thermal path. These 
equations are related to each other and constitute a mathematical model describing 
the dynamic process of the entire electromagnetic mechanism. Due to the very short 
duration of the dynamic process of the electric gas valve and the thermal inertia of 
the electromagnetic system, the temperature change is very slight, and the resulting 
change in resistance is very small and can be ignored. Therefore, the heat equilibrium 
equation is not included in the mathematical model. 

➀ Circuit equation 

U = iRi + 
dψ

dt 
= iRi + 

d(NΦc) 
dt

= iRi + N 
dΦc 

dt 
(5.54)

Fig. 5.5 Schematic diagram 
of the solenoid valve (with 
control gas). 1. 
Electromagnetic conductor. 
2. Coil. 3. Spring. 4. 
Armature assembly. 5. 
Electropneumatic valve 
control chamber. 6. 
High-pressure gas source. 7. 
Oxidant inlet. 8. Fuel inlet. 9. 
Piston actuation rod. 10. 
Pneumatic-hydraulic valve 
control chamber 
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where U is the coil field voltage, i is the current, Ri is the coil resistance, Ψ is the 
total flux linkage of the electromagnetic system, N is the number of coil turns, t is 
time, and Φc is the magnetic flux in the magnetic circuit. 

➁ Magnetic circuit equation 

According to Kirchhoff’s magnetic pressure law, the mathematical model of magnetic 
circuit calculation can be derived, that is, 

iN = Φδ

(
Rδ + Rf + Rc

)
(5.55) 

where Φδ is the magnetic flux in the air gap, Rδ is the working air-gap reluctance, Rf 

is the nonworking air-gap reluctance, and Rc is the corresponding magnetic circuit 
reluctance. Ignoring the armature and nonworking air-gap reluctance, Eq. (5.55) 
becomes 

iN = ΦδRδ + HcLc (5.56) 

where Hc is the magnetic field strength and Lc is the magnetic path length. The 
air-gap reluctance is 

Rδ = δ/(μ0A) = (hmax − x1)/(μ0A) (5.57) 

where δ is the air gap length, μ0 is the vacuum permeability, A is the magnetic pole 
area at the air gap, hmax is the maximum air gap, and x1 is the armature displacement. 

Bc = Φc/A (5.58) 

where Bc is the magnetic induction intensity in the magnetic circuit. For the magneti-
zation curve data of the material, 1D linear interpolation is used to perform piecewise 
data interpolation to complete the transformation between the magnetic induction 
intensity Bc and magnetic field strength Hc. 

If the flux leakage is considered, the flux leakage coefficient σ expressed as 

σ = Φc/Φδ (5.59) 

For a DC solenoid, the flux leakage coefficient is σ 

σ = 1 + 
δ 
r1

(

0.67 + 
0.13δ 
r1 

+ 
r1 + r2 
πr1

[
πLk 

8(r2 − r1) 
+ 

2(r2 − r1) 
πLk 

− 1
]

+1.465 lg 
r2 − r1 

δ

)

(5.60) 

where Lk is the coil assembly height and r1, r2 are the structural dimension parameters 
of the electromagnetic mechanism [15], respectively.
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According to Maxwell’s electromagnetic attraction formula, the electromagnetic 
attraction force of the solenoid valve Fx is 

Fx = Φ2 
δ /(2μ0A) (5.61) 

➂ Motion equation 

mt1 
du1 
dt 

= Fx + Fp1 − Ff 1 − Fc1 (5.62) 

where mt1 is the total mass of the moving parts of the electric gas valve, u1 is the 
piston speed of the electropneumatic valve, Fp1 is the compressive force acting on the 
piston of the electropneumatic valve, Ff 1 is the friction force acting on the moving 
part of the electropneumatic valve, and Fc1 is the spring force acting on the piston 
of the electropneumatic valve. 

dx1 
dt 

= u1 (5.63) 

where x1 is the displacement of the electropneumatic valve piston. 

Fp1 = (p1 − p0)An1 (5.64) 

where p1 is the gas pressure in the control chamber of the electric gas valve, p0 is 
the ambient pressure, and An1 is the cross-sectional area of the piston rod of the 
electropneumatic valve. 

Fc1 = Fc01 + C1x1 (5.65) 

where Fc01 is the electropneumatic valve spring preload and C1 is the spring stiffness 
of the electropneumatic valve. 

Ff 1 = f1u1 (5.66) 

where f1 is the friction coefficient of the electric gas valve. 

➃ Basic equations for the gas in the control chamber 

The gas in the control cavity is regarded as an ideal gas, and the change in kinetic 
energy of the gas is ignored. The energy equation of the gas in the control cavity is 
expressed as 

d(m1cvT1) 
dt

= q1incpiTi − q2incpjTj − qoutcpeTe − p1An1u1 (5.67)
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where m1 is the gas mass in the electric gas valve control chamber, T1 is the gas 
temperature in the electric gas valve control chamber, q1in is the electric gas valve 
controlling the flow rate of gas flowing from the cavity, q2in is the pneumatic fluid 
valve controlling the incoming gas flow rate from the cavity, qout is the outflow gas 
flow rate from the electric gas valve controlled cavity, cv is the specific heat capacity 
at constant volume, cp is specific heat capacity at constant pressure, and the subscripts 
i, j, e represent the inlet of the control cavity of the electropneumatic valve, the inlet 
of the control cavity of the pneumatic-fluid valve, and the drain outlet of the control 
cavity of the electropneumatic valve, respectively. cv = γ 

γ −1 R and cp = 1 
γ −1 R are 

regarded as constants. γ is the isentropic exponent, and R is the gas constant, so Eq. 
(5.67) becomes 

m1 
dT1 
dt 

= q1inγ Ti − q2inγ Tj − qoutγ Te − T1(q1in − q2in − qout) − 
γ − 1 
R 

p1An1u1 

(5.68) 

According to the ideal gas equation of state, 

p1V1 = m1RT1 (5.69) 

where V1 is the volume of the electric gas valve control cavity. Taking the derivative 
on both sides of the above equation yields 

V1 
dp1 
dt 

+ p1 
dV1 

dt 
= m1R 

dT1 
dt 

+ RT1 
dm1 

dt 
(5.70) 

Substituting Eq. (5.68) into Eq. (5.70) gives  

V1 
dp1 
dt 

= q1inγ RTi − q2inγ RTj − qoutγ RTe − γ p1An1u1 (5.71) 

dV1 

dt 
= An1u1 (5.72) 

Equations (5.68), (5.71) and (5.72) are the mathematical models of the gas in the 

control cavity of the electric gas valve.

(
q1in ≥ 0, Ti = TN 
q1in < 0, Ti = T1 

,

(
q2in ≥ 0, Tj = T1 
q2in < 0, Tj = T2 

, 

and

(
qout ≥ 0, Te = T1 
qout < 0, Te = T0 

. TN is the high-pressure gas source temperature, T0 is the 

ambient temperature, and T2 is the gas temperature in the control chamber of the 
pneumatic liquid valve. 

(3) Basic equations of the pneumatic hydraulic valve 

The pneumatic hydraulic valve is composed of a control chamber and air hole, a 
spring, a piston, two propellant inlets and outlets, and a valve body. The propellant 
outlet of this valve is close to the inlet of the injector, and the outlet of the injector
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is close to the inlet of the decomposition chamber. After high-pressure gas enters 
the control chamber, when the air pressure increases to a certain value, it will simul-
taneously push the piston of the actuation chamber to move against the hydraulic 
pressure, friction force and spring force, thus causing the propellant to flow into the 
injector cavity. When the electropneumatic valve is closed, the gas in the control 
chamber of the pneumatic-hydraulic valve is discharged from the electropneumatic 
valve and the air vent under the action of the spring force and hydraulic pressure. 
During the movement of the piston, it is accompanied by changes in the gas flow 
rate, pressure, volume, density, temperature, displacement and speed of the piston 
and changes in spring expansion and contraction. Therefore, the dynamic process of 
the pneumatic hydraulic valve should follow the law of mass conservation, the law 
of energy conservation and Newton’s second law. 

To establish a mathematical model of the dynamic process of the air-operated 
hydraulic valve, the following assumptions are made: because the dynamic process 
of this valve is very short, the heat transfer process inside the valve is not considered; 
the compressibility of the propellant is not considered; and the gas in the control 
chamber is considered an ideal gas. 

➀ Motion equation 

mt2 
du2 
dt 

= Fp2 − Ff 2 − Fc2 (5.73) 

where mt2 is the total mass of the moving parts of the pneumatic fluid valve, u2 is the 
piston speed of the air-driven hydraulic valve, Fp2 is the pressure acting on the piston 
of the air-driven hydraulic valve, Ff 2 is the friction force acting on the moving parts 
of the pneumatic hydraulic valve, and Fc2 is the spring force acting on the piston of 
the air-driven hydraulic valve. 

dx2 
dt 

= u2 (5.74) 

where x2 is the piston displacement of the air-driven hydraulic valve. 

Fp2 = (p2 − p0)An2 + (plo − p0)Alo +
(
plf − p0

)
Alf (5.75) 

where p2 is the gas pressure in the control chamber of the pneumatic fluid valve, 
An2 is the cross-sectional area of the piston rod of the air-driven hydraulic valve, plo 
is the oxidant inlet pressure of the pneumatic liquid valve, Alo is the cross-sectional 
area of the piston rod corresponding to the oxidant of the pneumatic fluid valve, plf 
is the fuel inlet pressure of the pneumatic fluid valve, and Alf is the cross-sectional 
area of the piston rod of the pneumatic fluid valve corresponding to the fuel. 

Fc2 = Fc02 + C2x2 (5.76)
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where Fc02 is the spring preload of the pneumatic fluid valve and C2 is the spring 
stiffness of the pneumatic fluid valve. 

Ff 2 = f2u2 (5.77) 

where f2 is the friction coefficient of the pneumatic hydraulic valve. 

➁ Basic equations that control the gas in the cavity 

m2 
dT2 
dt 

= q2inγ Tj − T2q2in − 
γ − 1 
R 

p2An2u2 (5.78) 

where m2 is the gas mass in the control chamber of the pneumatic liquid valve. 

V2 
dp2 
dt 

= q2inγ RTj − γ p2An2u2 (5.79) 

where V2 is the volume of the control cavity of the pneumatic fluid valve. 

dV2 

dt 
= An2u2 (5.80) 

for which

(
q2in ≥ 0, Tj = T1 
q2in < 0, Tj = T2 

. 

Regarding the gas mass flow rates q1in, q2in and qout for the solution, four cases, 
supercritical, subcritical, forward and reverse gas flow, were considered. The specific 
mathematical model is as follows: 

When p1 ≤ pN , q1in = 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

μ1in 
pN A1in √
RTN 

/

γ
(

2 
γ +1

) γ +1 
γ −1 

, p1 pN 
≤

(
2 

γ +1

) γ 
γ −1 

μ1in 
pN A1in √
RTN 

/

2γ 
γ −1

[(
p1 
pN

) 2 
γ −

(
p1 
pN

) γ +1 
γ

]

, p1 pN 
>

(
2 

γ +1

) γ 
γ −1 

When p1 > pN , q1in = 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

−μ1in 
p1A1in √
RT1 

/

γ
(

2 
γ +1

) γ +1 
γ −1 

, pN p1 
≤

(
2 

γ +1

) γ 
γ −1 

−μ1in 
p1A1in √
RT1 

/

2γ 
γ −1

[(
pN 
p1

) 2 
γ −

(
pN 
p1

) γ +1 
γ

]

, pN p1 
>

(
2 

γ +1

) γ 
γ −1 

When p2 ≤ p1, q2in = 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

μ2in 
p1A2in √
RT1 

/

γ
(

2 
γ +1

) γ +1 
γ −1 

, p2 p1 
≤

(
2 

γ +1

) γ 
γ −1 

μ2in 
p1A2in √
RT1 

/

2γ 
γ −1

[(
p2 
p1

) 2 
γ −

(
p2 
p1

) γ +1 
γ

]

, p2 p1 
>

(
2 

γ +1

) γ 
γ −1
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When p2 > p1, q2in = 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

−μ2in 
p2A2in √
RT2 

/

γ
(

2 
γ +1

) γ +1 
γ −1 

, p1 p2 
≤

(
2 

γ +1

) γ 
γ −1 

−μ2in 
p2A2in √
RT2 

/

2γ 
γ −1

[(
p1 
p2

) 2 
γ −

(
p1 
p2

) γ +1 
γ

]

, p1 p2 
>

(
2 

γ +1

) γ 
γ −1 

When p0 ≤ p1, qout = 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

μout 
p1Aout √
RT1 

/

γ
(

2 
γ +1

) γ +1 
γ −1 

, p0 p1 
≤

(
2 

γ +1

) γ 
γ −1 

μout 
p1Aout √
RT1 

/

2γ 
γ −1

[(
p0 
p1

) 2 
γ −

(
p0 
p1

) γ +1 
γ

]

, p0 p1 
>

(
2 

γ +1

) γ 
γ −1 

When p0 > p1, qout = 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

−μout 
p0Aout √
RT0 

/

γ
(

2 
γ +1

) γ +1 
γ −1 

, p1 p0 
≤

(
2 

γ +1

) γ 
γ −1 

−μout 
p0Aout √
RT0 

/

2γ 
γ −1

[(
p1 
p0

) 2 
γ −

(
p1 
p0

) γ +1 
γ

]

, p1 p0 
>

(
2 

γ +1

) γ 
γ −1 

where μ1in is the flow coefficient of the electric gas valve control cavity, μ2in is the 
flow coefficient of the air-driven hydraulic valve control chamber, μout is the outflow 
flow coefficient of the electric gas valve control cavity, A1in is the area of the inflation 
hole in the control cavity of the electric gas valve, A2in is the area of the air filling 
hole in the control chamber of the pneumatic fluid valve, and Aout is the area of the 
exhaust valve in the electric gas valve control cavity. 

Solving the dynamic differential equations of the electric gas valve gives x1 and 
u1; in fact, the external factors that affect the gas inflow rate and the volume of the 
control chamber of the pneumatic liquid valve are obtained. Only on this basis can the 
dynamic model of the air-actuated hydraulic valve be solved. However, the pressure 
in front of the piston of the electropneumatic valve is related to the movement of the 
pneumatic liquid valve, so the dynamic differential equations of the electropneumatic 
valve and the pneumatic hydraulic valve need to be solved simultaneously. 

5.7 Basic Equations for the Solenoid Valve (Without 
Control Gas) 

(1) Composition and working principle of the solenoid valve (without control gas) 

The structure of the solenoid valve (without control gas) is shown in Fig. 5.6. The  
inlet of the solenoid valve is connected to the propellant supply pipeline, and the 
outlet is connected to the propellant filling pipeline. After the solenoid valve coil 
is energized, the coil current increases exponentially. When the trigger current is 
reached, the armature starts to move, and the solenoid valve is gradually opened until 
it is fully opened. When the shutdown command is issued, the solenoid valve coil is 
powered off, and the magnetic flux gradually attenuates to the point of release. The 
suction force is no longer enough to hold the armature. The spring force overcomes
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Fig. 5.6 Schematic diagram 
of the solenoid valve 
(without control gas) 

the compressive force and the electromagnetic force to push the armature assembly 
to move, and the armature starts to be released. The electric gas valve is closed to 
complete the closing process of the electromagnetic valve. 

(2) Basic equations of the solenoid valve 

➀ Circuit equation 

U = iRi + 
dψ

dt 
(5.81) 

where U is the coil excitation voltage, i is the coil current, Ri is the coil resistance,
ψ is the total flux linkage of the electromagnetic system, and t is time. 

➁ Magnetic circuit equation 

iN = Φδ(Rδ) + HcLc (5.82) 

where N is the number of coil turns, Φδ is the working air-stop magnetic flux, Rδ 
is the working air stop reluctance, Hc is the magnetic field strength, and Lc is the 
effective length of the magnetic circuit. 

➂ Motion equation 

mt 
du 

dt 
= Fx + Fp − Ff − Fc (5.83) 

dx 

dt 
= u (5.84)
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where mt is the mass of the pole face center of the iron core, converted to the 
moving component of the electromagnetic system, u is the piston rod speed, Fx is 
the electromagnetic force, Fp is the compressive force, Ff is the friction force, Fc is 
the spring force, and x is the piston rod displacement. The calculation formulas for 
the electromagnetic force, compressive force, friction force and spring force are 

Fx = Φ2 
δ /(2μ0A) (5.85) 

Fp = (p − p0)An (5.86) 

Fc = Fc0 + Cx (5.87) 

Ff = fu (5.88) 

5.8 Mathematical Model of the Assembled Module 

(1) Tank-pipeline module 

The flow equation for the first section of the pipeline connecting the tank is (Fig. 5.7) 

R1 
dq1 
dt 

= pT − p1 − ξ1 
q1|q1| 

ρ 
+ h1ρg (5.89) 

Fig. 5.7 Schematic diagram 
of tank-pipeline connection

poT 

x 

q1 

q2 

p1 
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1               p2          …           pNp 

q1         q2              q3              qN 

part 

Fig. 5.8 Schematic diagram of liquid pipeline segmentation 

where R1 = l 
2NA = R 

2N , h1 = h 
2N , N is the number of connected pipeline segments, 

A is the cross-sectional area of the connecting duct, and pT is the tank pressure. 
The height from the liquid level of the tank to the top of the tank satisfies 

x(t) = x(t − 1) +
ʃ t 
t−1 q1dt 

πρ
[
dx(t − 1) − x(t − 1)2

] (5.90) 

where x(t) t is the height from the liquid level of the storage tank to the top of the 
storage tank at all times. 

(2) Liquid pipeline module 

If a pipeline is divided into N segments, the 2N independent variables are N pressure 
pi and N traffic qi, and the corresponding differential equations are expressed as 
(Fig. 5.8) 

Ri 
dqi 
dt 

= pi−1 − pi − ξi 
qi|qi| 

ρ 
+ hiρg, i = 2, ..., N (5.91) 

χi 
dpi 
dt 

= qi − qi+1, i = 1, ..., N − 1 (5.92) 

where Ri = l 
NA = R N , hi = h N , and χi = V ρ 

NK . The differential equations for q1, pN are 
related to the boundary conditions of this pipe and must be solved jointly with other 
components. 

(3) Tee module 

The differential equations describing the tee block include (Fig. 5.9) 

χN 
dpN 
dt 

= qN − q (5.93) 

RN +1 
d
(
q1' +  q''

1

)

dt
= pN − p − ξN+1

(
q1' +  q''

1

)|
|q1' +  q''||

p
+ hN +1ρg (5.94) 

R1'dq1'
dt 

= p − p1' −  ξ1'q1'|q1'| 
ρ 

+ h1'ρg (5.95)
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p’1 

q’1 q’2 

part0, Pipeline 

part1, Pipeline 

p part2, Pipeline 

q"1 q"2 

p"1
qN 

pN 

Fig. 5.9 Diagram of the connection of three-way modules 

R''
1 
dq''

1 

dt 
= p − p''

1 − ξ ''
1 

q''
1

|
|q''

1

|
|

ρ 
+ h''

1ρg (5.96) 

where χN = V ρ 
NK , RN +1 = l 

2NA , hN +1 = h 
2N , R1' =  l'

2N 'A' , h1' =  h'
2N ' , R''

1 = l''
2N ''A'' , and 

h''
1 = h''

2N '' . 

D = pN − ξN +1

(
q1' +  q''

1

)|
|q1' +  q''||

p
+ hN +1ρg (5.97) 

D1 = −p1' −  ξ1'q1'|q1'| 
ρ 

+ h1'ρg (5.98) 

D2 = −p''
1 − ξ ''

1 

q''
1

|
|q''

1

|
|

ρ
+ h''

1ρg (5.99) 

Then, Eqs. (5.94)–(5.96) are rewritten as 

RN +1 
d
(
q1' +  q''

1

)

dt
= D − p (5.100) 

R1'dq1'
dt 

= p + D1 (5.101) 

R''
1 
dq''

1 

dt 
= p + D2 (5.102) 

Adding Eq. (5.100) to Eq.  (5.101) gives  

(RN +1 + R1') dq1'
dt 

+ RN+1 
dq''

1 

dt 
= D + D1 (5.103) 

Adding Eq. (5.100) to Eq.  (5.102) gives
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RN +1 
dq1'
dt 

+ (
RN +1 + R''

1

)dq''
1 

dt 
= D + D2 (5.104) 

Joint solving of Eqs. (5.103) and (5.104) gives  

dq1'
dt 

= −−D1RN +1 + D2RN +1 − DR''
1 − D1R''

1 

RN +1R1' +  RN +1R''
1 + R1'R''

1 

(5.105) 

dq''
1 

dt 
= −  

D1RN+1 − D2RN +1 − DR1' −  D2R1'
RN +1R1' +  RN+1R''

1 + R1'R''
1 

(5.106) 

Equations (5.93), (5.105) and (5.106) are the dynamic equations describing the 
three-way module. 

(4) Pipeline–throttle element–pipeline module 

The differential equations describing the pipeline-throttle element-pipeline module 
include 

χN 
dpN 
dt 

= qN − q1' (5.107) 

(RN+1 + R1') dq1'
dt 

= pN − p1' −  (ξN+1 + ξs + ξ1') q1'|q1'| 
ρ 

+ (hN +1 + h1')ρg (5.108) 

where χN = V ρ 
NK , RN +1 = l 

2NA , R1' =  l'
2N 'A' , hN +1 = h 

2N , and h1' =  h'
2N ' (Fig. 5.10). 

(5) Pipeline–valve–liquid collecting chamber–capillary–nozzle–decomposition 
chamber module 

Pipeline part0: The pressure equation in the last segment is (Fig. 5.11) 

χN 
dpN 
dt 

= qN − q', χN = 
V ρ 
NK 

(5.109)

Pipeline part0: The flow equation from the last section to the startup valve is

p’1 

q’1 q’2 

part0, Pipeline 

part2, Pipeline 

pi 

part1, Throttle element 

qN 

pN 

pe 

Fig. 5.10 Schematic diagram of the pipe-throttle element-pipe connection 
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N                  p’1 

qN         q’    piv pev pic        pec 

part1, Valve 

v Tc, pc, kc 

part3, Capillarypart2, Liquid collecting cavity 

l 

part0 

Pipeline 

part4, Nozzle 

part5 Decomposition chamber 

q" 

Fig. 5.11 Connection diagram of pipeline–valve–liquid collection chamber–capillary tube– 
nozzle–decomposition chamber

RN +1 
dq'

dt 
= pN − pivo − ξN +1 

q'||q'||

ρ 
+ hN+1ρg (5.110) 

where RN+1 = R 
2N , hN+1 = h 

2N . 

D = pN − ξN+1 
q'||q'||

ρ 
+ hN +1ρg (5.111) 

Equation (5.110) is rewritten as 

RN +1 
dq'

dt 
= D − pivo (5.112) 

For starting valve part1, if  

D1 = −ξvo 
q'||q'||

ρ 
(5.113) 

then its static equation is 

0 = pivo − p1' +  D1 (5.114) 

From Eqs. (5.112) and (5.114), 

RN +1 
dq'

dt 
= D + D1 − p1' (5.115) 

For the liquid collection chamber part2, the differential equation is 

χ ' dp
'

dt 
= q' − q'' (5.116) 

R(v) 
dq''

dt 
= p' − pic − ξ (v) 

q''||q''||

ρ 
(5.117)
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dv 

dt 
= 

q' − q''

ρ 
(5.118) 

where χ ' = (v+lπ d2 
c Nc/4)ρ 
K , R(v) = v 

V RV , ξ (v) = v 
V ξV , v is the volume of propellant 

in the liquid collecting chamber, V is the volume of the liquid collecting chamber, l is 
the propellant filling length in the capillary, dc is the inner diameter of the capillary, 
and Nc is the number of capillaries. 

D2 = p' − ξ (v) 
q''||q''||

ρ 
(5.119) 

Equation (5.117) becomes 

R(v) 
dq''

dt 
= D2 − pic (5.120) 

For capillary part3, the differential equation is 

R(l) 
d
(
q''/Nc

)

dt
= pic − pec − ξ (l)

(
q''/Nc

)|
|q''/Nc

|
|

ρ
+ h(l)ρg (5.121) 

dl 

dt 
=

(
q''/Nc 

ρF(l) , while the propellant in filling process 

− q''/Nc 

ρF(l) , while the propellant in draining process 
(5.122) 

where R(l) = ∫l 
0 

dl 
A(l) , h(l) = l 

lc 
hc, and lc is the length of the capillary. 

D3 = −  
ξ (l) 
N 2 c 

q''||q''||

ρ
+ h(l)ρg (5.123) 

Equation (5.121) becomes 

R(l) 
Nc 

dq''

dt 
= pic − pec + D3 (5.124) 

For nozzle part4, if  

D4 = −ξn 
q''||q''||

ρ 
(5.125) 

then its static equation is 

0 = pec − pc + D4 (5.126) 

The combination of Eqs. (5.120), (5.124) and (5.126) gives
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pN’

                           q                 qN’ 

part0 Pipeline 

part2 Pipeline 

p 

part1 Virtual component 

qN 

pN 

Fig. 5.12 Schematic diagram of pipeline-virtual component-pipe connection

[

R(v) + 
R(l) 
Nc

]
dq''

dt 
= D2 + D3 + D4 − pc (5.127) 

(6) Pipeline–virtual component–pipeline module 

The differential equations describing the pipeline-virtual component-pipeline 
module include (Fig. 5.12) 

χN 
dpN 
dt 

= qN − q (5.128) 

χN '
dpN '

dt 
= q + qN ' (5.129) 

RN +1 
dq 

dt 
= pN − p − ξN+1 

q|q| 
ρ 

+ hN +1ρg (5.130) 

RN '+1 
dq 

dt 
= p − pN ' − ξN '+1 

q|q| 
ρ 

+ hN '+1ρg (5.131) 

where χN = V ρ 
NK , RN +1 = l 

2NA , hN +1 = h 
2N , χN ' = V 'ρ 

N 'K , RN '+1 = l'
2N 'A' , and 

hN '+1 = h'
2N ' . Adding Eq. (5.130) to Eq.  (5.131) gives  

(RN +1 + RN '+1) 
dq 

dt 
= pN − pN ' − (ξN +1 + ξN '+1) 

q|q| 
ρ 

+ (hN +1 + hN '+1)ρg (5.132) 

(7) Decomposition chamber module 

τo = ap−b (5.133) 

τf = cp−d (5.134) 

dmgo 

dt 
= qgo1 − qgo2 (5.135)
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dmgf 

dt 
= qgf 1 − qgf 2 (5.136) 

dkg 
dt 

= 
kg + 1 
mg

(
qgo1 − kgqgf 1

)
(5.137) 

mg 
d(RT ) 
dt 

= (γ − 1)
(

γ1 

γ1 − 1 
R1T1qg1ηc − 

γ2 

γ2 − 1 
R2T2qg2

(

− RT
(
qg1 − qg2

)
(5.138) 

Vg 
dp 

dt 
= (γ − 1)

(
γ1 

γ1 − 1 
R1T1qg1ηc − γ2 

γ2 − 1 
R2T2qg2

(

(5.139) 

(8) Nozzle module 

The nozzle flow rate is 

q = 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

μpcAt √
RTc 

/

γ
(

2 
γ +1

) γ +1 
γ −1 pa 

pc 
≤

(
2 

γ +1

) γ 
γ −1 

μpcAt √
RTc 

/

2γ 
γ −1

[(
pa 
pc

) 2 
γ −

(
pa 
pc

) γ +1 
γ

]
pa 
pc 

>
(

2 
γ +1

) γ 
γ −1 

(5.140) 

where μ is the nozzle flow coefficient, pa is the ambient pressure, and pc is the gas 
pressure in the decomposition chamber. 

(9) Solenoid valve (with control gas) module 

The equation of state describing the operation of the solenoid valve (with control 
gas) includes 

U = iRi + 
dψ

dt 
(5.141) 

iN = Φδ(Rδ) + HcLc (5.142) 

mt1 
du1 
dt 

= Fx + Fp1 − Ff 1 − Fc1 (5.143) 

dx1 
dt 

= u1 (5.144) 

m1 
dT1 
dt 

= q1inγ Ti − q2inγ Tj − qoutγ Te − T1(q1in − q2in − qout) 

− 
γ − 1 
R 

p1An1u1 (5.145)
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V1 
dp1 
dt 

= q1inγ RTi − q2inγ RTj − qoutγ RTe − γ p1An1u1 (5.146) 

dV1 

dt 
= An1u1 (5.147) 

mt2 
du2 
dt 

= Fp2 − Ff 2 − Fc2 (5.148) 

dx2 
dt 

= u2 (5.149) 

m2 
dT2 
dt 

= q2inγ Tj − T2q2in − 
γ − 1 
R 

p2An2u2 (5.150) 

V2 
dp2 
dt 

= q2inγ RTj − γ p2An2u2 (5.151) 

dV2 

dt 
= An2u2 (5.152) 

(10) Solenoid valve (without control gas) module 

The equation of state describing the operation of the solenoid valve (without control 
gas) includes 

U = iRi + 
dψ

dt 
(5.153) 

iN = Φδ(Rδ) + HcLc (5.154) 

mt 
du 

dt 
= Fx + Fp − Ff − Fc (5.155) 

dx 

dt 
= u (5.156) 

5.9 Solutions to the System of Equations 

When modeling each simulation assembly module, the intermediate variables are 
continuously resolved and excluded so that for every independent variable added 
to the equations, there must be a corresponding independent equation. Therefore, 
for the entire system, the number of equations is consistent; that is, the constructed 
mathematical model of the propulsion system is closed.
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In programming, the fourth-order Runge–Kutta method with a variable step size 
is used to solve such equations. For the specific algorithm used here, please refer 
to “Numerical Algorithms and Programs Commonly Used in Computers” (C++) 
(Beijing: People’s Posts and Telecommunications Press), edited by Yu He in 2003. 

5.10 Component Module Interface 

(1) Interface variables of the tank module (Table 5.1) 

(2) Interface variables of the pipeline module (Table 5.2) 

(3) Interface variables of the throttle component module (Table 5.3)

(4) Interface variables of the priming valve module (Table 5.4)

(5) Interface variables of the filter module (Table 5.5)

Table 5.1 Tank (kind, kind1, p, d, x, number) 

Number Interface variable Description 

1 kind Propellant ID number 

2 kind1 Number of dynamic variables for each segment 

3 p Tank pressure 

4 d Tank inner diameter 

5 x Distance from liquid level to tank top 

6 number Tank number 

Table 5.2 Pipeline (kind, kind1, p1, p2, q, L, d, h, b, ς , nl)  

Number Interface variable Description 

1 kind Propellant ID number 

2 kind1 Number of dynamic variables for each segment 

3 p1 Inlet pressure 

4 p2 Outlet pressure 

5 q Traffic 

6 L Pipe length 

7 d Pipe inner diameter 

8 h Height difference between entrance and exit 

9 b Tube wall thickness 

10 ς Local resistance coefficient 

11 nl Number of segments 
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Table 5.3 Static element (kind, kind1, p1, p2, q, d, nl) 

Number Interface variable Description 

1 kind Propellant ID number 

2 kind1 Number of dynamic variables for each segment 

3 p1 Inlet pressure 

4 p2 Outlet pressure 

5 q Traffic 

6 d Orifice diameter 

7 nl Number of segments

Table 5.4 Startup valve (kind, kind1, p1, p2, q, l, d, nl) 

Number Interface variable Description 

1 kind Propellant ID number 

2 kind1 Number of dynamic variables for each segment 

3 p1 Inlet pressure 

4 p2 Outlet pressure 

5 q Traffic 

6 l Resistance length 

7 d Seat aperture 

8 nl Number of segments

Table 5.5 Filter (kind, kind1, p1, p2, q,ξ , nl)  

Number Interface variable Description 

1 kind Propellant ID number 

2 kind1 Number of dynamic variables for each segment 

3 p1 Inlet pressure 

4 p2 Outlet pressure 

5 q Traffic 

6 ξ Flow resistance coefficient 

7 nl Number of segments 

(6) Interface variables of the liquid collection chamber module (Table 5.6)

(7) Interface variables of the capillary module (Table 5.7)

(8) Interface variables of the gas pipeline module (Table 5.8)

(9) Interface variables of the nozzle module (Table 5.9)

(10) Interface variables of the nozzle module (Table 5.10)
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Table 5.6 Collector (kind, kind1, p1, p2, q, R, V, pg, nl) 

Number Interface variable Description 

1 kind Propellant ID number 

2 kind1 Number of dynamic variables for each segment 

3 p1 Inlet pressure 

4 p2 Outlet pressure 

5 q Traffic 

6 R Inertial flow resistance of liquid collecting chamber 

7 V Volume of collecting chamber 

8 pg Pressurized gas pressure during emptying (not used temporarily) 

9 nl Number of segments

Table 5.7 Capillary (kind, kind1, p1, p2, q, L, d, h, b, ς , number, nl) 

Number Interface variable Description 

1 kind Propellant ID number 

2 kind1 Number of dynamic variables for each segment 

3 p1 Inlet pressure 

4 p2 Outlet pressure 

5 q Traffic 

6 L Pipe length 

7 d Pipe inner diameter 

8 h Height difference between entrance and exit 

9 b Tube wall thickness 

10 ς Local resistance coefficient 

11 Number Number of capillaries 

12 nl Number of segments

(11) Interface variables of the solenoid valve (with control gas) module (Table 5.11)

(12) Variables of the solenoid valve (without control gas) module (Table 5.12)
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Table 5.8 Gas pipeline (kind, kind1, p1, p2, q, T, r, l, d1, d2, b, a 1, a  2, ml, nl)  

Number Interface variable Description 

1 kind Propellant ID number 

2 kind1 Number of dynamic variables for each segment 

3 p1 Inlet pressure 

4 p2 Outlet pressure 

5 q Traffic 

6 T Fuel-gas temperature 

7 r Propellant component ratio 

8 l Pipe length 

9 d1 Inner diameter of inlet 

10 d2 Outlet inner diameter 

11 b Tube wall thickness 

12 a1 Sensitive time lag τ = a1p−a2 

13 a2 Sensitive time lag τ = a1p−a2 

14 ml Liquid propellant mass 

15 nl Number of segments

Table 5.9 Convergent-divergent nozzle (kind, kind1, p1, p2, q, dt, mu, pa, nl) 

Number Interface variable Description 

1 kind Propellant ID number 

2 kind1 Number of dynamic variables for each segment 

3 p1 Inlet pressure 

4 p2 Outlet pressure 

5 q Traffic 

6 dt Nozzle throat diameter 

7 mu Flow coefficient 

8 pa Ambient pressure 

9 nl Number of segments
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Table 5.10 Centrifugal nozzle (kind, kind1, p1, p2, q, dh, mu, number, nl) 

Number Interface variable Description 

1 kind Propellant ID number 

2 kind1 Number of dynamic variables for each segment 

3 p1 Inlet pressure 

4 p2 Outlet pressure 

5 q Traffic 

6 d Nozzle exit diameter 

7 mu Flow coefficient 

8 Number Number of nozzles 

9 nl Number of segments

Table 5.11 Valve (kind, kind1, tS, dt1, dt2, tE, nl, U, R, Lm, v1, m1t, nB, aq, h1min, h1max, dn1, 
Fc01, c1, Ffs1, f1, x1, p1, gama, Rg, mui1, di1, d, muo1, do1, mu l, d  l, T1, V1, v2, m2t, h2min, 
h2max, dn2, dnox, dnfu, Fc02, c2, Ffs2, f2, x2, p2, T2, V2, d1, d2, Lk) 

kind Propellant ID number kind1 Number of dynamic variables for each 
segment 

tS Solenoid valve energization 
(open) time 

dt1 Valve energization time interval (pulse 
work) 

dt2 Time interval between valve 
power-off (pulse not working) 

tE Valve power-off (closing) moment 

Psi Total flux linkage of 
electromagnetic system 

U Coil excitation voltage 

R Resistance Lm Effective length of the magnetic 
conductor in the magnetic circuit 

v1 Solenoid-pneumatic valve piston 
speed 

m1t The moving components of the 
electromagnetic system are converted to 
the mass of the core pole face center 

nB Number of coil turns aq Armature suction area 

h1min Solenoid-pneumatic valve closes 
the air gap 

h1max Maximum air gap of electromagnetic 
pneumatic valve 

dn1 Diameter of central axis of piston 
rod of electromagnetic pneumatic 
valve 

Fc01 Solenoid-pneumatic valve spring preload 

c1 Solenoid-pneumatic valve spring 
stiffness 

Ffs1 Static friction force of electromagnetic 
pneumatic valve 

f1 Solenoid-pneumatic valve friction 
coefficient 

x1 Piston displacement of electromagnetic 
pneumatic valve

(continued)
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Table 5.11 (continued)

kind Propellant ID number kind1 Number of dynamic variables for each
segment

p1 Solenoid-pneumatic valve controls 
gas pressure in the chamber 

gama Specific heat ratio of working gas 

Rg Working gas constant mui1 Flow coefficient of control chamber inlet 
of electromagnetic pneumatic valve 

di1 Solenoid-pneumatic valve control 
cavity inlet diameter 

d Solenoid-pneumatic valve ball head 
diameter 

muo1 Flow coefficient of control 
chamber inlet of pneumatic fluid 
valve 

do1 Pneumatic liquid valve control cavity 
inlet diameter 

mu l Flow coefficient of pressure relief 
port in control chamber of 
electromagnetic pneumatic valve 

d l Diameter of pressure relief port in 
control chamber of electromagnetic 
pneumatic valve 

T1 Solenoid-pneumatic valve 
controls cavity gas temperature 

V1 Solenoid-pneumatic valve control cavity 
volume 

v2 Pneumatic fluid valve piston speed m2t Mass of moving parts of pneumatic 
liquid valve 

2min Pneumatic liquid valve piston 
minimum displacement 

2max Maximum displacement of pneumatic 
liquid valve piston 

dn2 Diameter of central axis of piston 
rod of pneumatic liquid valve 

dnox Diameter of central axis of piston rod at 
the oxidant inlet 

DNFU Fuel inlet piston rod bore diameter Fc02 Spring preload of pneumatic liquid valve 

c2 Pneumatic liquid valve spring 
stiffness 

Ffs2 Static friction of air-operated hydraulic 
valve 

f2 Pneumatic hydraulic valve friction 
coefficient 

x2 Piston displacement of pneumatic fluid 
valve 

p2 Pneumatic liquid valve control 
chamber gas pressure 

T2 Pneumatic liquid valve control chamber 
gas temperature 

V2 Volume of control cavity of 
pneumatic fluid valve 

d1 Coil assembly inner diameter 

d2 Coil assembly outer diameter Lk Coil assembly height
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Table 5.12 Valve1 (kind, kind1, tS, dt1, dt2, tE, nl, U, R, Lm, v, mt, nB, aq, hmin, hmax, dn, Fc0, 
c, Ffs, f, x, d, d1, d2, Lk) 

kind Propellant ID number kind1 Number of dynamic variables for each segment 

tS Solenoid valve energization 
(open) time 

dt1 Valve energization time interval (pulse work) 

dt2 Time interval between valve 
power-off (pulse not 
working) 

tE Valve power-off (closing) moment 

Psi Total flux linkage of 
electromagnetic system 

U Coil excitation voltage 

R Resistance Lm Effective length of the magnetic conductor in the 
magnetic circuit 

v Solenoid valve piston speed mt The moving components of the electromagnetic 
system are converted to the mass of the core pole 
face center 

nB Number of coil turns aq Armature suction area 

hmin Solenoid valve closes air gap hmax Maximum air gap of solenoid valve 

dn Diameter of central axis of 
solenoid valve piston rod 

Fc0 Solenoid valve spring preload 

c Solenoid valve spring 
stiffness 

Ffs Solenoid valve static friction force 

f Solenoid valve friction 
coefficient 

x Solenoid valve piston displacement 

d Diameter of circular plate at 
piston rod head of solenoid 
valve 

d1 Coil assembly inner diameter 

d2 Coil assembly outer 
diameter 

Lk Coil assembly height
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Chapter 6 
Simulation Analysis of the Operation 
of the Gel Propulsion System 

6.1 Effect of Tank Pressure Change 

Gel propellant is a viscous non-Newtonian fluid. Only when the pressure of the 
storage tank is high enough can the gel propellant flow rapidly in the supply pipeline. 
Figures 6.1, 6.2, 6.3, 6.4, 6.5, 6.6, 6.7 and 6.8 show the pressure versus flow curves 
for the outlet pipeline and decomposition chambers of the storage tank. The working 
program of the propulsion system was selected to be 0.3 s + 10 × 0.5 s/0.5 s (“0.3 s” 
represents the standby time before the first pulse, “10” represents 10 pulses, the first 
“0.5 s” represents the pulse work procedure, and the second “0.5 s” represents the 
pulse interval time); in addition, the set pressure of the tank decreased by 14.29%, 
28.57% and 42.86% compared to the rated value within 10 s, respectively.

Figures 6.1 and 6.2 show that the pressure of the storage tank has a great impact 
on the pressure and flow rate in the supply system pipeline. When the pressure of the 
storage tank decreases linearly, the pressure and flow rate in the pipeline basically 
show a linear decreasing trend during each pulse. It can also be seen from Fig. 6.1 
that the pressure decrease of the storage tank does not cause a significant change 
in the impact pressure of the outlet pipeline of the storage tank. This is because the 
impact pressure is related to the opening process of the propulsion system, the fluid– 
solid coupling condition, the energy level of the propellant flow (the sum of kinetic 
energy and potential energy), and the propellant flow pattern. After the pressure of 
the storage tank decreases, the propellant in the supply system is the same as in the 
normal situation, with a relatively low energy level, and the flow is laminar. At this 
time, the viscous resistance of the propellant is relatively strong and will not induce 
strong impacts on the propellant flow in the pipelines. 

The effects of tank pressure on thrust chambers are shown in Figs. 6.3, 6.4, 6.5, 
6.6, 6.7 and 6.8. With the linear decrease in the pressure of the tank, the pressure 
and flow rate of the decomposition chamber of the medium Type I thrust chamber, 
the medium Type II thrust chamber and the small thrust chamber basically show a 
linear decreasing trend during each pulse, and the thrust of the thrust chamber also
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Fig. 6.1 Pressure curves of the outlet pipeline of the storage tank 

Fig. 6.2 Flow curves of the outlet pipeline of the storage tank

decreases accordingly. The propulsion system cannot meet the thrust requirement of 
a space vehicle. Therefore, the pressure-reducing valve behind the gas cylinder must 
work reliably to ensure constant tank pressure for the gel propellant.
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Fig. 6.3 Pressure curves of the decomposition chamber in thrust chamber 1 

Fig. 6.4 Flow curves of the decomposition chamber for thrust chamber 1

6.2 Effect of the Number of Pipeline Coils 

Figures 6.9, 6.10 and 6.11 show the thrust curves when the catheter runs in different 
directions. “n circles” in the diagrams means that the catheter between the ring 
pipeline and the injector is rolled into n turns with equal diameter, and “straight 
line” means that the catheter runs without any bend. During simulation, the working
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Fig. 6.5 Pressure curves of the decomposition chamber for thrust chamber 2 

Fig. 6.6 Flow curves of the decomposition chamber for thrust chamber 2

program of all solenoid valves in front of the thrust chamber was selected to be 
0.3 s + 10 × 0.5 s/0.5 s. It can be seen from these three figures that although the 
catheter between the annular pipeline and the injector is rolled into different shapes, 
the influence on the thrust of the medium Type 1 thrust chamber, the medium Type II 
thrust chamber and the small thrust chamber is so small that it can almost be ignored. 
This indicates that the local resistance generated by the direction of the catheter is
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Fig. 6.7 Pressure curves of the decomposition chamber for the small thrust chamber 

Fig. 6.8 Flow curves of the decomposition chamber with a small thrust chamber

very small and will not significantly change the working state of the gel propulsion 
system. This conclusion is reached when the catheter is continuously and smoothly 
routed. The above conclusion will not be true if the catheter is bent in half or at other 
angles that result in sharp changes in the flow area.
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Fig. 6.9 Thrust curves of thrust chamber 1 (0—straight line, 1—one circle, 2—two circles, 3—three 
circles, 4—four circles) 

Fig. 6.10 Thrust curves of thrust chamber 2 (0—straight line, 1—one circle, 2—two circles, 3— 
three circles, 4—four circles)
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Fig. 6.11 Thrust curves of the small thrust chamber (0—straight line, 1—one circle, 2—two circles, 
3—three circles, 4—four circles) 

6.3 Analysis of the Filling and Shutdown Process 

During the simulation of the pipeline filling and shutdown process of the supply 
system, the working program of the propulsion system was set to 0.3 s + 1 × 0.5 s/ 
0.5 s; the volume of the liquid collecting cavity or the length of the capillary was 
changed by + 50.0 and + 20.0% of their respective design values. 

Since the effect of the change in the liquid collection cavity on the pipeline filling 
process of the thruster supply system with different thrusts is similar, only the working 
parameter curve of the liquid collection cavity for the medium Type 1 thrust chamber 
is given here. From Figs. 6.12, 6.13, 6.14 and 6.15, whether it is the filling process 
or the shutdown process, changing the volume of the collecting cavity has almost 
no effect on the steady-state values of the propellant pressure and flow rate in the 
collecting cavity because the collecting cavity is a containing cavity. Its flow resis-
tance is negligible. In Figs. 6.16 and 6.17, the relative volume is defined as the ratio 
of the filling volume of the gel propellant in the collecting cavity to the volume of 
the collecting cavity at a certain time. Figure 6.16 shows that for different volumes 
of the liquid collection cavity, the times for the filling of the propellant are different. 
Figure 6.17 shows that during the shutdown process, due to the lack of gas to blow 
off, the gel propellant is almost not expelled. Instead, it stays in the liquid collection 
cavity and capillary, waiting for the next startup. However, in actual application, if the 
exit of the nozzle is downward, the propellant will slowly flow out of the collecting 
cavity under the action of its own gravity.

Figures 6.18, 6.20 and 6.22 show that when the length of the capillary changes, the 
steady value of the propellant flow rate during the capillary filling process changes
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Fig. 6.12 Pressure curves during the filling process of thrust chamber 1 in the collection cavity 

Fig. 6.13 Pressure curve of the liquid collection cavity in the shutdown process of thrust chamber 
1

slightly. This is because the capillary is a resistance component, and its resistance 
along the way is proportional to its length. In this way, the difference in resistance 
will cause different flow states in the supply system. In Figs. 6.19, 6.21 and 6.23, 
the relative length is defined as the ratio of the filling length of the propellant in the 
capillary at some time to the length of the capillary. From Fig. 6.21, since different
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Fig. 6.14 Flow curves during the filling process of thrust chamber 1 in the collection cavity 

Fig. 6.15 Flow curves of the liquid collection cavity in the shutdown process of thrust Chamber 1

capillary lengths correspond to different propellant filling volumes, the termination 
times of the propellant filling process are different.
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Fig. 6.16 Relative volume curves during the filling process of thrust chamber 1 in the liquid 
collection cavity 

Fig. 6.17 Relative volume curves of the collection cavity in the shutdown process of thrust chamber 
1
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Fig. 6.18 Flow curves during the capillary filling process of thrust chamber 1 

Fig. 6.19 Relative length curves of the capillary filling process of thrust chamber 1

6.4 Effect of Decomposition Chamber Volume and Nozzle 
Throat Inner Diameter 

Figures 6.24, 6.25 and 6.26 are the pressure curves of the decomposition chamber 
when the volume of the decomposition chamber changes. Vc is the design value of 
the decomposition chamber volume. During simulation, the working procedure of
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Fig. 6.20 Flow curves during the capillary filling process of thrust chamber 2 

Fig. 6.21 Relative length curves of the capillary filling process of thrust chamber 2

the propulsion system was 0.3 s + 4 × 0.5 s/0.5 s; the volumes of the decomposition 
chambers were larger than their design values. Vc increased by 1, 3, 5 and 7 times. It 
can be seen from these three diagrams that during the startup process of the propulsion 
system, as the volume of the decomposition chamber increases, the response time 
of the pressure rise of the decomposition chamber becomes longer. This is because,
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Fig. 6.22 Flow curves during the capillary filling process of a small thrust chamber 

Fig. 6.23 Relative length curves of the capillary filling process of the small thrust chamber

in the mathematical models established in this paper, it is assumed that the propel-
lant atomization, evaporation, catalysis, and decomposition reactions are completed 
within one combustion time lag, and the speed of pressure rise in the decomposition 
chamber is mainly affected by the volume of the decomposition chamber. When 
the volume of the decomposition chamber increases, the response time of pressure 
rise becomes longer. The shutdown process of the propulsion system is similar to the
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startup process. As the volume of the decomposition chamber increases, the response 
time of the pressure drop of the decomposition chamber also becomes longer. 

Figures 6.27, 6.28 and 6.29 are pressure curves of the decomposition chamber 
when the inner diameter of the nozzle throat changes. dt is the design value of the 
inside diameter of the nozzle throat. During simulation, the working procedure of the 
propulsion system was 0.3 s + 4 × 0.5 s/0.5 s; the inner diameter of the nozzle throat

Fig. 6.24 Pressure curves of the decomposition chamber in thrust chamber 1 

Fig. 6.25 Pressure curves of the decomposition chamber for thrust chamber 2
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Fig. 6.26 Pressure curves of the decomposition chamber for the small thrust chamber

was changed by − 20.0, − 40.0, − 50.0 and − 65.0% from the design value. The 
simulation results show that during the startup process, the smaller the inner diameter 
of the nozzle throat is, the more severe the pressure oscillation of the decomposition 
chamber and the larger the overshoot, and the pressure of the decomposition chamber 
increases after stabilization. Especially when the inner diameter of the nozzle throat 
is at least smaller than a certain value (e.g., 0.4dt), the pressure in the decomposition 
chamber oscillates at a low frequency in the steady process, which should be avoided 
in the design of a propulsion system.

6.5 Pulse Program Analysis 

From Figs. 6.30, 6.31, 6.32 and 6.33, when the pulse program is 0.2 s/0.5 s, 0.1 s/ 
0.5 s, 0.06 s/0.1 s, 0.06 s/0.08 s, the decomposition chamber can build pressure during 
the pulse working time, and the pulse repeatability is good, but the pulse time (the 
sum of pulse working time and pulse interval time) is too long, which can be used 
as reference for pulse program design of propulsion system. Figures 6.34, 6.35 and 
6.36 show that, when the pulse program is 0.06 s/0.06 s, 0.05 s/0.05 s, 0.04 s/0.06 s, 
the pressure of the decomposition chamber is near the rated value for approximately 
35 ms, 25 ms and 15 ms, respectively. The pulse time is moderate according to 
the requirements. Figures 6.37 and 6.38 show that when the pulse programs are 
0.03 s/0.06 s and 0.02 s/0.06 s, due to the short pulse time, the gel propellant cannot 
completely fill the collected liquid within the first or second pulse. Because of the 
cavity and capillary, the medium Type 1 and II thrust chambers has no pressure
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Fig. 6.27 Pressure curves of the decomposition chamber in thrust chamber 1 

Fig. 6.28 Pressure curves of the decomposition chamber for thrust chamber 2

build-up during this time. In addition, during the pulse working time, the pressure 
of the decomposition chamber continues to fluctuate, so these two pulse procedures 
are eliminated. Figures 6.39, 6.40 and 6.41 show that to ensure normal startup and 
shutdown of the thruster, the shortest pulse interval should not be less than 0.03 s.
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Fig. 6.29 Pressure curves of the decomposition chamber for small thrust chamber

6.6 Response Time Analysis 

The response time of the gel propulsion system in the transient process mainly 
includes the startup acceleration time t80 and the shutdown deceleration time t20, 
where t80 is defined as the time from the moment the solenoid valve is energized 
until when the chamber pressure or thrust rises to 80% of its steady-state value, and 
t20 is defined as the time from when the solenoid valve is deenergized to when the 
chamber pressure or thrust drops to 20% of its steady-state value. Table 6.1 lists the 
pressure response times of the decomposition chamber under the normal state of the 
propulsion system. A comparison of the measured and simulated values of response 
time in the table shows that the simulated values are basically distributed within 
the range of the measured values. The mathematical model of the system transient 
process is basically correct.

Table 6.2 shows that when the tank pressure decreases, the startup acceleration 
time and shutdown deceleration time of the thrust chamber remain almost unchanged.

Table 6.3 shows that when the volume of the liquid collection cavity changes, 
only the acceleration time of the cold start changes, while the acceleration time of 
the hot start and the deceleration time of the shutdown remain unchanged. This is 
because the cold start process includes the entire propellant filling process, while the 
hot start process almost does not. This is caused by the propellant filling process.

Table 6.4 shows that although the change in capillary length will not only affect 
the filling process but also change the state of the propulsion system, it has little 
impact on the acceleration time at startup and the deceleration time at shutdown 
during the operation of the thrust chamber.
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Fig. 6.30 Pressure curves of the decomposition chamber when the pulse program is 0.3 s + 14 × 
0.2 s/0.5 s. 1—medium Type I thrust chamber pressure, 2—medium Type II thrust chamber pressure 
+ 2.5 MPa, 3—small thrust chamber pressure + 5.0 MPa
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Fig. 6.31 Pressure curves of the decomposition chamber when the pulse program is 0.3 s + 16 × 
0.1 s/0.5 s. 1—medium Type I thrust chamber pressure, 2—medium Type II thrust chamber pressure 
+ 2.5 MPa, 3—small thrust chamber pressure + 5.0 MPa
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Fig. 6.32 Pressure curves of the decomposition chamber when the pulse program is 20 × 0.06 s/ 
0.1 s. 1—medium Type I thrust chamber pressure, 2—medium Type II thrust chamber pressure + 
2.5 MPa, 3—small thrust chamber pressure + 5.0 MPa
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Fig. 6.33 Pressure curves of the decomposition chamber when the pulse program is 20 × 0.06 s/ 
0.08 s. 1—medium Type I thrust chamber pressure, 2—medium Type II thrust chamber pressure + 
2.5 MPa, 3—small thrust chamber pressure + 5.0 MPa
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Fig. 6.34 Pressure curves of the decomposition chamber when the pulse program is 30 × 0.06 s/ 
0.06 s. 1—medium Type I thrust chamber pressure, 2—medium Type II thrust chamber pressure + 
2.5 MPa, 3—small thrust chamber pressure + 5.0 MPa
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Fig. 6.35 Pressure curves of the decomposition chamber when the pulse program is 40 × 0. 05 s/ 
0. 05 s. 1—medium Type I thrust chamber pressure, 2—medium Type II thrust chamber pressure 
+ 2.5 MPa, 3—small thrust chamber pressure + 5.0 MPa
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Fig. 6.36 Pressure curves of the decomposition chamber when the pulse program is 40 × 0.04 s/ 
0.06 s. 1—medium Type I thrust chamber pressure, 2—medium Type II thrust chamber pressure + 
2.5 MPa, 3—small thrust chamber pressure + 5.0 MPa
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Fig. 6.37 Pressure curves of the decomposition chamber when the pulse program is 40 × 0.03 s/ 
0.06 s. 1—medium Type I thrust chamber pressure, 2—medium Type II thrust chamber pressure + 
2.5 MPa, 3—small thrust chamber pressure + 5.0 MPa
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Fig. 6.38 Pressure curves of the decomposition chamber when the pulse program is 40 × 0.02 s/ 
0.06 s. 1—medium Type I thrust chamber pressure, 2—medium Type II thrust chamber pressure + 
2.5 MPa, 3—small thrust chamber pressure + 5.0 MPa
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Fig. 6.39 Pressure curves of the decomposition chamber when the pulse program is 40 × 0.06 s/ 
0.04 s. 1—medium Type I thrust chamber pressure, 2—medium Type II thrust chamber pressure + 
2.5 MPa, 3—small thrust chamber pressure + 5.0 MPa
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Fig. 6.40 Pressure curves of the decomposition chamber when the pulse program is 40 × 0.06 s/ 
0.03 s. 1—medium Type I thrust chamber pressure, 2—medium Type II thrust chamber pressure + 
2.5 MPa, 3—small thrust chamber pressure + 5.0 MPa
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Fig. 6.41 Pressure curves of the decomposition chamber when the pulse program is 40 × 0.06 s/ 
0.02 s. 1—medium Type I thrust chamber pressure, 2—medium Type II thrust chamber pressure + 
2.5 MPa, 3—small thrust chamber pressure + 5.0 MPa
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Table 6.1 Pressure response times of the decomposition chamber of the gel propulsion system 

Type t80 hot, s t20 hot, s  

Actual value Simulated value Actual value Simulated value 

Medium Type I 
thrust chamber 

0.119 
(0.064–0.146) 

0.079 0.148 
(0.109–0.172) 

0.095 

Medium Type II 
thrust chambers 

0.068 
(0.058–0.096) 

0.056 0.102 
(0.092–0.154) 

0.096

Table 6.2 Response times of the decomposition chamber in the medium Type 1 thrust chamber 
when the tank pressure decreases 

Percentage of pressure 
reduction (%) 

t80 cold, s (simulated 
value) 

t80 hot, s (simulated 
value) 

t20 hot, s (simulated 
value) 

0.000 0.105 0.079 0.095 

14.29 0.108 0.080 0.095 

28.57 0.106 0.079 0.095 

42.86 0.108 0.079 0.095

Table 6.3 Response times of the decomposition chamber in the medium Type 1 thrust chamber 
when the volume of the liquid collection cavity changes 

Percent volume 
change (%) 

t80 cold, s (simulated 
value) 

t80 hot, s (simulated 
value) 

t20 hot, s (simulated 
value) 

+ 40.00 0.120 0.079 0.096 

+ 20.00 0.108 0.079 0.096 

0.0000 0.105 0.079 0.095 

− 20.00 0.101 0.079 0.095 

− 40.00 0.098 0.079 0.095

Table 6.4 Response times of the decomposition chamber for thrust chamber 1 when the capillary 
length varies 

Percent change of 
length (%) 

t80 cold, s (simulated 
value) 

t80 hot, s (simulated 
value) 

t20 hot, s (simulated 
value) 

+ 40.00 0.108 0.083 0.096 

+ 20.00 0.106 0.079 0.096 

0.0000 0.105 0.079 0.095 

− 20.00 0.104 0.080 0.095 

− 40.00 0.102 0.080 0.095
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Table 6.5 Response times of the resolution chamber volume change for thrust chamber 1 

Percent volume 
change (%) 

t80 cold, s (simulated 
value) 

t80 hot, s (simulated 
value) 

t20 hot, s (simulated 
value) 

+ 700.0 0.136 0.110 0.125 

+ 500.0 0.125 0.104 0.114 

+ 300.0 0.115 0.094 0.107 

+ 100.0 0.109 0.086 0.096 

0.0000 0.105 0.079 0.095 

Table 6.5 shows that when the volume of the decomposition chamber increases, 
the acceleration time at startup and the deceleration time at shutdown both become 
longer. 

6.7 Analysis of Water Hammer Characteristics 

During the propellant delivery process, the fluctuation process in which the propellant 
pressure in the tube undergoes a sharp alternating rise and fall due to the closing or 
opening of the electromagnetic valve in the pipeline is called shock. The phenomenon 
of flow rate fusion and the considerable pressure generated by the propellant in 
the tube is called the water hammer phenomenon [17], and the generated pressure 
is called the water hammer pressure. The internal causes of water hammer in the 
pipeline are the compressibility of the propellant, the energy and inertia of the flowing 
propellant, and the elasticity of the pipeline wall. These properties of the propellant 
and pipeline wall endow the pipeline carrying propellant with the flexibility and 
power to produce a water hammer [18, 19], as shown in Fig. 6.42. 

In the analysis of water hammer characteristics, based on calculations for the main 
pipelines of the propulsion system, the Reynolds number of the gel propellant flowing 
in the pipelines is approximately 300, which is far less than the critical Reynolds 
number of 2300, so the propellant flows laminarly. The flow resistance is relatively 
large, which can effectively reduce the water hammer effect. In addition, due to the 
flow restriction of the capillary in the injector, the impact response of the propellant
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Fig. 6.42 Schematic diagram of the effect between the water hammer and pipeline 
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Fig. 6.43 Pressure curves of the liquid collection cavity. 1—medium Type I thrust chamber pres-
sure, 2—medium Type II thrust chamber pressure + 2.5 MPa, 3—small thrust chamber pressure + 
5.0 MPa

flow before the injection is greatly slowed. Figures 6.43 and 6.44 also illustrate this 
conclusion. The pressure fluctuation range of the liquid collecting chamber is in the 
range of − 3.8 to 50%, which is far less than the warning value of ± 400%; the 
pressure fluctuation range of the outlet pipeline of the storage tank is in the range 
of − 10.0 to 11.5%, less than the warning value of ± 20%. Therefore, for the gel 
propellant supply system, due to the good system design, a water hammer does not 
occur. 

6.8 Flow Matching Analysis 

Figures 6.46, 6.47, 6.48 and 6.49 show the flow curves to the thrust chamber when 
the working sequences of the propulsion system do not overlap. The subscripts “i” 
and “e” represent the inlet and outlet flow rates of the thrust chamber, respectively. 
During simulation, the working program of all thrusters was 0.3 s + 10 × 0.5 s/0.5 s. 
It can be seen from these five diagrams that in the steady process of the propulsion 
system, the flow rate of the thrust chambers changes near the design value, and the 
flow rate of each thrust chamber meets the working requirement; the flow rates of 
the inlet and outlet of each thrust chamber basically overlap, except that there is a 
difference during the startup or shutdown process. One point of separation is caused 
by the net inflow or outflow of propellant mass during the transient process of the 
thrust chamber (Fig. 6.45).
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Fig. 6.44 Pressure curves for the tank outlet pipelines

Fig. 6.45 Flow curves for thrust chambers 1–4. 1—q1i, 2—q1e, 3—q2i + 0.16 kg/s, 4—q2e + 
0.16 kg/s, 5—q3i + 0.32 kg/s, 6—q3e + 0.32 kg/s, 7—q4i + 0.48 kg/s, 8—q4e + 0.48 kg/s

Figures 6.50, 6.51, 6.52 and 6.53 are used to show the effect of the switching 
action of the medium Type II thrust chamber and small thrust chamber on the steady 
process of the medium Type I and Type II thrust chambers. During simulation, the 
working program of the medium Type II thrust chamber and small thrust chamber 
was 0.4 s + 3 × 0.4 s/0.4 s, and the working program of the medium Type I and
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Fig. 6.46 Flow curves for thrust chambers 5–8. 1—q1i, 2—q1e, 3—q2i + 0.16 kg/s, 4—q2e + 
0.16 kg/s, 5—q3i + 0.32 kg/s, 6—q3e + 0.32 kg/s, 7—q4i + 0.48 kg/s, 8—q4e + 0.48 kg/s 

Fig. 6.47 Flow curves for thrust chambers 9–12. 1—q1i, 2—q1e, 3—q2i + 0.16 kg/s, 4—q2e + 
0.16 kg/s, 5—q3i + 0.32 kg/s, 6—q3e + 0.32 kg/s, 7—q4i + 0.48 kg/s, 8—q4e + 0.48 kg/s
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Fig. 6.48 Flow curves for thrust chambers 13–16. 1—q1i, 2—q1e, 3—q2i + 0.16 kg/s, 4—q2e + 
0.16 kg/s, 5—q3i + 0.32 kg/s, 6—q3e + 0.32 kg/s, 7—q4i + 0.48 kg/s, 8—q4e + 0.48 kg/s 

Fig. 6.49 Flow curves for thrust chambers 17–20. 1—q1i, 2—q1e, 3—q2i + 0.16 kg/s, 4—q2e + 
0.16 kg/s, 5—q3i + 0.32 kg/s, 6—q3e + 0.32 kg/s, 7—q4i + 0.48 kg/s, 8—q4e + 0.48 kg/s

Type II thrust chambers was 0.3 s + 2 × 0.6 s/0.5 s. From the figure, although the 
switching process of the medium Type II thrust chamber and small thrust chamber 
caused the fluctuation in the 16 flow curves of the medium Type I and Type II thrust 
chambers from − 19.7 to 21.6%, the fluctuation in the 8 thrust curves ranged from 
− 9.7 to 5.8%, but they converged quickly.
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Fig. 6.50 Flow curves for thrust chambers 1–4. 1—q1i, 2—q1e, 3—q2i + 0.16 kg/s, 4—q2e + 
0.16 kg/s, 5—q3i + 0.32 kg/s, 6—q3e + 0.32 kg/s, 7—q4i + 0.48 kg/s, 8—q4e + 0.48 kg/s 

Fig. 6.51 Thrust curves for thrust chambers 1–4. 1—F1, 2—F2 + 250 N, 3—F3 + 500 N, 4—F4 + 
750 N

Figures 6.54 and 6.55 are used to show the effect of the switching action of the 
medium Type I and Type II thrust chambers and small thrust chamber on the steady 
process of the medium Type II thrust chamber. During the simulation, the working 
program of the middle II/medium Type I thrust chamber and the small thrust chamber 
was 0.6 s + 4 × 0.25 s/0.25 s, and the working program of the medium Type II
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Fig. 6.52 Flow curves for thrust chambers 5–8. 1—q1i, 2—q1e, 3—q2i + 0.16 kg/s, 4—q2e + 
0.16 kg/s, 5—q3i + 0.32 kg/s, 6—q3e + 0.32 kg/s, 7—q4i + 0.48 kg/s, 8—q4e + 0.48 kg/s 

Fig. 6.53 Thrust curves for thrust chamber 5–8. 1—F5, 2—F6 + 250 N, 3—F7 + 500 N, 4—F8 + 
750 N

thrust chamber was 0.3 s + 1 × 1.5 s/0.7 s. It can be seen from the figure that 
the switching process of the medium Type I and Type II thrust chambers and small 
thrust chamber caused the eight flow curves of the medium Type II thrust chamber 
to fluctuate between − 55.5 and 50.5%, and the fluctuations in the four thrust curves 
were between − 23.7 and 13.7%, but they also converged rapidly.
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Fig. 6.54 Flow curves for thrust chambers 9–12. 1—q1i, 2—q1e, 3—q2i + 0.16 kg/s, 4—q2e + 
0.16 kg/s, 5—q3i + 0.32 kg/s, 6—q3e + 0.32 kg/s, 7—q4i + 0.48 kg/s, 8—q4e + 0.48 kg/s 

Fig. 6.55 Thrust curves for thrust chambers 9–12. 1—F9, 2—F10 + 250 N, 3—F11 + 500 N, 
4—F12 + 750 N 

Figures 6.56 and 6.57 are used to show the effect of the switching action of the 
medium Type I and Type II thrust chambers on the steady process of the small thrust 
chamber. During simulation, the working program of the medium Type I and Type 
II thrust chambers was 0.6 s + 4 × 0.25 s/0.25 s, and the working program of the
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Fig. 6.56 Flow curves for thrust chambers 13–16. 1—q1i, 2—q1e, 3—q2i + 0.16 kg/s, 4—q2e + 
0.16 kg/s, 5—q3i + 0.32 kg/s, 6—q3e + 0.32 kg/s, 7—q4i + 0.48 kg/s, 8—q4e + 0.48 kg/s

small thrust chamber was 0.3 s + 1 × 1.5 s/0.7 s. It can be seen from the figure that 
the switching process of the medium Type I and Type II thrust chambers caused the 
flow curves of the 16 small thrust chambers to fluctuate between − 34.8 and 30.4%, 
and the fluctuations of the eight thrust curves were between − 16.5 and 11.3%. The 
curves continued to fluctuate for a period; therefore, the opening and closing of other 
thrust chambers should be avoided during the working period of the small thrust 
chamber (Figs. 6.58 and 6.59). 

6.9 Thrust Regulation Analysis 

The pulse “digital” variable thrust gel propulsion system studied in this book is 
different from the “step”-type variable thrust gel propulsion system [20] that is 
equipped with an adjustable injector and an adjustable cavitation Venturi. The pulse 
“digital” variable thrust gel propulsion system adjusts the flow rate by setting orifice 
plates in the supply system. The component ratio of the decomposition chamber 
remains unchanged. The thrust of each pulse can be adjusted to a certain “number” 
(such as medium Type I or medium Type II) according to the demand. This system 
has thrust regulation and pulse width regulation capabilities. In addition, the flow 
regulator has the advantages of simple structure, reliable operation, and easy engi-
neering implementation. However, the limitation of this variable thrust propulsion 
system is that the fluctuation in tank pressure has a great impact on the pressure and 
flow rate of the decomposition chamber, as shown in Figs. 6.3 and 6.4.
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Fig. 6.57 Thrust curves for thrust chambers 13–16. 1—F13, 2—F14 + 10 N, 3—F15 + 20 N, 4—  
F16 + 30 N 

Fig. 6.58 Flow curves for thrust chambers 17–20. 1—q1i, 2—q1e, 3—q2i + 0.16 kg/s, 4—q2e + 
0.16 kg/s, 5—q3i + 0.32 kg/s, 6—q3e + 0.32 kg/s, 7—q4i + 0.48 kg/s, 8—q4e + 0.48 kg/s
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Fig. 6.59 Thrust curves for thrust chambers 17–20. 1—F17, 2—F18 + 10 N, 3—F19 + 20 N, 4—  
F20 + 30 N

To further understand the thrust regulation characteristics of this variable thrust 
propulsion system, a specific simulation analysis is performed below. Figures 6.60, 
6.61, 6.62, 6.63, 6.64 and 6.65 show the simulation curves of pressure, thrust and 
specific impulse of the medium Type I and II thrust chambers when the orifice plate 
inner diameter changes. d1 is the design value of the orifice plate inner diameter in 
the thruster under Working Condition 1, and d2 is the design value of the orifice plate 
inner diameter in the thruster under the Working Condition 2. During simulation, the 
working procedure of the propulsion system was 0.3 s + 10 × 0.5 s/0.5 s; the ambient 
pressure was 1000 Pa. From Figs. 6.60, 6.61, 6.62, 6.63, 6.64 and 6.65, when the 
inner diameter of the orifice plate changes, its pressure drop changes accordingly, 
causing the pressure of the decomposition chamber to change within the range of 
0.09–1.73 MPa, the thrust force to change within the range of 9–194 N, and the 
specific impulse to change within the range of 2039–2300 N s/kg. It can be seen that 
in theory, thrust regulation can reach 20:1, while the variation in specific impulses 
does not exceed 12%. This shows that the medium Type I and II thrust chambers can 
achieve variable thrust within a wider range, resulting in a higher performance. The 
upper limit of thrust is mainly limited by the full flow at the throat of the nozzle. To 
obtain a higher thrust, the decomposition chamber and nozzle must be redesigned; 
the lower limit of thrust is mainly limited by the decomposition stability of the 
propellant.
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Fig. 6.60 Pressure curves of the decomposition chamber of the medium Type I and II thrust 
chambers 

Fig. 6.61 Thrust curves of the medium Type I and II thrust chambers
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Fig. 6.62 Specific impulse curves of the medium Type I and II thrust chambers 

Fig. 6.63 Pressure curves of the decomposition chamber of the medium Type I and II thrust 
chambers
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Fig. 6.64 Thrust curves of the medium Type I and II thrust chambers 

Fig. 6.65 Specific impulse curves of the medium Type I and II thrust chambers
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of the Working Process of the Pumped 
Liquid Rocket Engine



Chapter 7 
Mathematical Model of the Operation 
of a Pump-Fed Liquid Rocket Engine 

7.1 Basic Assumptions 

The internal operation of a pump-fed liquid rocket engine is a very complex physical 
and chemical process. To obtain the main characteristics of pump-fed liquid rocket 
engines, the following hypotheses are made: 

(1) The propellant (oxidizer and fuel) is a time-independent Newtonian fluid that 
flows in the pipeline as a 1D flow. Some flow parameters (such as the average flow 
rate) are taken as the average value of the radial distribution of the pipeline. (2) 
During the propellant flow process, the heat transfer from the pipeline wall is not 
considered. (3) The difference in calorific value between the ignition agent and the 
fuel is not considered. (4) The gas in the combustion chamber satisfies the ideal gas 
equation of state. (5) The propellant is injected into the combustion chamber to the 
end of the combustion chamber. The conversion to gas is completed instantaneously 
after a time delay, and the combustion time delay is assumed to be a constant. (6) The 
flow of gas in the nozzle is adiabatic without dissipation, and the gas flow parameters 
satisfy the isentropic relationship pvγ = const. 

7.2 Decomposition of the Pump-Fed Liquid Rocket Engine 
System 

The pump-fed bipropellant liquid rocket engine (shown in Fig. 7.1) is divided into 
18 component modules: (1) tank module; (2) pipeline module; (3) diaphragm valve 
and electric explosion valve module; (4) multipass module; (5) orifice module; (6) 
filter module; (7) centrifugal pump module; (8) flow regulator module; (9) preburner 
module; (10) turbine module; (11) liquid collection cavity module; (12) regenerative 
cooling channel module; (13) injector module; (14) combustion chamber module; 
(15) nozzle module; (16) solenoid valve (with control gas) module; (17) solenoid
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Fig. 7.1 Test setup for a 
pump-fed bipropellant liquid 
rocket engine 

valve module (without control gas); and (18) virtual pipeline module (a newly added 
module due to boundary connection simulation). 

7.3 Relevant Formulas for Propellant Flow Resistance 

(1) Resistance along the way 

The resistance pressure drop along the pipeline can be expressed as

∆p = f 
l 

d 

1 

2 
ρu2 (7.1) 

where f is the resistance coefficient along the way, l is the pipeline length, ρ is 
the propellant density, u is the average propellant flow rate, d = 4A/∏wet is the 
equivalent diameter of the circular pipeline, A is the cross-sectional area of the runner, 
and ∏wet is the length of the wetted perimeter on the cross-section of the runner.
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When the Reynolds number Re is less than the critical Reynolds number Rec = 
2100, the fluid is in laminar flow, and the resistance coefficient along the way is f 

f = 64/Re (7.2) 

where Re = ρud/μ is the Reynolds number and μ is the propellant dynamic 
viscosity. 

When the Reynolds number Re ≥ Rec, the fluid is in turbulent flow. For a smooth 
circular pipeline, the along-path force coefficient f satisfies the Karman-Prandtl 
equation [1]: 

1 
√
f 

= 2 lg
(
Re 
√
f
)

− 0.8 (7.3) 

For a rough circular pipeline, the resistance along the way is not only related to the 
Reynolds number Re but is also related to the relative roughness of the pipeline wall 
h/d . At this time, the Colebrook-White empirical formula is used for calculation [2]: 

1 
√
f 

= −2 lg

(
h/d 

3.7 
+ 

2.51 

Re 
√
f

)

(7.4) 

where h is the height of the pipeline wall roughness, with a value in the range of 
0.03–0.1 mm. 

(2) Local resistance 

The local resistance pressure drop can be expressed as

∆p = ζ 
1 

2 
ρu2 (7.5) 

where the local resistance coefficient ζ can be calculated by measuring the fluid 
pressure and velocity [3] or by lookup table [4]. 

7.4 Basic Equations of Liquid Pipelines 

To specifically analyze the flow characteristics of a liquid pipeline, many of its 
physical properties, including inertia, viscosity and compressibility, must be consid-
ered. Using the lumped parameter method to describe these physical properties must 
satisfy the constraint that the space length is very small compared to the wave-
length; for example, the pipeline length L ≪ λ = al/fmax, al is the speed of 
sound, and fmax = ωmax/2π is the maximum vibration frequency. For the oxidizer 
pipeline alo ≈ 911 m/s, for the fuel pipeline alf ≈ 1330 m/s. To calculate the 
pipeline information with fmax = 100 Hz, the following conditions must be satisfied:
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Lo ≪ 911/100 = 9.11 m and Lf ≪ 1330/100 = 13.3 m. If you consider that “≪” 
is equivalent to taking 1/20, then Lo < 0.46 m and Lf < 0.67 m, that is, to extract 
information within 100 Hz (water hammer frequency below 50 Hz) from simulation 
results, the length of the oxidizer pipeline should not exceed 0.46 m, and the length 
of the fuel pipeline should not exceed 0.67 m. 

(1) Inertia 

It is assumed that the liquid pipeline segment is filled with inviscid and incompressible 
liquid. When calculating the unsteady motion, only the inertia of the liquid column 
is considered. From the momentum equation, we can obtain 

A
(
p1 − p'

2

) = m 
du 

dt 
= ρlA 

du 

dt 
= l 

dq 

dt 
(7.6) 

Namely, 

l 

A 

dq 

dt 
= p1 − p'

2 = ∆p1 (7.7) 

where p1 and p'
2 are the segment inlet and outlet pressures, respectively. m is the 

mass of the liquid column in the segment, A is the segment cross-sectional area, l is 
the segment length, u is the average flow rate of fluid in the section, q is the mass 
flow rate of the liquid in the section, ∆p1 is the segment pressure drop, and ρ is the 
density of the liquid. 

(2) Stickiness 

In the engine pipeline, the viscosity of liquid is expressed in two forms: along-the-way 
resistance and local resistance, which is expressed as

∆p2 =
(
f 
l 

d 
+ ς
)
1 

2 
ρu2 

=
(
f 
l 

d 
+ ς
)
1 

2 
ρ 

q2 

ρ2A2 

=
(
f 
l 

d 
+ ς
)

1 

2A2 

q2 

ρ 
(7.8) 

Set 

ξ =
(
f 
l 

d 
+ ς
)

1 

2A2 
(7.9)
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Then, the viscous resistance can be expressed as 

p'
2 − p2 = ∆p2 = ξ 

q2 

ρ 
(7.10) 

where ξ is the flow resistance coefficient. 
If the inertia and viscosity of the pipeline are considered at the same time, 

according to the pressure superposition principle, we have 

p1 − p2 =
(
p1 − p'

2

)+ (p'
2 − p2

) = ∆p1 + ∆p2 (7.11) 

Simultaneous solution of Eqs. (7.7), (7.10) and (7.11) gives  

l 

A 

dq 

dt 
= p1 − p2 − ξ 

q2 

ρ 
(7.12) 

If the effect of the gravity field is added, Eq. (7.12) becomes 

l 

A 

dq 

dt 
= p1 − p2 − ξ 

q2 

ρ 
+ hρg (7.13) 

where h is the height of the pipeline segment, the downward flow is positive, and the 
upward flow is negative, and g is the acceleration of gravity, and its sea level value 
is 9.80665 m/s. 

The inertial flow resistance R is defined as l/A, and considering the directionality 
of the flow, Eq. (7.13) is written in standard form: 

R 
dq 

dt 
= p1 − p2 − ξ 

q|q| 
ρ

+ hρg (7.14) 

(3) Compressibility 

Ignoring liquid column inertia and wall friction losses, at this time, the dynamic 
characteristics of the liquid pipeline segment mainly depend on the compressibility 
of the liquid. The effect of compressibility is manifested in that when the pressure 
changes, the mass of liquid in the segment also changes, which means that the 
instantaneous flow rates at the inlet and outlet are different. According to the mass 
balance equation for unsteady flow (Fig. 7.2), 

dm 

dt 
= q1 − q2 (7.15)
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Fig. 7.2 Compressibility of 
the liquid column p 

q1 q2 

where m is the mass of liquid in the segment, q1 and q2 are the mass flow rates at the 
inlet and outlet of the section, respectively. 

The volume of the liquid mass is determined with the flow path segment V and 
liquid density ρ 

m = ρV (7.16) 

So, 

dm 

dt 
= V 

dρ 
dt 

, V = const. (7.17) 

In addition, 

dp 

dρ 
= 

K 

ρ 
= a2 l (7.18) 

where K is the bulk modulus of elasticity of the liquid and al is the speed of sound 
in the liquid. From Eqs. (7.15), (7.17) and (7.18) can be derived 

V ρ 
K 

dp 

dt 
= q1 − q2 (7.19) 

Order χ = V ρ 
K = V 

a2 l 
, then Eq. (7.19) can be expressed as 

χ 
dp 

dt 
= q1 − q2 (7.20) 

7.5 Basic Equations of the Centrifugal Pump 

As  shown in Fig.  7.3, a centrifugal pump is composed of an inlet pipeline, an inducer, 
an impeller and a diffuser. For the inlet pipeline, the pressure equation and flow 
equation can be written as
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Fig. 7.3 Schematic diagram 
of a centrifugal pump 

qip, Tip 

qep, Tep 

pip 

pep 

qp 

p2 

p1 

χip 
dpip 
dt 

= qip − qp (7.21) 

Rip 
dqip 
dt 

= p1 − pip − ξip 
qip
||qip
||

ρ 
+ hipρg (7.22) 

where χip = Vipρ 
K , Rip = ʃ li 0 

dl 
A(l) , Vip is the volume of the inlet pipeline of the 

centrifugal pump, li is the length of the inlet pipeline, A(l) represents the variation 
in the cross-sectional area of the inlet pipeline with position, hip is the inlet pipeline 
height, and p1 is the pressure at the inlet connection of the centrifugal pump. 

For the inducer and impeller, the pressure lift equation is 

pep − pip = an2 ρ + bnqp − c 
q2 p 
ρ 

+ Jp 
dw 

dt 
− Rp 

dqp 
dt 

(7.23) 

where a, b, c are coefficients in the pressure rise equation of the centrifugal pump in 
the steady process, which are fitted with experimental data; n is the rotation speed of 
the centrifugal pump; w = 2πn/60 is the angular velocity of the centrifugal pump; 
Jp is the moment of inertia of the propellant in the inducer and impeller; and Rp is 
the inertial flow resistance of the propellant in the inducer, impeller and vane guide. 
Equation (7.23) can be rewritten as 

Rp 
dqp 
dt 

= pip − pep + an2 ρ + bnqp − c 
q2 p 
ρ 

+ 
πJp 
30 

dn 

dt 
(7.24) 

When the liquid rocket engine is working, the actual temperature of the propellant 
components at the inlet of the centrifugal pump may change within a certain range; 
at the same time, the temperature of the propellant rises when it flows through the 
centrifugal pump, and its density ρ is subject to change. Generally, ρ = f (p, T ). For  
a centrifugal pump, when calculating the propellant density ρ, take  p = (pip+pep)/2 
and T = Tp. The average temperature of the propellant in the centrifugal pump Tp 
is calculated according to the following formula.
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mp · dTp 
dt 

= qip · Tip + 
1 − ηp 
cp 

· Np − qep · Tep (7.25) 

where mp is the mass of the propellant in the centrifugal pump; Tip and Tep are the 
propellant temperatures at the inlet and outlet of the centrifugal pump, respectively 
(Tep = 2Tp+Tip); qip and qep are the propellant mass flow rates at the inlet and outlet of 
the centrifugal pump, respectively; ηp is the overall efficiency of the centrifugal pump; 
cp is the propellant specific heat capacity at constant pressure; and Np = qp∆pp/(ηpρ) 
is the centrifugal pump power, ∆pp = pep − pip. Under stable working conditions, 
the total efficiency of the centrifugal pump decreases with decreasing rotation speed. 
Reference [4] recommended the following two equations for the calculation of the 
total efficiency of the centrifugal pump for large-thrust, medium-thrust and small-
thrust liquid rocket engines. 

ηp = ηpst[
ηpst +

(
1 − ηpst

)
(nst/n)

0.17
] (high thrust) (7.26) 

ηp = 1 − (1 − ηpst
)
(nst/n)

0.25 (medium thrust and low thrust) (7.27) 

where nst is the rotational speed of the centrifugal pump under steady-state conditions 
and ηpst is the overall efficiency of the centrifugal pump under steady-state conditions, 
which is expressed as 

ηpst = d1 
q 

n 
− d2
(q 
n

)2 + d3
(q 
n

)3 − d4
(q 
n

)4 
(7.28) 

where d1, d2, d3, d4 are the coefficients fitted with experimental data. 
For a diffuser, the pressure equation and flow equation can be written as 

χep 
dpep 
dt 

= qp − qep (7.29) 

Rep 
dqep 
dt 

= pep − p2 − ξep 
qep
||qep
||

ρ
+ hepρg (7.30) 

where χep = Vepρ 
K , Rep =

ʃ le 
0 

dl 
A(l) , Vep is the volume of the diffuser, le is the diffuser 

length, hep is the height of the diffuser, and p2 is the pressure at the outlet connection 
of the centrifugal pump.
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7.6 Basic Equations of the Flow Regulator 

Figure 7.4 shows the system structure of the flow regulator. At the beginning of 
engine starting, the regulator is in the starting state, its flow rate is 0.55 kg/s, and the 
fuel is from the starter tank. When the pressure after the primary fuel pump reaches 
25 kgf/cm2 , the control fluid enters the regulator control cavity and pushes spool 1, 
and the regulator starts to rotate, at approximately 0.8 s later, the test condition is 
reached, and its flow rate is 2.9 kg/s. When the pressure after the secondary fuel pump 
is higher than the pressure of the starter tank, the fuel is supplied by the secondary 
pump instead. The flow rate of the regulator is sensitive to the pressure difference 
between the first cavity and the second cavity, and its stability is maintained by the 
spool (2). 

Flow dynamic equation of the flow regulator 

Rad 
dqad 
dt 

= piad − pead − ξad 
qad |qad | 

ρ
+ had ρg (7.31) 

where Rad =
ʃ lad 
0 

dl 
A(l) , lad is the flow channel length of the flow regulator, had is the 

runner height, piad and pead are the inlet and outlet pressures of the flow regulator, 
respectively, qad is the flow rate of the flow regulator, and ξad is the total flow 
resistance coefficient of the flow regulator, which can be expressed as 

ξad = ξ1 + ξ2 (7.32) 

where ξ1 is the flow resistance coefficient between lumen 1 and lumen 2 and ξ2 is the 
flow resistance coefficient between lumen 2 and lumen 3. The calculation formulas 
for ξ1 and ξ2 are

From hydraulic From Starter 

relay box 

Spool 1 a1 a2 Spool 2 

Cavity 1 Cavity 2 Cavity 3 

From secondary Outlet 

fuel pump 

Fig. 7.4 Schematic diagram of a flow regulator 
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ξ1 = 
a1 · ρ · g 
100.0 

, a1 = 
7.0 

f 2 1 (x1) 
(7.33) 

ξ2 = 
a2 · ρ · g 
100.0 

, a2 = f2(x2) (7.34) 

where f1(·) and f2(·) are interpolation functions. x1 and x2 are the travel positions of 
spools 1 and 2, respectively, and their dynamic equations are 

m1 
d2 x1 
dt2 

= Fp1 − Ff 1 − Fc1 (7.35) 

m2 
d2 x2 
dt2 

= Fp2 − Ff 2 − Fc2 (7.36) 

where m1 and m2 are the masses of spools 1 and 2, respectively, Fp is the compressive 
force acting on the piston, Ff is the friction force of the moving part, and Fc is the 
spring force acting on the piston. The calculation formulas for the two compressive 
forces are 

Fp1 = (pg − p0) · 824.346(N) (7.37) 

Fp2 = 117.88 · a1 · q2 ad + 13.04 · √4.15 · a2 · q2 ad /83(N) (7.38) 

where pg is the control pressure for the gas and p0 is the ambient pressure. 

7.7 Basic Equations of the Regenerative Cooling Channel 

(1) Governing equation of heat transfer from gas to wall [5, 6] 

The heat transfer from the combustion gas to the wall includes convective heat transfer 
and radiation heat transfer. The convective heat flux from the gas to the wall can be 
expressed as 

qgc = hg
(
Tr − Twg

)
(7.39) 

where hg is the convective heat transfer coefficient; Twg is the gas side chamber wall 
temperature; and Tr is the recovery temperature, also known as the adiabatic wall 
temperature, which can be expressed as 

Tr = Tg + r
(
T ∗ − Tg

)
(7.40) 

where r is the restitution coefficient. For turbulent gasflow, Driest suggested that 
r = Pr1/3 . Pr is the Prandtl number of the gas. The relationship between the gas
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temperature Tg and total gas temperature T ∗ is 

Tg = T ∗/
(
1 + 

γ − 1 
2 

Ma2
)

(7.41) 

where γ is the isentropic exponent, Ma is the Mach number, and A / At is the nozzle 
area ratio. The following relationship exists between them: 

A 

At 
= 

1 

Ma

[
2 + (γ − 1)Ma2 

γ + 1

](γ +1)/[2(γ −1)] 
(7.42) 

The convective heat transfer coefficient in Eq. (7.39) is  hg . According to the 
formula recommended by Bartz, it is expressed as 

hg = 
0.026 

d0.2 
t 

μ0.2cp 
Pr0.6

(
qmg 
At

)0.8(dt 
d

)1.8 
σ ' (7.43) 

where dt is the diameter of the nozzle throat, d is the diameter of any cross-section, 
qmg is the gas mass flow rate, and cp is the gas specific heat capacity at constant 
pressure. The gas Prandtl number Pr, dynamic viscosity μ and correction factor for 
the change in gas properties when passing through the boundary layer σ ' can be 
expressed as 

Pr ≈ 4γ 
9γ − 5 

(7.44) 

μ = 1.184 · 10−7 · Mg · T ∗0.6 (7.45) 

σ ' =
[
1 

2 

Twg 
T ∗

(
1 + 

γ − 1 
2 

Ma2
)

+ 
1 

2

]−0.68(
1 + 

γ − 1 
2 

Ma2
)−0.12 

(7.46) 

where Mg is the molar mass of gas. 
The radiation heat flux density of the gas with uniform composition to the wall is 

expressed as 

qgr0 = εweff σ
(
εgT 

4 
g − αwT 

4 
wg

)
(7.47) 

where σ is the Stefan-Boltzmann constant with the value of 5.67 × 10−8 w/
(
m2 K4

)
, 

εweff = (1 + εw)/2 is the effective blackness of the inner wall, εg is the blackness of 
gas, and αw is the wall absorptance. Due to, T 4 g ≫ T 4 wg the second term in parentheses 
can be ignored. The blackness of combustion gas is mainly the sum of the blacknesses 
of water vapor and carbon dioxide:
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εg = εH2O + εCO2 − εH2O · εCO2 (7.48) 

where εH2O and εCO2 are the function of partial pressure pH2O, partial pressure pCO2 , 
fuel-gas temperature Tg and radiation distance. 

Due to the existence of the low-component-ratio edge region in the combustion 
chamber, the composition and temperature of the gas are nonuniformly distributed 
along the radial direction. The flow can be roughly divided into three layers: high-
temperature gas central gasflow with a certain component ratio; near-wall layer; 
intermediate transition layer with a composition and temperature between the other 
two layers. Due to the mutual absorption between the layers, the calculation is very 
cumbersome, so approximate statistical values are used for the calculation of radiant 
heat flow: 

qgr0 = 0.65εweff σεgT 
4 
g (7.49) 

For the cylindrical section of the combustion chamber, qgr = qgr0. For the nozzle 
section, when d /dt ≥ 1.2(subsonic region), qgr = qgr0; when d /dt = 1 (throat), 
qgr = 0.5qgr0; when d /dt = 1.5 (supersonic region), qgr = 0.15qgr0; and when 
d /dt = 2.5 (supersonic region), qgr = 0.04qgr0. The radiation heat flux density at 
each point along the axis of the thrust chamber is obtained by interpolation. 

(2) Governing equation of heat transfer on the thrust chamber wall [7] 

A schematic diagram of the ith unit of the regenerative cooling thrust chamber is 
shown in Fig. 7.5. The length, area, volume and mass of the relevant thrust indoor 
wall of each unit are calculated as follows: 

⎧ 
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩ 

li = xi/ cos θ 
d i = (di + di+1)/2 
ai = (ai + ai+1)/2 
Agi = π d2 

i /4 

Agi = πd 2 i /4 
Ali = π (di + 2δ + b)b − naib 
Ali = π

(
d i + 2δ + b

)
b − naib 

Sgi = πd ili 
Sli =

[
π
(
d i + 2δ

)
+ π
(
d i + 2δ + 2b

)
− 2nai + 2nb

]
li 

Vli = Alili 
S '
i = π

(
d i + 2δ

)
li 

mwi = ρw

[
π
(
d i + δ

)
δ + naib

]
li 

(7.50) 

where subscript “g” represents parameters of the gas channel, the subscript “l” repre-
sents the parameters of the coolant channel; symbol “s” represents the heat transfer
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Fig. 7.5 Schematic diagram 
of regeneratively cooled 
thrust chamber segmented 
unit i 

di 
θ 

di+1 

δ 
li 

xi b 
n ai b 

area, and S '
i is the equivalent heat transfer area of the coolant wall; mwi and ρw are 

the mass and density of the ith unit on the thrust indoor wall, respectively. 
The temperature equation of the ith unit at the thrust indoor wall is 

mwicw 
dT wi 
dt 

= (qgci + qgri
)
Sgi − qliS '

i (7.51) 

where cw is the specific heat capacity of the thrust chamber wall; T wi =(
T wgi + T wli

)
/2 is the average temperature of the inner wall along the radial direction; 

T wgi and T wli are the average temperature of the gas wall and the average temperature 
of the liquid wall along the axial direction of the i-th unit, respectively;qgci and qgri 
are the convective heat flux and radiation heat flux of the gas to the ith unit on the 
inner wall, respectively; and qli is the convective heat transfer density of the ith unit 
on the inner wall to the coolant, which can be expressed as 

qli = αli
(
T wli − T li

)
(7.52) 

where T wli =
[
Twli + Twl(i+1)

]
/2 is the average temperature of the liquid wall of the 

ith unit along the axial direction, T li =
[
Tli + Tl(i+1)

]
/2 is the average temperature of 

the coolant along the axial direction, and αli is the convective heat transfer coefficient 
between the ith unit on the thrust indoor wall and the coolant and can be expressed 
as 

αli = 0.023ϕd−0.2 
l

(
λ0.6 
l c0.4 pl 

μ0.4 
l

)(
1 + 0.01457 

vwl 
vl

)
(7.53) 

where ϕ is the heat sink effect coefficient; dl = 2 bw  /(b + w) is the equivalent 
diameter of the cooling channel; w is the groove width of the cooling channel; λl is 
the thermal conductivity of the coolant; cpl is the specific heat capacity of the coolant 
at constant pressure; μl is the dynamic viscosity of the coolant; vwl is the qualitative 
kinematic viscosity of the coolant wall temperature; and vl is the qualitative kinematic 
viscosity at the coolant temperature. 

(3) Coolant flow equation
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       Pl1              pl2           plN 

   qml1             qml2            qml3       qmlN 

part 

Tl1 Tl2 Tl3 TlN Tl N+1 

Fig. 7.6 Schematic diagram of the segmentation of the regenerative cooling channel 

If the regenerative cooling channel is divided into N segments, the 3N independent 
variables are N pressure pli, N flow qmli and N temperature Tli, and the corresponding 
differential equations are expressed as 

Ri 
dqmli 
dt

= pl(i−1) − pli − ξi 
qmli|qmli| 

ρ
+ hiρlig, i = 2, . . . ,  N (7.54) 

χi 
dpli 
dt 

= qmli − qml(i+1), i = 1, . . . ,  N − 1 (7.55) 

Vliρli 
dT li 
dt 

= qmliTli + 
qliS '

i 

cpli 
− qml(i+1)Tl(i+1), i = 1, . . . ,  N (7.56) 

where Ri = l 
NA = R 

N , hi = h 
N , χi = V ρ 

NK , Vli is the volume of the ith unit of the 
cooling aisle, and qli is the convective heat transfer density of the ith unit on the 
inner wall to the coolant. The differential equations for qmll and plN are related to the 
boundary conditions of the cooling channel and must be solved jointly with other 
components. In addition, for the coolant flow channel, to enhance the convective eat 
transfer effect, the pipeline wall roughness is artificially increased in engineering. 
Therefore, the Colebrook-White empirical formula must be used to calculate the 
coolant flow resistance (Fig. 7.6). 

7.8 Basic Equations of the Combustion Chamber 

Suppose the instantaneous values of the oxidizer and fuel masses in the combustion 
chamber are mo and mf ; then, the average instantaneous value k of the gas component 
ratio in the combustion chamber is (Fig. 7.7) 

k = 
mo 

mf 
(7.57)

For the mass of each component in the combustion chamber, the mass balance 
equation can be written independently as
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Fig. 7.7 Schematic diagram 
of the combustion chamber

qo1 

qf1 

q1,T1 q2 

k,T,p 

m,V 

0 l 

dmo 

dt 
= qo1 − qo2 (7.58) 

dmf 

dt 
= qf 1 − qf 2 (7.59) 

of which q1 = qo1 + qf 1, q2 = qo2 + qf 2. The oxidant flow rate is qo2, and the fuel 
flow rate is qf 2. From the component ratio k and total flow rate q2, 

qo2 = k 

k + 1 
q2, qf 2 = 

1 

k + 1 
q2 (7.60) 

It is derived from Eqs. (7.57)–(7.60) that 

dk 

dt 
= 

1 

mf 
· dmo 

dt 
− 

mo 

m2 
f 

· dmf 

dt 
= 

1 

mf 
· qo1 − 

mo 

m2 
f 

· qf 1 − 

⎡ 

⎣ k 

mf (k + 1) 
− mo 

m2 
f (k + 1) 

⎤ 

⎦q2 

= 
1 

mf 
· qo1 − 

mo 

m2 
f 

· qf 1 − 

⎡ 

⎣ 
mo 
mf 

mf (k + 1) 
− mo 

m2 
f (k + 1) 

⎤ 

⎦q2 

= 
1 

mf 
· qo1 − 

mo 

m2 
f 

· qf 1 (7.61) 

With m = mo + mf and k = mo/mf , 

mo = 
mk 

k + 1 
, mf = m 

k + 1 
(7.62) 

Substituting Eq. (7.62) into Eq. (7.61) gives  

dk 

dt 
= 

k + 1 
m

(
qo1 − kqf 1

) = (k + 1)
(
qo1 − kqf 1

)RT 
pV 

(7.63) 

where R is the gas constant and V is the volume of the cavity. 
If the thermal conductivity and the diffusion coefficient are considered to be 

infinite (i.e., the instantaneous and complete mixing model of the gas pipeline), then 
the instantaneous gas temperature of the entire combustion chamber T (x, t) (except
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for the gas that just entered the entrance at this instant) is equal to the temperature at 
the exit of the combustion chamber. 

T (x, t) =
(
T (0, t) = T1(t), x = 0 
T (l, t) = T2(t), 0 < x ≤ l 

(7.64) 

Ignoring the change in the kinetic energy of the gas in the combustor and assuming 
that the flow is adiabatic, the energy conservation equation of the combustor is 
expressed as 

d(mcvT2) 
dt

= cp1T1q1 − cp2T2q2 (7.65) 

where cv = R 
γ −1 . is the specific heat capacity at constant volume, cp = γ R 

γ −1 is the 
specific heat capacity at constant pressure, R is the gas constant of the combus-
tion gas, γ is the specific heat ratio, and RT2 represents the working ability of gas. 
Equation (7.65) expands to 

m 
d(RT2) 
dt 

+ RT2 
dm 

dt 
= (γ − 1)

(
γ1 

γ1 − 1 
R1T1q1 − γ2 

γ2 − 1 
R2T2q2

)
(7.66) 

From mass conservation, we have 

dm 

dt 
= q1 − q2 (7.67) 

Therefore, 

m 
d(RT2) 
dt

= (γ − 1)
(

γ1 

γ1 − 1 
R1T1q1 − 

γ2 

γ2 − 1 
R2T2q2

)
− RT2(q1 − q2) (7.68) 

From the gas equation of state, it can be written that 

m = 
pV 

RT2 
(7.69) 

Taking the derivative on both sides becomes 

V 

RT2 

dp 

dt 
− pV 

(RT2)
2 

d(RT2) 
dt 

= 
dm 

dt 
= q1 − q2 (7.70) 

Substituting Eq. (7.68) into Eq. (7.70) gives  

V 
dp 

dt 
= (γ − 1)

(
γ1 

γ1 − 1 
R1T1q1 − γ2 

γ2 − 1 
R2T2q2

)
(7.71)
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If the combustion time lag of the propellant is considered, τ and the combustion 
efficiency ηc, and based on Eqs. (7.63), (7.68) and (7.71), the basic equation of the 
operation of the combustor is derived as 

d[k(t)] 

dt 
= [k(t) + 1]

[
qo1(t − τ ) − k(t)qf 1(t − τ )

]RT2(t) 
p(t)V 

(7.72) 

p(t)V 

RT2(t) 
d[RT2(t)] 

dt 

= (γ − 1)
[

γ1 

γ1 − 1 
R1T1(t − τ )q1(t − τ )ηc − γ2 

γ2 − 1 
R2T2(t)q2(t)

]

− RT2(t)
[
q1(t − τ ) − q2(t)

]
(7.73) 

V 
d
[
p(t)
]

dt 
= (γ − 1)

[
γ1 

γ1 − 1 
R1T1(t − τ )q1(t − τ )ηc − γ2 

γ2 − 1 
R2T2(t)q2(t)

]

(7.74) 

where q1(t − τ)  = qo1(t − τ)  + qf 1(t − τ). 

7.9 Basic Equations of the Solenoid Valve (with Control 
Gas) 

(1) Composition and working principle of the solenoid valve (with control gas) 

The structure of a solenoid valve (with control gas) is shown in Fig. 7.8. It is  
composed of an electric gas valve and a pneumatic liquid valve. The electric gas 
valve is connected with a high-pressure gas source, the propellant inlet of the pneu-
matic liquid valve is connected with the propellant supply pipeline, and the outlet is 
connected to the propellant filling pipeline. After the electric gas valve coil is ener-
gized, the coil current increases exponentially. When the trigger current is reached, 
the armature starts to move, and the electric gas valve gradually opens. The enormous 
pressure difference between the high-pressure gas source and the gas in its control 
cavity makes the gas pressure in its control cavity. When its own pressure rises, the 
control cavity of the electropneumatic valve inflates the control cavity of the pneu-
matic hydraulic valve. When the gas pressure in the control cavity of the pneumatic 
hydraulic valve rises to a certain pressure, the piston of the pneumatic hydraulic valve 
starts to move until it is completely closed. When a shutdown command is issued, 
the coil of the electric gas valve is powered off, and the magnetic flux gradually 
attenuates to the point of release. The suction force is no longer enough to hold the 
armature. The spring force overcomes the compressive force and the electromagnetic 
force to push the armature assembly to move, and the armature starts to be released. 
At the same time, the gas in the control cavity of the electropneumatic valve flows 
out through the exhaust port, the pressure of the control cavity is released, and the
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Fig. 7.8 Schematic diagram 
of the solenoid valve (with 
control gas). 1 
Electromagnetic conductor. 2 
Coil. 3 Spring. 4 Armature 
assembly. 5 
Electropneumatic valve 
control cavity. 6 
High-pressure gas source. 7 
Oxidizer inlet. 8 Fuel inlet. 9 
Piston actuation rod. 10 
Pneumatic-hydraulic valve 
control cavity 

pressure of the control cavity of the pneumatic hydraulic valve is relieved accord-
ingly. The piston of the pneumatic hydraulic valve is gradually released under the 
action of the spring force. 

(2) Basic equations of the electric gas valve 

The dynamic process of the electric gas valve follows the voltage equilibrium equa-
tion in the circuit, the Maxwell equations of the magnetic field, the d’Alembert equa-
tions of the movement, and the heat equilibrium equation of the thermal path. These 
equations are related to each other and constitute a mathematical model describing 
the dynamic process of the entire electromagnetic mechanism. Due to the very short 
duration of the dynamic process of the electric gas valve and the thermal inertia of 
the electromagnetic system, the temperature change is very slight, and the resulting 
change in resistance is very small and can be ignored. Therefore, the heat equilibrium 
equation is not included in the mathematical model. 

➀ Circuit equation 

U = iRi + 
dψ

dt 
= iRi + 

d(NΦc) 
dt

= iRi + N 
dΦc 

dt 
(7.75) 

where U is the coil field voltage, i is the current, Ri is the coil resistance, ψ is the 
total flux linkage of the electromagnetic system, N is the number of coil turns, t is 
time, and Φc is the magnetic flux in the magnetic circuit. 

➁ Magnetic circuit equation 

According to Kirchhoff’s magnetic pressure law, the mathematical model of magnetic 
circuit calculation can be derived, that is, 

iN = Φδ

(
Rδ + Rf + Rc

)
(7.76)
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whereΦδ is the magnetic flux in the gas gap, Rδ is the working gas-gap reluctance, Rf 

is the nonworking gas-gap reluctance, and Rc is the corresponding magnetic circuit 
reluctance. Ignoring the armature and nonworking gas-gap reluctance, Eq. (7.76) 
becomes: 

iN = Φδ

(
Rδ + Rf + Rc

)
(7.77) 

where Hc is the magnetic field strength and Lc is the magnetic path length. The 
gas-gap reluctance is 

Rδ = δ/(μ0A) = (hmax − x1)/(μ0A) (7.78) 

where δ is the gas gap length, μ0 is the vacuum permeability, A is the magnetic pole 
area at the gas gap, hmax is the maximum gas gap, and x1 is the armature displacement. 

Bc = Φc
/
A (7.79) 

where Bc is the magnetic induction intensity in the magnetic circuit. For the magneti-
zation curve data of the material, 1D linear interpolation is used to perform piecewise 
data interpolation to complete the magnetic induction intensity Bc versus magnetic 
field strength Hc transformation. 

If the flux leakage is considered, the flux leakage coefficient is σ expressed as 

σ = Φc
/

Φδ (7.80) 

For a DC solenoid, the flux leakage coefficient is σ . The empirical formula is 

σ = 1 + 
δ 
r1

(
0.67 + 

0.13δ 
r1 

+ 
r1 + r2 

πr1

[
π Lk 

8(r2 − r1) 
+ 

2(r2 − r1) 
πLk 

− 1
]

+1.465 lg 
r2 − r1 

δ

)
(7.81) 

where Lk is the coil assembly height, r1 and r2 are the structural dimension parameters 
of the electromagnetic mechanism [8]. 

According to Maxwell’s electromagnetic attraction formula, the electromagnetic 
attraction force of the solenoid valve F is 

Fx = Φ2 
δ /(2μ0A) (7.82) 

➂ Motion equation 

mt1 
du1 
dt 

= Fx + Fp1 − Ff 1 − Fc1 (7.83)
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where mt1 is the total mass of the moving parts of the electric gas valve, u1 is the 
piston speed of the electropneumatic valve, Fp1 is the compressive force acting on 
the piston of the electropneumatic valve, Ff 1 is the friction force of the moving 
parts of the electric gas valve, and Fc1 is the spring force acting on the piston of the 
electropneumatic valve. 

dx1 
dt 

= u1 (7.84) 

where x1 is the displacement of the electropneumatic valve piston. 

Fp1 = (p1 − p0)An1 (7.85) 

where p1 is the gas pressure in the control cavity of the electric gas valve, p0 is 
the ambient pressure, and An1 is the cross-sectional area of the piston rod of the 
electropneumatic valve. 

Fc1 = Fc01 + C1x1| (7.86) 

where Fc01 is the electropneumatic valve spring preload and C1 is the spring stiffness 
of the electropneumatic valve. 

Ff 1 = f1u1 (7.87) 

where f1 is the friction coefficient of the electric gas valve. 
➃ Basic equations for the gas in the control cavity 
The gas in the control cavity is regarded as an ideal gas, and the change in kinetic 

energy of the gas is ignored. The energy equation of the gas in the control cavity is 
expressed as 

d(m1cvT1) 
dt

= q1incpiTi − q2incpjTj − qoutcpeTe − p1An1u1 (7.88) 

where m1 is the gas mass in the electric gas valve control cavity, T1 is the gas 
temperature in the electric gas valve control cavity, q1in is the electric gas valve 
controlling the flow rate of gas flowing from the cavity, q2in is the pneumatic liquid 
valve controlling the incoming gas flow rate from the cavity, qout is the outflow gas 
flow rate from the electric gas valve controlled cavity, cv is the specific heat capacity 
at constant volume, cp is the specific heat capacity at constant pressure, and the 
subscript i, j, e represents the inlet of the control cavity of the electropneumatic 
valve, the inlet of the control cavity of the pneumatic-liquid valve, and the pressure 
relief outlet of the control cavity of the electropneumatic valve, respectively. Because 
cp = γ 

γ −1 R, cv = 1 
γ −1 R are regarded as constants. γ is the isentropic exponent, R is 

the gas constant, so Eq. (7.88) becomes
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m1 
dT1 
dt 

= q1inγ Ti − q2inγ Tj − qoutγ Te − T1(q1in − q2in − qout) − 
γ − 1 
R 

p1An1u1 

(7.89) 

According to the ideal gas equation of state, 

p1V1 = m1RT1 (7.90) 

where V1 is the volume of the electric gas valve control cavity. Taking the derivative 
on both sides of the above equation yields 

V1 
dp1 
dt 

+ p1 
dV1 

dt 
= m1R 

dT1 
dt 

+ RT1 
dm1 

dt 
(7.91) 

Substituting Eq. (7.89) into Eq. (7.91) gives  

V1 
dp1 
dt 

= q1inγ RTi − q2inγ RTj − qoutγ RTe − γ p1An1u1 (7.92) 

dV1 

dt 
= An1u1 (7.93) 

Equation (7.89), (7.92) and (7.93) are the mathematical models of the gas 

in the control cavity of the electric gas valve, where

(
q1 in  ≥ 0, Ti = TN 
q1 in  < 0, Ti = T1 

,
(
q2in ≥ 0, Tj = T1 
q2in < 0, Tj = T2 

, and

(
qout ≥ 0, Te = T1 
qout < 0, Te = T0 

. TN is the high-pressure gas source 

temperature, T0 is the ambient temperature, and T2 is the gas temperature in the 
control cavity of the pneumatic liquid valve. 

(3) Basic equations of the pneumatic hydraulic valve 

The pneumatic hydraulic valve is composed of a control cavity and gas hole, a spring, 
a piston, two propellant inlets and outlets, and a valve body. The propellant outlet of 
this valve is close to the inlet of the injector, and the outlet of the injector is close to the 
inlet of the engine combustion chamber. After high-pressure gas enters the control 
cavity, when the gas pressure increases to a certain value, it will simultaneously push 
the piston of the actuation cavity to move against the hydraulic pressure, friction force 
and spring force, thus causing the propellant to flow into the injector cavity. When 
the electropneumatic valve is closed, the gas in the control cavity of the pneumatic-
hydraulic valve is discharged from the electropneumatic valve and the gas vent under 
the action of the spring force and hydraulic pressure. The movement of the piston is 
accompanied by changes in the gas flow rate, pressure, volume, density, temperature, 
piston displacement, speed, and spring expansion and contraction. Therefore, the 
dynamic process of the pneumatic hydraulic valve should follow the law of mass 
conservation, the law of energy conservation and Newton’s second law.
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To establish a mathematical model of the dynamic process of the gas-operated 
hydraulic valve, the following assumptions are first made: because the dynamic 
process of this valve is very short, the heat transfer process inside the valve is not 
considered; the compressibility of the propellant is not considered; and the gas in the 
control cavity is considered an ideal gas. 

➀ Motion equation 

mt2 
du2 
dt 

= Fp2 − Ff 2 − Fc2 (7.94) 

where mt2 is the total mass of the moving parts of the pneumatic liquid valve, u2 
is the movement speed of the pneumatic liquid valve piston, Fp2 is the compressive 
force acting on the piston of the pneumatic hydraulic valve, Ff 2 is the friction force 
of the moving parts of the pneumatic liquid valve, and Fc2 is the spring force acting 
on the piston of the pneumatic hydraulic valve. 

dx2 
dt 

= u2 (7.95) 

where x2 is the piston displacement of the pneumatic hydraulic valve. 

Fp2 = (p2 − p0)An2 + (plo − p0)Alo +
(
plf − p0

)
Alf (7.96) 

where p2 is the gas pressure in the control cavity of the pneumatic liquid valve, An2 is 
the cross-sectional area of the piston rod of the pneumatic hydraulic valve, plo is the 
oxidizer inlet pressure of the pneumatic liquid valve, Alo is the cross-sectional area 
of the piston rod corresponding to the oxidizer of the pneumatic liquid valve, plf is 
the fuel inlet pressure of the pneumatic hydraulic valve, and Alf is the cross-sectional 
area of the piston rod of the pneumatic liquid valve corresponding to the fuel. 

Fc2 = Fc02 + C2 x2 (7.97) 

where Fc02 is the spring preload force of the pneumatic hydraulic valve and C2 is the 
spring stiffness of the pneumatic liquid valve. 

Ff 2 = f2u2 (7.98) 

where f2 is the friction coefficient of the pneumatic hydraulic valve. 
➁ Basic equations that control the gas in the cavity 

m2 
dT2 
dt 

= q2inγ Tj − T2q2in − 
γ − 1 
R 

p2An2u2 (7.99) 

where m2 is the gas mass in the control cavity of the pneumatic liquid valve.
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V2 
dp2 
dt 

= q2inγ RTj − γ p2An2u2 (7.100) 

where V2 is the volume of the control cavity of the pneumatic liquid valve. 

dV2 

dt 
= An2u2 (7.101) 

of which when

(
q2in ≥ 0, Tj = T1 
q2in < 0, Tj = T2 

. 

Regarding the gas mass flow rate q1in, q2in and qout for the solution, four cases, 
supercritical and subcritical, and forward and reverse gas flow, were considered. The 
specific mathematical model is as follows: 

When p1 ≤ pN , 

q1in = 

⎧ 
⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎩ 

μ1in 
pN A1in √
RTN 

/

γ

(
2 

γ + 1

) γ +1 
γ −1 

, 
p1 
pN 

≤
(

2 

γ + 1

) γ 
γ −1 

μ1in 
pN A1in √
RTN 

┌||√ 2γ 
γ − 1

[(
p1 
pN

) 2 
γ 

−
(
p1 
pN

) γ +1 
γ

]

, 
p1 
pN 

>

(
2 

γ + 1

) γ 
γ −1 

When p1 > pN , 

q1in = 

⎧ 
⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎩ 

−μ1in 
p1A1in √
RT1 

/

γ

(
2 

γ + 1

) γ +1 
γ −1 

, 
pN 
p1 

≤
(

2 

γ + 1

) γ 
γ −1 

−μ1in 
p1A1in √
RT1 

┌||√ 2γ 
γ − 1

[(
pN 
p1

) 2 
γ 

−
(
pN 
p1

) γ +1 
γ

]

, 
pN 
p1 

>

(
2 

γ + 1

) γ 
γ −1 

When p2 ≤ p1, 

q2in = 

⎧ 
⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎩ 

μ2in 
p1A2in √
RT1 

/

γ

(
2 

γ + 1

) γ +1 
γ −1 

, 
p2 
p1 

≤
(

2 

γ + 1

) γ 
γ −1 

μ2in 
p1A2in √
RT1 

┌||√ 2γ 
γ − 1

[(
p2 
p1

) 2 
γ 

−
(
p2 
p1

) γ +1 
γ

]

, 
p2 
p1 

>

(
2 

γ + 1

) γ 
γ −1 

When p2 ≥ p1, 

q2in = 

⎧ 
⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎩ 

−μ2in 
p2A2in √
RT2 

/

γ

(
2 

γ + 1

) γ +1 
γ −1 

, 
p1 
p2 

≤
(

2 

γ + 1

) γ 
γ −1 

−μ2in 
p2A2in √
RT2 

┌||√ 2γ 
γ − 1

[(
p1 
p2

) 2 
γ 

−
(
p1 
p2

) γ +1 
γ

]

, 
p1 
p2 

>

(
2 

γ + 1

) γ 
γ −1
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When p0 ≤ p1, 

qout = 

⎧ 
⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎩ 

μout 
p1Aout √
RT1 

/

γ

(
2 

γ + 1

) γ +1 
γ −1 

, 
p0 
p1 

≤
(

2 

γ + 1

) γ 
γ −1 

μout 
p1Aout √
RT1 

┌||√ 2γ 
γ − 1

[(
p0 
p1

) 2 
γ 

−
(
p0 
p1

) γ +1 
γ

]

, 
p0 
p1 

>

(
2 

γ + 1

) γ 
γ −1 

When p0 > p1, 

qout = 

⎧ 
⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎩ 

−μout 
p0Aout √
RT0 

/

γ

(
2 

γ + 1

) γ +1 
γ −1 

, 
p1 
p0 

≤
(

2 

γ + 1

) γ 
γ −1 

−μout 
p0Aout √
RT0 

┌||√ 2γ 
γ − 1

[(
p1 
p0

) 2 
γ 

−
(
p1 
p0

) γ +1 
γ

]

, 
p1 
p0 

>

(
2 

γ + 1

) γ 
γ −1 

where μ1in is the flow coefficient of the electric gas valve control cavity, μ2in is the 
flow coefficient of the gas-driven hydraulic valve control cavity, μout is the outflow 
flow coefficient of the electric gas valve control cavity, A1in is the area of the inflation 
hole in the control cavity of the electric gas valve, A2in is the area of the gas filling 
hole in the control cavity of the pneumatic liquid valve, and Aout is the area of the 
exhaust valve in the electric gas valve control cavity. 

Solving the dynamic differential equations of the electric gas valve gives x1 and 
u1; in fact, the external factors that affect the gas inflow rate and the volume of the 
control cavity of the pneumatic liquid valve are obtained. Only on this basis can the 
dynamic model of the gas-actuated hydraulic valve be solved. However, the pressure 
in front of the piston of the electropneumatic valve is related to the movement of the 
pneumatic liquid valve, so the dynamic differential equations of the electropneumatic 
valve and the pneumatic hydraulic valve need to be solved simultaneously. 

7.10 Basic Equations for the Solenoid Valves (Without 
Control Gas) 

(1) Composition and working principle of the solenoid valve (without control gas) 

The structure of the solenoid valve (without control gas) is shown in Fig. 7.9. The  
inlet of the solenoid valve is connected to the propellant supply pipeline, and the 
outlet is connected to the propellant filling pipeline. After the solenoid valve coil 
is energized, the coil current increases exponentially. When the trigger current is 
reached, the armature starts to move, and the solenoid valve is gradually opened until 
it is fully opened. When the shutdown command is issued, the solenoid valve coil is 
powered off, and the magnetic flux gradually attenuates to the point of release. The 
suction force is no longer enough to hold the armature. The spring force overcomes 
the compressive force and the electromagnetic force to push the armature assembly
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Fig. 7.9 Schematic diagram 
of the solenoid valve (no 
control gas) 

to move, and the armature starts to be released. The electric gas valve is closed to 
complete the closing process of the electromagnetic valve. 

(2) Basic equations of the solenoid valve 

➀ Circuit equation 

U = iRi + 
dψ

dt 
(7.102) 

where U is the coil excitation voltage, i is the coil current, Ri is the coil resistance,
ψ is the total flux linkage of the electromagnetic system, and t is time. 

➁ Magnetic circuit equation 

iN = Φδ(Rδ) + HcLc (7.103) 

where N is the number of coil turns, Φδ is the working gas-stop magnetic flux, Rδ 
is the working gas stop reluctance, Hc is the magnetic field strength, and Lc is the 
effective length of the magnetic circuit. 

➂ Motion equation 

mt 
du 

dt 
= Fx + Fp − Ff − Fc (7.104) 

dx 

dt 
= u (7.105) 

where mt is the mass of the pole face center of the iron core, converted to the 
moving component of the electromagnetic system, u is the piston rod speed, Fx is 
the electromagnetic force, Fp is the compressive force, Ff is the friction force, Fc is
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the spring force, and x is the piston rod displacement. The calculation formulas for 
the electromagnetic force, compressive force, friction force and spring force are 

Fx = Φ2 
δ /(2μ0A) (7.106) 

Fp = (p − p0)An (7.107) 

Fc = Fc0 + Cx (7.108) 

Ff = fu (7.109) 

7.11 Basic Equations of the Turbine 

The turbine flow equation is (Fig. 7.10) 

qmt = 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

μt pitAtt √
RTit 

/

γ
(

2 
γ −1

) γ +1 
γ −1 pib 

pit 
≤
(

2 
γ +1

) γ 
γ −1 

μt pitAtt √
RTit 

/
2γ 

γ −1

[(
pib 
pit

) 2 
γ −
(
pib 
pit

) γ +1 
γ

]
pib 
pit 

>
(

2 
γ +1

) γ 
γ −1 

(7.110) 

where μt is the turbine flow coefficient; pit is the turbine inlet pressure; Att is the 
sum of the minimum cross-sectional areas of the turbine stator vane nozzles; Tit is 
the turbine inlet gas temperature; and pib is the exit pressure of the turbine stator, 
which can be considered equal to the inlet pressure of the moving blades, and its 
calculation formula is 

pib = pit

[

θ + (1 + θ)

(
pet 
pit

) γ −1 
γ

] γ 
γ −1 

(7.110') 

where θ is the reaction force of the turbine. For the impulse turbine, θ = 0, for  the  
reaction turbine θ = f

(
n 
ct 
, pet 

pit

)
, and the relationship is obtained from the turbine 

blowing experiment, ct is the axial velocity of the turbine gas, which can be rewritten 
as 

ct =
┌||√ 2γ 

γ − 1 
RTit

[

1 −
(
pet 
pit

) γ −1 
γ

]

(7.111) 

where pet is the turbine exit pressure.
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Fig. 7.10 Schematic 
diagram of the turbine 

pit petpib 

Stator Blade

The calculation formula for turbine efficiency is 

ηt = a
(
n 

ct

)2 
+ b 

n 

ct 
+ c (7.112) 

The coefficients in the above formula, a, b, c, are fitted with experimental data. 
The power equation of the turbine is 

NT = 
c2 t qmtηt 

2 
(7.113) 

The equation of the turbine exit temperature is 

Tet = Tit − Tit

[

1 −
(
pet 
pit

) γ −1 
γ

]

ηt (7.114) 

7.12 Mathematical Model of the Assembled Module 

(1) Tank-pipeline module 

The flow equation for the first section of the pipeline connecting the tank is 

R1 
dq1 
dt 

= pT − p1 − ξ1 
q1|q1| 

ρ
+ h1ρg (7.115) 

where R1 = l 
2NA = R 

2N , h1 = h 
2N , N is the number of connected pipeline segments, 

A is the cross-sectional area of the connected pipeline, and pT is the tank pressure 
(Fig. 7.11).

The height from the liquid level of the tank to the top of the tank satisfies
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Fig. 7.11 Schematic 
diagram of the tank-pipeline 
connection poT 

x 

q1 

q2 

p1 

x(t) = x(t − 1) +
ʃ t 
t−1 q1dt 

πρ
[
dx(t − 1) − x(t − 1)2

] (7.116) 

where x(t) is the height from the liquid level of the storage tank to the top of the 
storage tank at time t. 

(2) Liquid pipeline module (Fig. 7.12)

If a pipeline is divided into N segments, the 2N independent variables are N pressure 
pi and N flow qi, and the corresponding differential equations are expressed as 

Ri 
dqi 
dt 

= pi−1 − pi − ξi 
qi|qi| 

ρ 
+ hiρg, i = 2, . . . ,  N (7.117) 

χi 
dpi 
dt 

= qi − qi+1, i = 1, . . . ,  N − 1 (7.118) 

where Ri = l 
NA = R 

N , hi = h 
N , and χi = V ρ 

NK . The differential equations for q1 and 
pN are related to the boundary conditions of this pipeline and must be solved jointly 
with other components.

       p1               p2           …            pN 

   q1              q2              q3        qN 

part 

Fig. 7.12 Schematic diagram of liquid pipeline segmentation 
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(3) Tee module (Fig. 7.13) 

The differential equations describing the tee module include 

χN 
dpN 
dt 

= qN − q (7.119) 

RN +1 
d
(
q'
1 + q''

1

)

dt
= pN − p − ξN +1

(
q'
1 + q''

1

)||q'
1 + q''||

p
+ hN +1ρg (7.120) 

R'
1 
dq'

1 

dt 
= p − p'

1 − ξ '
1 

q'
1

||q'
1

||

ρ 
+ h'

1ρg (7.121) 

R''
1 
dq''

1 

dt 
= p − p''

1 − ξ ''
1 

q''
1

||q''
1

||

ρ 
+ h''

1ρg (7.122) 

where χN = V ρ 
NK , RN +1 = l 

2NA , hN+1 = h 
2N , R'

1 = l'
2N 'A' , h'

1 = h'
1 

2N ' , R''
1 = 

l''
2N ''A'' , and h''

1 = h''
2N '' . 

D = pN − ξN +1

(
q'
1 + q''

1

)||q'
1 + q''||

p
+ hN+1ρg (7.123) 

D1 = −p'
1 − ξ '

1 

q'
1

||q'
1

||

ρ 
+ h'

1ρg (7.124) 

D2 = −p''
1 − ξ ''

1 

q''
1

||q''
1

||

ρ
+ h''

1ρg (7.125) 

Then, Eqs. (7.120)–(7.122) are rewritten as 

RN+1 
d
(
q'
1 + q''

1

)

dt
= D − p (7.126) 

R'
1 
dq'

1 

dt 
= p + D1 (7.127) 

R''
1 
dq''

1 

dt 
= p + D2 (7.128)

Adding Eq. (7.126) to Eq.  (7.127) gives

(
RN +1 + R'

1

)dq'
1 

dt 
+ RN+1 

dq''
1 

dt 
= D + D1 (7.129)
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p’1 

q’1 q’2 

part0, Pipeline 

part1, Pipeline 

p part2, Pipeline 

q"1 q"2 

p"1
qN 

pN 

Fig. 7.13 Diagram of the connection of tee module

Adding Eq. (7.126) to Eq.  (7.128) gives  

RN +1 
dq'

1 

dt 
+ (RN +1 + R''

1

)dq''
1 

dt 
= D + D2 (7.130) 

Joint solving of Eq. (7.129) and Eq. (7.130) gives  

dq'
1 

dt 
= −−D1RN +1 + D2RN+1 − DR''

1 − D1R''
1 

RN+1R'
1 + RN+1R''

1 + R'
1R

''
1 

(7.131) 

dq''
1 

dt 
= −  

D1RN +1 − D2RN+1 − DR'
1 − D2R'

1 

RN +1R'
1 + RN +1R''

1 + R'
1R

''
1 

(7.132) 

Equations (7.119), (7.131) and (7.132) are the dynamic equations describing the 
three-way module. 

(4) Pipeline-throttling component-pipeline module (Fig. 7.14) 

The differential equations describing the pipeline-throttle assembly-pipeline module 
include 

χN 
dpN 
dt 

= qN − q'
1 (7.133)

p’1 

q’1 q’2 

part0, Pipeline 

part2, Pipeline 

pi 

part1, Throttling 
component 

qN 

pN 

pe 

Fig. 7.14 Schematic diagram of the pipeline-throttle assembly-pipeline connection 
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(
RN +1 + R'

1

)dq'
1 

dt 
= pN − p'

1 −
(
ξN +1 + ξs + ξ '

1

)q'
1

||q'
1

||

ρ 
+ (hN +1 + h'

1

)
ρg (7.134) 

where χN = V ρ 
NK , RN +1 = l 

2NA , R
'
1 = l'

2N 'A' , hN +1 = h 
2N , and h

'
1 = h'

2N ' . 

(5) Pipeline-oxidizer pump-pipeline module 

Referring to Fig. 7.15, the differential equations for the oxidizer pump and its pipeline 
are 

χN 
dpN 
dt 

= qN − qip (7.135)

(
RN +1 + Rip

)dqip 
dt 

= pN − pip −
(
ξN +1 + ξip

)qip
||qip
||

ρ 
+ (hN +1 + hip

)
ρg (7.136) 

χip 
dpip 
dt 

= qip − qp (7.137) 

Rp 
dqp 
dt 

= pip − pep + an2 ρ + bnqp − c 
q2 p 
ρ 

+ 
π Jp 
30 

dn 

dt 
(7.138) 

mp 
dTp 
dt 

= qipTip + 
1 − ηp 
cp 

Np − qepTep (7.139) 

χep 
dpep 
dt 

= qp − qep (7.140)

(
Rep + R'

1

)dqep 
dt 

= pep − p'
1 −
(
ξep + ξ '

1

)qep
||qep
||

ρ 
+ (hep + h'

1

)
ρg (7.141) 

where χN = V ρ 
NK , RN+1 = l 

2NA , R'
1 = l'

2N 'A' , hN +1 = h 
2N , h'

1 = 
h'
2N ' , and qep = q'

1.

(6) Pipeline-primary fuel pump-pipeline 2 module 

Referring to Fig. 7.16, the differential equations of the primary fuel pump and its 
pipeline are 

χN 
dpN 
dt 

= qN − qip (7.142)

(
RN +1 + Rip

)dqip 
dt 

= pN − pip −
(
ξN +1 + ξip

)qip
||qip
||

ρ 
+ (hN +1 + hip

)
ρg (7.143) 

χip 
dpip 
dt 

= qip − qp (7.144)
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qep,Tep 

pip 

pep 

qp 

part0, Inlet pipeline 

qN 

pN 

part2, Outlet pipeline 

part1, Oxidizer pump 

q’1 q’2 

p’1 

Fig. 7.15 Schematic diagram of the pipeline-oxidizer pump-pipeline connection

Rp 
dqp 
dt 

= pip − pep + an2 ρ + bnqp − c 
q2 p 
ρ 

+ 
π Jp 
30 

dn 

dt 
(7.145) 

mp 
dTp 
dt 

= qipTip + 
1 − ηp 
cp 

Np − qepTep (7.146) 

χon 
dpep 
− 

= qp − q'
1 − q''

1 (7.147) 

Rep 
dqep 
dt 

= pep − p2 − ξep 
qep
||qep
||

ρ
+ hepρg (7.148) 

R'
1 
dq'

1 

dt 
= p2 − p'

1 − ξ '
1 

q'
1

||q'
1

||

ρ
+ h'

1ρg (7.149) 

R''
1 
dq''

1 

dt 
= p2 − p''

1 − ξ ''
1 

q''
1

||q''||

ρ 
+ h''

1ρg (7.150) 

where χN = V ρ 
NK , RN+1 = l 

2NA , R
'
1 = l'

2N 'A' , ·R''
1 = l''

2N ''A'' , hN +1 = h 
2N , h

'
1 = 

h'
2N ' , h''

1 = h''
2N '' , and qep = q'

1 + q''
1. 

D = pep − ξep 
qep
||qep
||

ρ 
+ hepρg = pep − ξep

(
q'
1 + q''

1

)||q'
1 + q''

1

||

ρ
+ hepρg (7.151) 

D1 = −p'
1 − ξ '

1 

q'
1

||q'
1

||

ρ 
+ h'

1ρg (7.152) 

D2 = −p''
1 − ξ ''

1 

q''
1

||q''
1

||

ρ
+ h''

1ρg (7.153)
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Fig. 7.16 Schematic diagram of the connection between pipeline-primary fuel pump-pipeline 2 

Then, Eqs. (7.148)–(7.150) are rewritten as 

Rep 
d
(
q'
1 + q''

1

)

dt
= D − p2 (7.154) 

R'
1 
dq'

1 

dt 
= p2 + D1 (7.155) 

R''
1 
dq''

1 

dt 
= p2 + D2 (7.156) 

Adding Eq. (7.154) to Eq.  (7.155) gives

(
Rep + R'

1

)dq'
1 

dt 
+ Rep 

dq''
1 

dt 
= D + D1 (7.157) 

Adding Eq. (7.154) to Eq.  (7.156) gives  

Rep 
dq'

1 

dt 
+ (Rep + R''

1

)dq''
1 

dt 
= D + D2 (7.158) 

Joint solving of Eqs. (7.157) and (7.158) gives  

dq'
1 

dt 
= −−D1Rep + D2Rep − DR''

1 − D1R''
1 

RepR'
1 + RepR''

1 + R'
1R

''
1 

(7.159) 

dq''
1 

dt 
= −D1Rep − D2Rep − DR'

1 − D2R'
1 

RepR'
1 + RepR''

1 + R'
1R

''
1 

(7.160)
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The above formulas (7.142)–(7.147), (7.159) and (7.160) are the dynamic 
equations describing the pipeline-the primary fuel pump-pipeline 2 module. 

(7) Pipeline-secondary fuel pump-flow regulator-pipeline module 

Referring to Fig. 7.17, the differential equations of the secondary fuel pump and its 
pipeline are 

χN 
dpN 
dt 

= qN − qip (7.161)

(
RN +1 + Rip

)dqip 
dt 

= pN − pip −
(
ξN +1 + ξip

)qip
||qip
||

ρ 
+ (hN +1 + hip

)
ρg (7.162) 

χip 
dpip 
dt 

= qip − qp (7.163) 

Rp 
dqp 
dt 

= pip − pep + an2 ρ + bnqp − c 
q2 p 
ρ 

+ 
π Jp 
30 

dn 

dt 
(7.164) 

mp 
dTp 
dt 

= qipTip + 
1 − ηp 
cp 

Np − qepTep (7.165) 

χep 
dpep 
dt 

= qp − qep (7.166)

(
Rep + Rad + R'

1

)dqep 
dt 

= pep − p'
1 −
(
ξep + ξad + ξ '

1

)qep
||qep
||

ρ 
+ (hep + had + h'

1

)
ρg 

(7.167) 

where χN = V ρ 
NK , RN+1 = l 

2NA , R'
1 = l'

2N 'A' , hN +1 = h 
2N , h'

1 = 
h'
2N ' , and qep = q'

1.

qip,Tip 

qep,Tep 

pip 

pep 

qppart0, Inlet 
pipeline 

qN 

pN 

part3, Pipeline 

part1, Secondary fuel 
pump 

q’1 q’2 

p’1 

part2, Flow regulator 

Fig. 7.17 Schematic diagram of pipeline-secondary fuel pump-flow regulator-pipeline connection 
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             pN                  p’1 

qN         q’    pivo pevo q”  pico        peco 

part1, Valve 

v Tb, pb, kb 

part2, Filling pipeline 

part3, Manifold 

l 

part0 

Pipeline 

part4, Injector 

part5, Preburner 

Fig. 7.18 Connection diagram of pipeline-valve-filling pipeline-manifold-injector-preburner 

(8) Pipeline-valve-filling pipeline-manifold-injector module (Fig. 7.18) 

The pressure equation in the last segment of pipeline part 0 is 

χN 
dpN 
dt 

= qN − q', χN = 
V ρ 
NK 

(7.168) 

The flow equation from the last segment of pipeline part 0 to the valve is 

RN +1 
dq'

dt 
= pN − pivo − ξN +1 

q'||q'||

ρ 
+ hN +1ρg (7.169) 

where RN +1 = R 
2N , hN +1 = h 

2N . 

D = pN − ξN +1 
q'||q'||

ρ 
+ hN+1ρg (7.170) 

Equation (7.169) is rewritten as 

RN +1 
dq'

dt 
= D − pivo (7.171) 

For valve part 1, if  

D1 = −ξvo 
q'||q'||

ρ 
(7.172) 

then its static equation is 

0 = pivo − p'
1 + D1 (7.173) 

Simultaneous solving of Eqs. (7.171) and (7.173) gives  

RN +1 
dq'

dt 
= D + D1 − p'

1 (7.174)
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For filling (draining) pipelines part 2, the differential equation is 

x'
1 
dp'

1 

dt 
= q' − q'' (7.175) 

R(l) 
dq''

dt 
= p'

1 − pico − ξ (l) 
q''||q''||

ρ
+ h(l)ρg (7.176) 

dl 

dt 
= 

q' − q''

ρF(l) 
(7.177) 

where R(l) = ʃ l 0 dl 
A(l) , h(l) = l 

L' h', and l is the length of the liquid column in the 
filling pipeline. 

D2 = −ξ(l) 
q''||q''||

ρ 
+ h(l)ρg (7.178) 

Equation (7.176) can become 

R(l) 
dq''

dt 
= p'

1 − pico + D2 (7.179) 

For the liquid collection cavity part 3, the differential equation is 

R(v) 
dq''

dt 
= pico − peco − ξ (v) 

q''||q''||

ρ 
(7.180) 

dv 

dt 
=
(

q''
ρ , while the propellant in filling process 

− q''
ρ , while the propellant in draining process 

(7.181) 

where R(v) = v V RV , ξ(v) = v V ξV , and v is the volume of liquid in the liquid collecting 
cavity. 

D3 = −ξ(v) 
q''||q''||

ρ 
(7.182) 

Equation (7.180) can be changed to 

R(v) 
dq''

dt 
= pico − peco − D3 (7.183) 

For the oxidizer injector part 4, if  

D4 = −ξn 
q''||q''||

ρ 
(7.184)
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then it static equation is 

0 = peco − pb + D4 (7.185) 

Addition of Eqs. (7.179), (7.183) and (7.185) gives  

(R(l) + R(v)) 
dq''

dt 
= p'

1 − pb + D2 + D3 + D4 (7.186) 

The above formulas (7.168), (7.174), (7.175), (7.177), (7.181) and (7.186) are  the  
dynamic equations describing the pipeline-valve-filling pipeline-liquid collection 
cavity-injector-preburner. 

(9) Pipeline-valve-filling pipeline module 

From Fig. 7.19, for pipeline part 0, the pressure differential equation in the last 
segment is 

χN 
dpN 
dt 

= qN − q'
1, χN = 

V ρ 
NK 

(7.187) 

The flow equation from the last segment of pipeline part 0 to the valve is 

RN+1 
dq'

1 

dt 
= pN − pivf − ξN+1 

q'
1

||q'
1

||

ρ 
+ hN+1ρg (7.188) 

where RN +1 = R 
2N , hN +1 = h 

2N . 

D = pN − ξN +1 
q'
1

||q'
1

||

ρ 
+ hN +1ρg (7.189) 

Equation (7.188) is rewritten as 

RN +1 
dq'

1 

dt 
= D − pivf (7.190) 

For valve part 1, if

pN p1’ 

qN pivf pevf q1’ q2’ 

l1 l2 part1, Valve 

part0 

Pipeline 

part2 

Filling pipeline 

Fig. 7.19 Schematic diagram of pipeline-valve-filling pipeline connection 
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D1 = −ξvf 
q'2 
1 

ρ 
(7.191) 

then its static equation is 

0 = pivf − pevf + D1 (7.192) 

For filling pipeline part 2, its first small segment differential equation is 

R1(l1) 
dq'

1 

dt 
= pevf − p'

1 − ξ1(l1) 
q'
1

||q'
1

||

ρ 
+ h1(l1)ρg (7.193) 

dl1 
dt 

= 

⎧ 
⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎩

(
q'
1 

ρA , l1 ≤ l'
2N 

q'
2 

ρA , l1 > l'
2N 

, while the propellant in filling process
(

− q
'
1 

ρA , l1 ≤ l'
2N 

− q
'
2 

ρA , l1 > l'
2N 

, while the propellant in draining process 
(7.194) 

where R1(l1) =
ʃ l1 
0 

dx 
A , h1(l1) = l1 l' h

'
1, and · l' is the length of the filling pipeline. 

D2 = −p'
1 − ξ1(l1) 

q'
1

||q'
1

||

ρ 
+ h1(l1)ρg (7.195) 

Equation (7.193) becomes 

R1(l1) 
dq'

1 

dt 
= pevf + D2 (7.196) 

Equations (7.190), (7.192) and (7.196) are combined as 

(RN+1 + R1(l1)) 
dq'

1 

dt 
= D + D1 + D2 (7.197) 

Equations (7.187), (7.194) and (7.197) are the state variable equations describing 
the pipeline-valve-filling pipeline module. 

(10) Filling pipeline module 

The segmentation of the filling pipeline module is shown in Fig. 7.20. If a filling 
pipeline is divided into N segments, the 3N independent variables are N pressure 
pi, N flow qi and N filling length li, and the corresponding differential equations are 
expressed as 

Ri(li) 
dqi 
dt 

= pi−1 − pi − ξi(li) 
qi|qi| 

ρ 
+ hi(li)ρg, i = 2, . . . ,  N (7.198)



7.12 Mathematical Model of the Assembled Module 261

χi(li) 
dpi 
dt 

= qi − qi+1, i = 1, . . . ,  N − 1 (7.199) 

dli 
dt 

= 

⎧ 
⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎩

(
qi 
ρA , li ≤ l 

2N 
qi+1 

ρA , li > l 
2N 

, while the propellant in filling process
(

− qi 
ρA , li ≤ l 

2N 

− qi+1 

ρA , li > l 
2N 

, while the propellant in draining process 
, 

i = 1, 2, . . . ,  N − 1 (7.200) 

where Ri(li) =
ʃ li 
0 

dx 
A , hi(li) = li 

l hi, χi(li) = li 
l χi, li = l 

N , hi = h 
N , χi = V ρ 

NK , l is 
the length of the filling pipeline, and A is the cross-sectional area. The differential 
equations for q1, pN , lN are related to the boundary conditions of this pipeline and 
must be solved jointly with other components. 

(11) Filling pipeline-throttle assembly-filling pipeline module 

Referring to Fig. 7.21, the differential equations of the filling pipeline-throttle 
assembly-filling pipeline module are 

χN (lN ) 
dpN 
dt 

= qN − q'
1 (7.201) 

χ '
1

(
l'1
)dp'

1 

dt 
= q'

1 − q'
2 (7.202)

[
RN +1(lN ) + R'

1

(
l'1
)]dq'

1 

dt 
= pN − p'

1 −
[
ξN+1(lN ) + ξvf (lN ) + ξ '

1

(
l'1
)]q'

1

||q'
1

||

ρ 
+[hN +1(lN ) + h'

1

(
l'1
)]

ρg 
(7.203) 

dlN 
dt 

= 

⎧ 
⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎩

(
qN 
ρA , lN ≤ l 

2N 
q'
1 

ρA , lN > l 
2N 

, while the propellant in filling process
(− qN 

ρA , lN ≤ l 
2N 

− q
'
1 

ρA , lN > l 
2N 

, while the propellant in draining process 
(7.204)

partp1 p2 pN 

q1 q2 q3 qN 

l1 l2 lN 

Fig. 7.20 Schematic diagram of the sections for the filling pipeline 
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pN p’1 

qN               pi   pe q’1 q’2

        lN l’1 

part0 part2part1 

Fig. 7.21 Schematic diagram of the connection of the filling pipeline (part0)—the throttle assembly 
(part1)—the filling pipeline (part2) 

dl'1 
dt 

= 

⎧ 
⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎩

(
q'
1 

ρA , l
'
1 ≤ l'

2N '
q'
2 

ρA' , l'1 > l'
2N '

, while the propellant in filling process
(

− q
'
1 

ρA' , l'1 ≤ l'
2N '

− q
'
2 

ρA' , l'1 > l'
2N '

, while the propellant in draining process 
(7.205) 

where χN (lN ) = lN 
l χ, χ '

1

(
l'1
) = l'1 

l χ
'; RN+1(lN ) =

ʃ lN 
lN 
2 

dx 
A , hN +1(lN ) = 2lN−l/2 

l h; 

ξvf (lN ) =
(

0, ln < l 
ξvf , ln = l 

; R'
1

(
l'1
) = ʃ l'1 0 

dx 
A' , h'

1

(
l'1
) = l

'
1 
l' h

'; χ = V ρ 
K , χ

' = V
'ρ 
K ; l is the 

length of filling pipeline part 0, A is the cross-sectional area of filling pipeline part 
0, h is the height of filling pipeline part 0; l' is the length of filling pipeline part 2, 
A' is the cross-sectional area of filling pipeline part 2, and h' is the height of filling 
pipeline part 2. 

(12) Filling pipeline–throttle assembly–recycle pool module 

Referring to Fig. 7.22, the differential equations of the filling pipeline-throttle 
component-recycle pool module are 

χN (lN ) 
dpN 
dt 

= qN − q'
1 (7.206) 

RN +1(lN ) 
dq'

dt 
= pN − p0 −

[
ξN +1(lN ) + ξvf (lN )

]q'||q'||

ρ
+ hN+1(lN )ρg (7.207) 

dlN 
dt 

= 

⎧ 
⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎩

(
qN 
ρA , lN ≤ l 

2N 
q'
ρA , lN > l 

2N 

, while the propellant in filling process
(

− qN 
ρA , lN ≤ l 

2N 

− q
'

ρA , lN > l 
2N 

, while the propellant in draining process 
(7.208)
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Fig. 7.22 Schematic 
diagram of the connection 
between the filling pipeline 
(part0)—throttle assembly 
(part1)—recycle pool 

pN 

qN               pi p0 q’

        lN 

part0 part1 

Recycle 

pool 

where χN (lN ) = lN 
l χ, χ  = V ρ 

K ; RN +1(lN ) = ʃ lN 
lN 
2 

dx 
A , hN +1(lN ) = 2NlN−l/2 

l h; 

ξvf (lN ) =
(

0, ln < l 
ξvf , ln = l 

; l is the length of filling pipeline part 0; A is the cross-

sectional area of filling pipeline part 0; h is the height of filling pipeline part 0; and 
p0 is the ambient pressure. 

(13) Pipeline–virtual pipeline–pipeline module (Fig. 7.23) 

The differential equations describing the pipeline-virtual pipeline-pipeline module 
include 

χN 
dpN 
dt 

= qN − q (7.209) 

χN '
dpN '

dt 
= q + qN ' (7.210) 

RN+1 
dq 

dt 
= pN − p − ξN +1 

q|q| 
ρ 

+ hN +1ρg (7.211) 

RN '+1 
dq 

dt 
= p − pN ' − ξN '+1 

q|q| 
ρ

+ hN '+1ρg (7.212) 

where χN = V ρ 
NK , RN+1 = l 

2NA , hN+1 = h 
2N , χN ' = V 'ρ 

N 'K , RN '+1 = 
l'

2N 'A' , and · hN '+1 = h'
2N ' . Adding Eq. (7.211) to Eq.  (7.212) gives

pN’

                           q                 qN’ 

part0, Pipeline 

part2, Pipeline 

p 

part1, Virtual pipeline 

qN 

pN 

Fig. 7.23 Schematic diagram of the pipeline-virtual pipeline-pipeline connection 
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Fig. 7.24 Schematic 
diagram of the 
preburner-turbine-gas 
pipeline connection 

pit petpib 

Stator Blade 

kb,Tb,pb kg,Tg,pg 

part0, 

Preburner 

part1, 

Turbine 

part2, 

Gas pipeline 

(RN +1 + RN '+1) 
dq 

dt 
= pN − pN ' − (ξN +1 + ξN '+1) 

q|q| 
ρ 

+ (hN +1 + hN '+1)ρg 

(7.213) 

(14) Preburner-turbine-gas pipeline module (Fig. 7.24) 

The differential equations of the preburner part 0 are  

d[kb(t)] 

dt 
= [kb(t) + 1]

[
qbo1(t − τb) − kb(t)qbf 1(t − τb)

] RTb(t) 
pb(t)Vb 

(7.214) 

pb(t)Vb 

RTb(t) 
d[RTb(t)] 

dt 

= (γb − 1)
[

γb1 

γb1 − 1 
R1Tb1(t − τb)qb1(t − τb)ηb − γb2 

γb2 − 1 
R2Tb2(t)qmt(t)

]

− RTb(t)
[
qb1(t − τb) − qmt(t)

]
(7.215) 

Vb 
d
[
pb(t)
]

dt 
= (γb − 1)

[
γb1 

γb1 − 1 
R1Tb1(t − τb)qb1(t − τb)ηb − γb2 

γb2 − 1 
R2Tb2(t)qmt(t)

]

(7.216) 

where kb(t) is the preburner component ratio, Tb(t) is the preburner temperature, pb(t) 
is the preburner pressure, τb is the preburner delay, ηb is the preburner efficiency, γb is 
the isentropic exponent of the preburner gas, qbo1(t) is the mass flow rate of oxidizer 
entering the preburner, qbf 1(t) is the fuel mass flow rate entering the preburner, Tb1(t) 
is the preburner inlet temperature, Tb2(t) is the preburner exit temperature, γb1 is the 
isentropic exponent of the preburner inlet gas, γb2 is the isentropic exponent of the 
exit gas of the preburner, and Vb is the volume of the preburner. 

The turbine inlet pressure can be expressed as 

pb − pit = ξit 
q2 mt 
ρ it 

(7.217)
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where ξit is the flow resistance coefficient of the turbine inlet and ρ is the average 
density, which can be expressed as 

ρ it = 
ρb + ρit 

2 
(7.218) 

of which 

ρb = 
pb 
RTb 

, ρit = 
pit 
RTit 

= 
pit 
RTb 

(7.219) 

Based on the above three equations, we can obtain 

pit =
/
p2 b − ξitq2 mt/2 (7.220) 

Similarly, the turbine outlet pressure is 

pet =
/
p2 g + ξetq2 mt/2 (7.221) 

The turbine flow equation is 

qmt = 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

μt pitAtt √
RTit 

/

γt

(
2 

γt−1

) γt+1 
γt−1 pib 

pit 
≤
(

2 
γt+1

) γt 
γt−1 

μt pitAtt √
RTit 

/
2γt 

γt−1

[(
pib 
pit

) 2 
γt −
(
pib 
pit

) γt+1 
γt

]
pib 
pit 

>
(

2 
γt+1

) γt 
γt−1 

(7.222) 

The turbine stator vane outlet pressure is pib. The calculation formula is 

pib = pit

[

θ + (1 + θ)

(
pet 
pit

) γt−1 
γt

] γt 
γt−1 

(7.223) 

where θ is the reaction force of the turbine. 
The differential equations of gas pipeline part 2 are  

d
[
kg(t)
]

dt 
= [kg(t) + 1

][
qgo1(t) − kg(t)qgf 1(t)

] RTg(t) 
pg(t)Vg 

(7.224) 

pg(t)Vg 

RTg(t) 
d
[
RTg(t)

]

dt
= (γg − 1

)[ γg1 

γg1 − 1 
R1Tg1(t)qg1(t) − γg2 

γg2 − 1 
R2Tg2(t)qg2(t)

]

−RTg(t)
[
qg1(t) − qg2(t)

]

(7.225)
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Vg 
d
[
pg(t)

]

dt
= (γg − 1

)[ γg1 

γg1 − 1 
R1Tg1(t)qg1(t) − γg2 

γg2 − 1 
R2Tg2(t)qg2(t)

]

(7.226) 

where kg(t) is the gas pipeline component ratio, Tg(t) is the gas pipeline temperature, 
pg(t) is the gas pipeline pressure, γg is the isentropic exponent of the gas pipeline, 
qgo1(t) is the mass flow rate of oxidizer in the fuel gas entering the gas pipeline, 
qgf 1(t) is the fuel mass flow rate in the gas entering the gas pipeline, Tg1(t) is the 
gas pipeline inlet temperature, Tg2(t) is the gas pipeline outlet temperature, γg1 is 
the isentropic exponent of the gas at the inlet of the gas pipeline, γg2 is the isentropic 
exponent of the gas at the outlet of the gas pipeline, and Vg is the volume of the gas 
pipeline. 

The calculation formula for the gas pipeline inlet temperature is 

Tg1 = Tet = Tit − Tit

[

1 −
(
pet 
pit

) γt−1 
γt

]

ηt (7.227) 

(15) Combustion chamber module 

The differential equations of the combustion chamber are 

d[kc(t)] 

dt 
= [kc(t) + 1]

[
qco1(t − τc) − kc(t)qcf 1(t − τc)

] RTc(t) 
pc(t)Vc 

(7.228) 

pc(t)Vc 

RTc(t) 
d[RTc(t)] 

dt 

= (γc − 1)
[

γc1 

γc1 − 1 
R1Tc1(t − τc)qc1(t − τc)ηc − γc2 

γc2 − 1 
R2Tc2(t)qn(t)

]

− RTc(t)
[
qc1(t − τc) − qn(t)

]
(7.229) 

Vc 
d
[
pc(t)
]

dt 
= (γc − 1)

[
γc1 

γc1 − 1 
R1Tc1(t − τc)qc1(t − τc)ηc − γc2 

γc2 − 1 
R2Tc2(t)qn(t)

]

(7.230) 

where kc(t) is the component ratio of the combustion chamber, Tc(t) is the combustion 
chamber temperature, pc(t) is the combustion chamber pressure, τc is the combustion 
delay in the combustion chamber, ηc is the combustion efficiency of the combustor, 
γc is the isentropic exponent of the combustion chamber gas, qco1(t) is the mass 
flow rate of oxidizer entering the combustion chamber, qcf 1(t) is the mass flow rate 
of fuel entering the combustion chamber, Tc1(t) is the combustion chamber inlet 
temperature, Tc2(t) is the combustion chamber exit temperature; γc1 is the isentropic 
exponent of the gas at the combustion chamber inlet, γc2 is the isentropic exponent 
of the combustion chamber exit gas, qn(t) is the mass flow rate of gas in the nozzle, 
and Vc is the volume of the combustion chamber.
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Fig. 7.25 Schematic 
diagram of the turbopump 
module 

Turbine Oxidizer Primary Secondary Virtual 
pump pump pump component 

part0 part1  part2 part3 

n 

TN oN
1fN 2fN 

(16) Nozzle module 

The nozzle flow rate is 

qn = 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

μnpcAt √
RTc 

/

γn

(
2 

γn+1

) γn+1 
γn−1 p0 

pc 
≤
(

2 
γn+1

) γn 
γn−1 

μnpcAt √
RTc 

/
2γn 

γn−1

[(
p0 
pc

) 2 
γn −
(
p0 
pc

) γn+1 
γn

]
p0 
pc 

>
(

2 
γn+1

) γn 
γn−1 

(7.231) 

where μn is the nozzle flow coefficient, p0 is the ambient pressure, and pc is the 
combustion chamber pressure. 

(17) Turbopump Module (Fig. 7.25). 

The speed equation of the turbopump module is 

J 
dw 

dt 
= MT −

∑

I 

MHi (7.232) 

where J is the total moment of inertia of the rotating parts of the turbine, including 
the rotating components of the turbine pump and the liquid part in the pump (the 
liquid part is calculated as 5% of the turbine pump part); w is the rotational angular 
velocity of the turbopump; and w = 2nπ/60, MT and MHi are the turbine and the 
torque of the ith pump, respectively. 

The relationship between torque and power is expressed as 

M = 
N 

w 
= 

60N 

2nπ 
= 

30N 

nπ 
(7.233) 

where N is the power of the turbopump, and n is the speed of the turbopump. 
Substituting Eq. (7.233) into Eq. (7.232) gives  

J 
π 
30 

dn 

dt 
= 

30 

nπ 
(NT −

∑

i 

NHi) (7.234) 

The above formula is



268 7 Mathematical Model of the Operation of a Pump-Fed Liquid Rocket Engine

J 
dn 

dt 
= 

900 

nπ 2
[
NT −

(
No + Nf 1 + Nf 2

)]
(7.235) 

where NT is the turbine power, No is the power of the oxidizer pump, Nf 1 and Nf 2 is 
the power of the primary and secondary fuel pumps. 

The power of the turbine is 

NT = 
c2 t qmtηt 

2 
(7.236) 

where ct is the turbine gas axial velocity, qmt is the turbine flow rate, and ηt is the 
turbine efficiency. 

The power of the oxidizer pump is 

No = 
qpo∆ppo 
ηpoρo 

(7.237) 

where qpo is the oxidizer pump flow rate, ∆ppo is the oxidizer pump pressure rise, 
and ηpo is the overall efficiency of the oxidizer pump. 

The power of the primary fuel pump is 

Nf 1 = 
qpf 1∆ppf 1 

ηpf 1ρf 
(7.238) 

where qpf 1 is the primary fuel pump flow rate,∆ppf 1 is the primary fuel pump pressure 
rise, and ηpf 1 is the overall efficiency of the primary fuel pump. 

The power of the secondary fuel pump is 

Nf 2 = 
qpf 2∆ppf 2 

ηpf 2ρf 
(7.239) 

where qpf 2 is the secondary fuel pump flow rate, ∆ppf 2 is the secondary fuel pump 
pressure rise, and ηpf 2 is the overall efficiency of the secondary fuel pump. 

(R) Solenoid valve (with control gas) module 

The equation of state describing the operation of the solenoid valve (with control 
gas) includes: 

U = iRi + 
dψ

dt 
(7.240) 

iN = Φδ(Rδ) + HcLc (7.241) 

mt1 
du1 
dt 

= Fx + Fp1 − Ff 1 − Fc1 (7.242)
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dx1 
dt 

= u1 (7.243) 

m1 
dT1 
dt 

= q1inγ Ti − q2inγ Tj − qoutγ Te − T1(q1in − q2in − qout) − 
γ − 1 
R 

p1An1u1 

(7.244) 

V1 
dp1 
dt 

= q1inγ RTi − q2inγ RTj − qoutγ RTe − γ p1An1u1 (7.245) 

dV1 

dt 
= An1u1 (7.246) 

mt2 
du2 
dt 

= Fp2 − Ff 2 − Fc2 (7.247) 

dx2 
dt 

= u2 (7.248) 

m2 
dT2 
dt 

= q2inγ Tj − T2q2in − 
γ − 1 
R 

p2An2u2 (7.249) 

V2 
dp2 
dt 

= q2inγ RTj − γ p2An2u2 (7.250) 

dV2 

dt 
= An2u2 (7.251) 

(S) Solenoid valve (without control gas) module 

The equation of state describing the operation of the solenoid valve (without control 
gas) includes: 

U = iRi + 
dψ

dt 
(7.252) 

iN = Φδ(Rδ) + HcLc (7.253) 

mt 
du 

dt 
= Fx + Fp − Ff − Fc (7.254) 

dx 

dt 
= u (7.255)
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Chapter 8 
Simulation Analysis of the Starting 
Process of the Pump-Fed Liquid Rocket 
Engine 

For the operation of a large pump-fed liquid rocket engine, the most important and 
critical working process is the starting process of the liquid rocket engine system. 
The success of starting is directly related to the success or failure of the launch of 
a space vehicle. During the starting process of a liquid rocket engine, very complex 
chemical and physical changes occur in the propellant components, and the engine 
system parameters change rapidly within a large range. Therefore, it is obviously 
important to conduct an in-depth simulation study on the starting process of a liquid 
rocket engine to reveal the pattern. 

The dynamic characteristics of the starting process of the pump-fed liquid rocket 
engine are mainly determined by the valve opening timing. To obtain excellent 
starting characteristics of liquid rocket engines, the timing of the opening of various 
valves needs to be optimized. In this chapter, the opening time of the main oxidizer 
valve, the gas generator fuel valve and the backflow fuel valve were studied, and the 
starting process of the pump-fed liquid rocket engine was simulated and analyzed 
when the inlet pressure of the liquid rocket engine was constant. 

8.1 Description of the Engine Starting Process 

The modular model of the starting process of a pump-fed liquid rocket engine is 
given in Chap. 7. It should be further noted that before the start, the fuel is filled in 
front of the flow regulator and the main fuel valve. When starting, the starter tank is 
squeezed first, and then the main valve of oxidizer is opened after a period of time. 
The oxidizer fills the pipeline behind the valve and the generator head and then enters 
the generator. After a certain period of time, the fuel valve of the generator is opened 
to supply the ignition agent and fuel. The gas successively enters the generator, and 
they are burned to generate the oxygen-rich gas that drives the turbine. Fuel flow into 
the generator is controlled by a flow regulator. After the rotation speed of the main
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Fig. 8.1 Schematic diagram 
of the valve opening 
sequence in the engine 
starting process 

t 0: Squeeze starter box 

t 1: Open main oxidizer valve 

t 2: Open generator fuel valve 

t 3: Open main fuel valve 

t0    t1      t2      t3 

turbine pumps (turbine, oxidizer pump, primary fuel pump and secondary pump) 
reaches a certain value, the main fuel valve is opened, and the fuel flows into the 
recycle pool through three groups of orifice plates. The timing series is shown in 
Fig. 8.1. 

8.2 Simulation Analysis of the Engine Starting Process 

The engine control valves mainly include the main oxidizer valve, starter box, back-
flow fuel valve and gas generator fuel valve. Because they are all controlled by the 
electropneumatic valve, they are abbreviated as DQ1, DQ2, DQ3 and DQ4. 

8.2.1 Determination of Engine Start Sequence 

(1) The purpose and principle of determining the engine starting sequence is 
determined. 

➀ Determine the timing when the oxidizer and ignition agent enter the 
generator. 
➁ Ensure that the work condition changes smoothly when the joint test device 
is started. 
➂ After ignition, the time when the mixing ratio of the generator is more 
than 200 and less than 50 should not exceed 0.25 s to ensure reliable ignition 
of the generator and to prevent ablation of the gas generator and turbine. 
➃ The transient working parameters of the test device assemblies do not 
exceed the design values. 
➄ If the inlet pressure of the fuel valve in the thrust chamber is greater than 
6.0 MPa, the valve will not be opened under the action of the control force.
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Therefore, when the valve is opened, the pressure after the primary fuel pump 
should not be greater than 6.0 MPa. 
➅ Make sure that there is no backflow in the generator fuel path. 

The engine start sequence is as follows: main oxidizer valve, start tank, backflow 
fuel valve, and gas generator fuel valve. Therefore, the essential problem of deter-
mining the starting sequence is to determine the actuation timing of the above four 
electric gas valves. 

(2) Working sequence of DQ1 and DQ4 

The working sequence of DQ1 and DQ4 reflects the opening timing of the main 
oxidizer valve and the generator fuel valve. The opening timing of the main oxidizer 
valve and the generator fuel valve determines the time difference when the oxidizer 
and fuel enter the gas generator and thus the temperature variation process of the 
gas generator at startup. If this time difference is too short, the temperature of the 
gas generator will be too high (extending the time of the low mixing ratio), and the 
generator and turbine may be burned; if this time difference is too long, the fuel path 
of the gas generator will be reversed (see Table 8.1). The inlet pressure of the flow 
regulator is too high when the hydraulic relay starts to change stages, which is out 
of the regulation range. The effect of the working timing of DQ1 and DQ4 on the 
entire starting process is shown in Fig. 8.2. 

According to the simulation results, the time given for oxidizer and fuel to enter the 
gas generator must be less than 0.18 s. Therefore, the determined working sequences 
are shown in Fig. 8.3.

(3) Working sequence of DQ3 

The opening time of the fuel valve in the engine thrust chamber has a certain impact 
on the turbine power. Delaying the opening of this valve can enable most of the

Table 8.1 Comparison of simulation results for the working sequences of DQ1 and DQ4 

DQ1 turn-on 
time (s) 

DQ4 turn-on 
time (s) 

Time 
difference (s) 

Low mixing 
ratio time (s) 

Outlet 
pressure of 
secondary 
fuel pump 
(MPa) 

Is there any 
backflow? 

0.28 0.35 0.07 0.248 21.935376 No 

0.26 0.38 0.12 0.206 21.935254 No 

0.26 0.40 0.14 0.166 21.935951 No 

0.26 0.43 0.17 0.091 21.935927 No 

0.25 0.43 0.18 0.055 21.936087 Yes 

0.24 0.43 0.19 0.046 21.936100 Yes 

0.26 0.48 0.22 0.016 21.936112 Yes 

Note The turn-on times of DQ2 and DQ3 are 0 s and 0.65 s, respectively



274 8 Simulation Analysis of the Starting Process of the Pump-Fed Liquid …

 

 

 

Fig. 8.2 Effect of the opening time difference of DQ1 and DQ4 on the fuel flow rate of the gas 
generator

Fig. 8.3 Working sequence 
of DQ1 and DQ4

0.26 s 0.43 s 

0.15 s 0.109 s 
0.129 s 

DQ1 

energization 

Oxidizer 

entering 

generator 

DQ4 

energization 

Fuel 

entering 

generator 
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Fig. 8.4 Working sequence 
of DQ3 

0.65 s 0.71 s 

DQ3 

energization 

Thrust chamber 

fuel valve 

opening 

turbine power to be supplied to the oxidizer pump, which is beneficial to shorten the 
engine starting time and improve the reliability of the starting process. Considering 
that when the pressure of the fuel after the primary pump exceeds 6.0 MPa, the valve 
cannot be opened, so DQ3 can be energized and opened at 0.65 s, and the fuel valve 
in the thrust chamber opens approximately 0.06 s later. At this moment, the pressure 
after the primary fuel pump is approximately 3.18 MPa. Therefore, the determined 
opening times are shown in Fig. 8.4. 

(4) Starting sequence 

➀ At 0 s, DQ2 is energized, and the starter box is squeezed. The fuel squeezes 
through the flow regulator to break the diaphragm of the ignition pipeline, 
and the igniter is filled to the front of the fuel valve in the generator. 
➁ 0.26 s. When DQ1 is energized, the control gas opens the main oxidizer 
valve. After the main oxidizer valve and the oxidizer cavity of the generator 
are precooled and filled, the oxidizer enters the gas generator. 
➂ At 0.43 s, DQ4 is energized to control the gas to open the fuel valve of the 
generator. The ignition agent enters the gas generator and initiates ignition 
and combustion with the previously entered oxidizer. 
➃ At 0.65 s, DQ3 is energized, and the control gas opens the fuel valve in the 
thrust chamber. After the primary fuel pump, the fuel enters the fuel backflow 
system of the test rig (Fig. 8.5). 

Fig. 8.5 Starting sequence 
of the joint testing system

DQ2      DQ1       DQ4      DQ3 

Energization energization     energization energization 

0     0.26      0.43         0.65  s 
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8.2.2 Engine Start Sequence Analysis 

(1) Engine starting parameter curve 

After the igniter enters the gas generator, the generator starts to build up pressure, and 
the flow rate of oxidizer starts to decrease, while the fuel flow rate is controlled by 
the flow regulator; thus, the mixing ratio of the gas generator drops rapidly, and the 
temperature rises. The gas generated by the generator drives the turbine pump. The 
pressure of the oxidizer pump increases, the flow rate of the oxidizer increases, and the 
mixing ratio increases accordingly. When the pressure behind the primary fuel pump 
reaches a certain value, the hydraulic relay starts to turn around. Additionally, the 
fuel flow rate starts to increase (due to the high internal pressure of the gas generator, 
its flow rate first decreases slightly and then rises), the mixing ratio decreases, the 
temperature rises, the internal pressure of the gas generator rises, the oxidizer flow 
rate decreases. According to the corresponding increase, the flow rate of the oxidizer 
rises rapidly, and the mixing ratio increases accordingly. When the pressure after the 
secondary fuel pump is higher than the pressure of the starter tank (approximately 
1.2 s), the road from the starter tank to the flow regulator is automatically closed, 
the fuel is supplied by the secondary pump, the engine enters the steady working 
condition in approximately 1.6 s, and the starting sequence is completed. Figure 8.6 
shows the parametric curves of the entire starting process.

(2) Effect of the starting sequence on the entire starting process 

➀ Influence of DQ4 

Fuel can be filled to the front of the generator fuel valve within a certain 
time after DQ2 is energized. Therefore, DQ4 must be opened after the fuel 
is filled to the front and rear of the generator fuel valve. With the opening 
timing of DQ1 and DQ3 unchanged, delaying the opening of DQ4 can reduce 
the time after ignition that the generator mixing ratio is higher than 200 and 
lower than 50 (under the premise that the fuel valve in the thrust chamber 
can be opened smoothly), which is conducive to the reliable ignition of the 
generator, but if the generator is too late, reverse flow will occur in the fuel 
path of the generator, as shown in Table 8.2.
➁ Influence of DQ1 

With the working sequence of DQ4 and DQ3 unchanged, delaying the turn-on 
of DQ1 can increase the time when the mixing ratio of the generator is more 
than 200 and lower than 50, reducing the reliability of generator ignition 
(because delaying the turn-on of DQ1 can make the mixing ratio of the 
generator is very low during ignition; thus, the temperature will be too high, 
and the generator and turbine may be burned out). If turned on prematurely,
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Fig. 8.6 Curves of the 
engine starting process

(a) 

(b) 

(c) 
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Table 8.2 Comparison of simulation results with different turn-on times of DQ4 

DQ4 turn-on time (s) Time in which the 
generator mixing ratio 
is higher than 200 and 
lower than 50 (s)  

Pressure of the primary 
pump when the main 
fuel valve is open 
(MPa) 

Is there any backflow? 

0.35 0.434 2.818 No 

0.38 0.276 3.071 No 

0.40 0.257 3.145 No 

0.43 0.213 3.18 No 

0.45 0.187 2.248 Yes 

0.48 0.188 1.72 Yes 

Note The turn-on times of DQ2, DQ1 and DQ3 are 0 s, 0.26 s, and 0.65 s, respectively 

even though the oxidizer can drive the turbine to a higher speed, the long 
period when the mixing ratio of the generator exceeds 200 will reduce the 
ignition reliability and cause a delayed or even impossible start. Backflow 
in the generator fuel path may also occur, as shown in Table 8.3. Figure 8.7 
shows the effect of the on-time of DQ1 on each parameter.
➂ Influence of DQ3 

Delayed opening of DQ3 can make most of the turbine power available to the 
oxidizer pump, which is beneficial to shorten the startup time of the whole 
system. However, it is affected by the opening pressure of the fuel main 
valve in the thrust chamber and must be turned on before the pressure of the 
primary fuel pump reaches 6.0 MPa. 

The working sequence of DQ4 and DQ1 remains unchanged. Delayed 
opening of DQ3 can cause the time when the mixing ratio of the generator 
exceeds 200 and is lower than 50, and the outlet pressure of the primary pump 
increases, which is unfavorable for the reliability of starting. Early opening 
has an insignificant impact on each parameter. This is because the flow regu-
lator is in the small flow state when the pressure after the primary pump is

Table 8.3 Comparison of simulation results with different turn-on times of DQ1 

DQ1 turn-on time (s) Time in which the 
mixing ratio is lower 
than 50 (s) 

Time in which the 
mixing ratio is higher 
than 200 (s) 

Is there any backflow? 

0.24 0.046 0.14 Yes 

0.25 0.055 0.131 No 

0.26 0.091 0.122 No 

0.28 0.137 0.099 No 

0.30 0.146 0.081 No 

Note The turn-on times of DQ2, DQ4 and DQ3 are 0 s, 0.43 s, and 0.65 s, respectively
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less than a certain value. The timing of more fuel entering the combustion 
chamber is mainly determined by the time when the flow regulator transfers 
from a small flow state to the main-stage state, rather than the opening time 
of the fuel valve in the thrust chamber.

(a) 

(b) 

Fig. 8.7 Effect of DQ1 working sequence on flow rate
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(c) 

(d) 

Fig. 8.7 (continued)
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